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Various classical methods exist for extracting the zeros of a

polynomial

= N N-1 ,
. P(X) -ralX + 32X + ...+ Bt

where a, # 0 and y98pyeesdy,, are coﬁplex numbers, when N=1,2,3,4,
for polynomials of higher degree, iterative numerical methods must be
used. In this material four iterative methods are prresented for approxi-
mating the zeros of a polynomial using a digital computer. Newton's
method and Muiler's method are two well known iterative methods which
are pfesented.,-They extract the zeros-of a-polynomial by genepatiqg_g‘.
sequence of approximations converging to each zero. However, both of
these methods are very unstable when used on a polynomial which has
multiple zeros. That is, eiﬁher they fail to converge to some or all
of the zefos, or they converge to véfy’bédhéfproximations of the péiy;
nomial's zeros.

This ﬁaterial introduces two new methods, the greates common
divisor (G.C.D.) method and the repeated greétest common divisor (fepeated
G.C.D.) method, which are superior methods for numerically approximating
‘the zeros of a ﬁolynomial having multiple zeros.

" The above methods were all programmed in FORTRAN IV and comparisons

in time and acecuracy are given. These programs were executed on the



IBM 360/50 computer as well as the UNIVAC 1108 and the CDC 6600
pomputer.

This material'also contaiﬁs complete documentations for six
FORTRAN IV prOgréms. Flow chafts, program listings, definition of
variables used in the program, and instructions for use of each program

are included.



PREFACE

Four iterative methods for approximating the zeros of a polynomial
using a digital computer are presented in this material. Chaptef I is
an introduction. Chapters II and III contain Newton's and Muller's
ﬁethnds, regpectively. Chapters IV and V present two new methods which
' depend upon finding the greatest common divisor of two polynomials.,
Chapter VI contains a comparison of the four methods. ' Flow charts,
FORTRAN IV programs, and complete progfam documentations for these four
methods are presented in appendicies A through H.
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CHAPTER I
INTRODUCTION

Frequently in scientific work it becomes necessary to f£ind the

zercs, real or complex, of the polynomial of degree N

_ N N=-1
P(X) = alX + a2X + ..+ aNX + aN+l

where ay # 0 and the coefficients a are complex numbers.

10820 70
Various classical methods calculate the exact roots of polynomials of
degree 1,2,3, or 4. For polynomials of higher degree, no such methods
exist, Thus, to solve for the zeros of such polynomials, numerical
methods of iteration based on successive approximations must be
employed. In the following material four such methods are given which
are particularly suited for modern high speed computers.

Newton's method 1s an iterative procedure which generates a

sequence of successive approximations of a zero of P(X) by using the

iteration formula

X

L P(xn)/P'(xn).

An initial approximation to the zero is required to start the iterative
process. ' Under certain conditions this sequence will converge quadrat-—
ically to the desired root. It is, however, necessary to compute the

value of the polynomial and its derivative for each step in the



iterative procedure. Once a zero of P(X) has been found, it is divided
out of P(X), giving a deflated polynomial of lower degree. P(X) is
replaced by the deflated polyneomial and the iter#tive process 1is
applied to extract another zero of P(X). This procedure is repeated
until all zeros of P(X) have been found. The zeros may then be re-
checked and their accuracy possibly improved by using them as initial
approximations with Newton's process applied to the full (undeflated)
polynomial.

Muller's method is also an iterative procedure generating a
sequence Xl’XZ""’Xﬂ"'° of successive approximations of a root of
P(X). This method converges almost quadratically near a zero and does
not require the evaluation of the derivative o¢f the polynomial.
Muller's method requires three distinct approximations of a root to
start the process of iteration. A éuadratic equation is constructed
thréugh the three given points as an approximation of P(X). The root
of the quadratic closest to-Xn 1s taken as Kn+l’ the next approximation
to the zero. This process 1s then repeated on the last three points of
the sequence. After a root of P(X) has been found, P(X) is deflated,
and replaced in the above procedure by the deflated polynomial. After
all zeros of P(X) are found from successive deflations, fhey are
improved as in Newton's method.

The greatest common divisor method reduces the problem of finding
all zeros (possibly multiple zeros) of P(X) to one of extracting the
zeros of a polynomial Pl(X) = P(X)/D(X), all of whose zeros are simple.
D(X), the greatest common divisor of P(X) and its derivative, P'(X), is
obtained by repeated application of the division algorithm. Once Pl(X)

is obtained, some suitable method such as Newton's or Muller's method



is used to find the zer&s of Pl(X). By finding all the zeros of Pl(X),
all the zeros of P(X) are obtained. The multiplicity of each zero may
fﬁéﬁ be determined.

The repeated greatest common. divisor method repeatedly uses. the
greatest common divisor method to extract the zeros of P(X) and their
multiplicities at the same time. That is, the repeated greatest:
common divisor method reduces the problem of finding the zeros of P(X),
which possibly has multiple zeros, to one of finding the zeros of a
polynomial which has only simple zeros and the zeros of this polynomial
are all the zeros of P(X) of a given multiplicity. The repeated
greatest common divisor method must also use a supportiﬁg method such.
as Newton's method or Muller's method.

Chapters I11-V contain the examinations of these methods. Each
examination includes a development of the method together with the
conditions necessary for convergence of the method. Chapter VI contains
a comparison of the methods giving advantages and disadvantages of
each method.

A complete set of documentations is given for six FORTRAN IV
programs in Appendices A-H. Flow charts, program listings, definition
of variables used in the program, and instructions for use of each
program are included.

It should also be noted that the expressions '"zero of a poly;omial”
and "root of a polynomial' and the words "zero" and "root'" are used

interchangeably in this material.



CHAPTER II
NEWION'S METHOD
1., Derivation of the Algorithm

'Newton's method is probably the most po#ulgr iﬁe:atiﬁé procédufe ‘
for finding the zeros of a polynomial. This fact 13 due to tbe exéeif': 
lent results obtained, the simplicity of the G°mputational IOUtiﬁe,.anq1 
the fast rate of convergence obtained provided the iﬁiﬁial approxima-l o
tion of a zero is close encugh. Also, the method can beAappligd to';hé"?
extraction of complex as well as real zeros.. - B

Consider the polynomial

P(X) = a,X" + asz—l +...+af+a

1 N N+1

l,az,...,aN+i'aré complex. The .

where a, # 0 and the coefficients a
algorithm for Newton's method can be derived by approximating P(X) by a .

Taylor series expansion about an approximation, XO

» of a zero, a, ofl‘-;;‘
P(X). Using only the first two terms of the expansion;‘the'expreésidn‘ri

v

' ‘ :  *_7“3T;::‘.L . i‘]'ng
is obtained. If this equation 1s solved fdr‘P(X)‘f'Q; then:;;jfl'

- ' -
02 PU) + BT - X))

results. Rearranging terms produces



0 2Py + P'(%) X - (X)X,
followed by
P'(Xy) X, - PXy) 2 P (X)) X
from which division.by P'(XU) produces

_XO - P(XO)/P (XO) é.X'

which 1s the basic formula for Newton's methed. Thus, in general,‘wej‘f R

obtalin the (n+1)th approximation, of a from the n'-:h apprbximaé‘

Xn+1'

. .Fion, Xn, by
n+1
As a result of repeated use of this algoerithm, we obtain the sequeﬁce  ;

XO,K:L,XZ,..'«,X“'.,-..- - ) ’ . (2—3) -

i‘ of ;ucceasive approximations of the rooﬁ,”a; 'iﬁ:shoui&,bé noted that:

~ an initial approximation is necessary to star£ fhe itera;ive proéess-'
ifor eacﬁ new zero; that is, a polynomial of dég}ee N may require N
ﬂiﬁitial‘approximations. . | | o

| In order to dse equation (2-23, it.ié necessary to Eompute, fqu"'n
each Xn’ the value of the polynﬁmial, P(ﬁn), and its=derivative;
‘P!(Xn). The division algorithm sta;eslghat-if P{X) ahd:C(X) aré.

;Vpolynomials, then there exists polynomials H(X) and K(X}lsuch that -

P T TTOODO

P(X) = H(X) G(X) + K(X) where K(X) =l0'or'deg. K(X) < dﬁg-lG(X);7:ﬁrbm”{ﬁff}i,i?

this expression of P(X), the foilowing remainder theorem';e'obtained:




ATheorem 2,1, If P(X) is a polynomial and ¢ is a complex number, then

the remainder obtained from dividing P(X) by (X - ¢) is P(c).

The proof of Theorem 2.1 is given im [3, P, 102]. Thus, P(X) can
be written as P(X) = (X - ¢) H(X) + R where P(c) = R.’ P'(X) is then
obtained by the following theorem, the proof of which can be found in

[3, PP. 105-106].

Theorem 2.2, if*P(X) and H(X) are polynomials and c is a complex num-
ber such that P(X) = (X - ¢) H(X) + R where P{c) = R, then the remain-

der obtained from dividing H(X) by (X - ¢) is P'(c).

From synthetic division, an algorithm known as Horner's Method is -

acquired for computing P(Xn) and P'(Xn).

Theorem 2.3, Let P(X) be defined as in equation (2—1)1and let d be a

complex‘number. Define a sequence bl’b2""’bN+l-by

b, = a

. + db,_

i

1 (i= 2,3,9;.5“’*1).

Define another Sequence Cj,Cyysss,Cy by

cl = b1

c

i by +dey 3= 2’3""'3)'?,f*

Thea P(d) = by are the

1 N
coefficients of the polynomial H(X) in Theorem 2.2 when P(X) is dividédA

N

and P'(d) = ¢ .. The elements bl,bz,,.;,b

by (X - d).



These formulas are derived in [3, PP, 106-107]. Thus with equation
(2~2) and the iteration formulas of the previous theorem, Newton's
method can now be applied to generéte the sequenée (2-3) which Gill
converge to the root, o, 1f the convergence conditions givén in
Theorem 2.4 are satisfied.

A criterion is needed to determine when to terminate tﬁe sequencé f'
{2-3); thét is, when has a zero been found? For convergence of the
sequence; there must exist a term in the sequence beyond which the

difference between any two successive terms is arbitrarily small,

Therefore, it is desirable to make the quotient;lxn/Xn+1] sufficiently . -~

near 1. From equation (2-2)

N P(Kn)'
L]
- X _P(Xn)
Tl % - B
P(Xﬁ)
1
. Xn _ P (Xn)
T Poan Xt
Thus
P(Xn)
PY(X ) X
1+ xn >R
I n+l‘| xn+l

where P'(Xn) and X_ . # 0. Thus, iterations are continued until an X -
is obtained such that ]P(Xn)/Pi(Xn)|;!Xn+il is as small'gé desired.

After a zero, o, of P(X) has been found, the term (X - a) is syn~ :'

thetically divided out of P(X) by deflation using Theorem 2.3 obtaining



a polynomial, Pl(x), of degree N-1, The root finding process is .then

repeated to extract a zero, al, of Pl(X). P(X) can.be written as

PX) = (X - o) P (X) +R

where R = P(a), But P(a) = Q. Therefore, substitution produces

P(X) = (X - o) P, (X).

Now P ) = 0 implies that P(al) = 0. Hence, @y is a zero of P(X).

10
By the process of root finding and successive deflations; zeros

Baalyares s of the deflated polyﬁomials

P(X) = Py(X),P (X),...,By (R,

respectively, are extr&cted. Each a (1=0,1,2,..,,8-1) is a zera o£ fV
P(X) since each oy is a zero of Pi~1(x)’Pi-2(x)""?Pl(x)’P(X)°‘
After all zeros of P(X) have been found, it may be posaible to
improve their accuracy by using them as initial approximations ﬁith
‘Newton's method applied to the full (undeflated) polynomial, P{X). Thig_-
should correct any loss of accuracy whiéh may have resulted from.thé '

‘successive deflations.

2. CGonvergence of Newton's Method

* The following thecrem from ELZQPP. 79-81] gives sufficient condi~

ﬁions for the convergence of sequence (2-3).

Theorem 2.4. Let P(X) be a polynomial and let the following conditions '

be satisfied on the closed interval [a,b]:



1. P(a) P(b) < O

2. P'(X) ¢ 0, X ¢ {a,b]. |

3, P(X) is either > 0 or < 0 for all X‘ﬁ ta,b]‘-

4, If ¢ denotes the enapoint of {a,b] at which ]PH(X)I

is smaller, then |P(c)/P'(c)],§_b - a,

Then Newton's method converges to the (only) solution, s, of P(X) = 0

for any choice of XO in [a,b].

When convergence ils obtained, it is quadratic; that is,
2

)ei_

e =1 F'(n

i+1 2 i

where F{Xi) =X, - P(Xi)/P'(xi)’ ny is between X, and the zero, a, and

i i

e, is the error in Xi. This weans that the error'obtained in the
(i+-l)th iteration of Newton's algorithm is proportional to the square
of the error obtained in the ith iteration. A proof of quadratic con-

vergence can be found in {i, PP. 31-33].
3. Procedure for Newton's Method

The general procedure for applying Newton's method is enumerated.

sequentially as follows, starting with initial approximation XO:

1.. Calculate a new approximation Xh+l

)
Xh+1 = Kh - P(Xn)/P (Xn).

by

2. Test for convergence; that is, test
1
{e(x )/P (xn)lllxn+1| <e
for some € chosen as small as desired.

3. If convérgence is obtained, perform the following:



10

a, - Save Xh+i as the desired approximation.gu
a zero of P(X).

b, Deflate P(X) using Xn+1.

c. VReplace P(X) by the deflated polynomial,

d. Return to step 1 with a new initial
approximation.

4, If no convergence is obtained, increase n by 1 and

return to step 1.

In order to prevent an uneriding iteration process -in case the
methed does not produce convergence, a maximum number of iterations
should be specified. If convergence is not obtained within this numbeg
of itefations, change the initial approximation and return to step 1

above.
4. Geometrical Interpretation of Newton's Method

A geometrical interpretation of Newton's method is given in

Figurelz,ﬁ.xi 1s an approximation to the zero, o, P'(Xi} is the slope

of the line tangent to P(X) at X,. X is the intersection of the

i+1
tangent line with the x axis.

5. Determining Multiple Roots

if P(X) has m distinect zeros, then P(X) can be written as

€1 €2 °m
P(X) = al(X - al) (X -.az) (X~ um) s (m < N)

where a, 1s a zero of P(X) and e, 1s the multiplicity of

i i

‘al (i =1,2,...,m). Considér the root aj. Dividing out the term



11

x - aj) by deflating P(X) glves P, (X) of degree"N-1 which can. be

"written as

e

. e e, e -1 m

P(X) = (X~ ap) b x - ap) i (X - ap) 1 ....'(x# a)

Evaluating PI(X) at the zero,raj, gives Pl(q ) = 0 if ej'> l. Ihqsq'
after a zero, &, of P(X) 1s determined by Newton's iterative p:bcesa-
and the current polynomial is deflated giving Pl(x), then Pl(u) is
evaluated. If Pl(ﬁ) < e for some small number e, o is a root qf Pl(x)‘i
and thus has multiplicity at least equal to two. Pl(x) is then de-
flated giQing Pz(x)-'lf Pz(a) < E, u‘is of multiplicity at lnhhﬁ\three;i
This process. is continued until a d;flated polynomial.Pk(X) is;encoud-'

tered such that either deg. Pk(X) = § or Pk(a) > €. o is then a zero

of multiplicity k+l.

'
c L) a /D( x x

{- .
. »
e+2 i4i b

“.){-_—_—-.-.-._—_.-

Figure 2.1,Geometrical Interpretation of Newton's Method



CHAPTER III
MULLER'S METHOD
1. Derivation of the Algorithm

Muller's method in (4] 1s an iterative procedure designed to find

any prescribed number of zeros, real or complex, of a polynomial. The R

method does not require the evaluation of the derivative and near a .
zero the convergence is almost quadratic.

Consider the polynomial

N N-1 B
P(X), = alx + a2X + ... + aNx + 2l {3~1)

with complex coefficients such that él # 0. Given three distingt .

approximations, Xn_z,Xh_l,Xn, to a root, o, of P(X), the problem is te -
determine Xn+l in such a way as to generate a sequence
X Xz,xag ..,X xml,.-. (3-2)

of approximations converging to @, The points (X ,P(Xn 2)), /
.(Xn _1° ( )), and (X P(X )) determine a unique quadratic polynomialg',
Q(x), approximating P(X) in the vicinity of . X 2,Xh_1, 0 A gene;al
7 proof of this can be found in [2;'PP. 133~134]. Thus, the zeros of Q(X)E:G

-will be approximations of the zeros of P(X) in this region of approxima-ﬁ{T 

tiom: From the general representation in [2,.P. 184) of the Legrangian '

interpolating polynomial, the representatiod of Q(X) is given b§1

12



(X~ X _ )X - X))

Q(X) = - - P(X.)
(Xn - xn_l}(xn X n

L EoX)E-X Pk Ly
(Xn-l - Kn)(xn—l - xnvZ) -1
+ (X - Xn)(X " xn—l} PX )
Rop =~ %) K ~ %) T2
which can be rewritten as
Q(X) = Q(X - Xn + Kn)
o (x - Xn + Xn - anl)(x i xn + xn " Xn‘-l M xﬁ—l " xnv2>
&y~ XKy B L xnf2)
i X-X)EX-X +X -X ,+X =X o Px ')
(Xn - xnnl)(xnnl‘- xn—2) -1
N (X - xn)(x - Xn + xn - Xn_l) px )
‘ (Xn "X 7t xn--l _'Xn—2>(xn-l - Xn-2) a-2

In order to simplify this expression, introduce the quantities

h =X -X
n n n

_1», h= X=X,

Then

Q(x) = Q(#n + h)

i (h+h)(h+h +h ) )
hn(hn + hn-l) 1

) hth +h +h ) PN

h h -l

n n-1l

13

P(Xﬁ} L
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“hih + hn)

+ ;
(hn M hn—l)hnfl‘

h2+2hh + hh +h“+hh -
n n-1 n n - n-1
2 'P(xn)
h“+hh
n n n-1-

n? + hh_ + hh
n T n-1.

hh . P(xh—l
T r-d .

n® + hh
b1y

+ — 2 P o)
n n-1 n-l :

Collecting terms containing like powers of h produces
Q(x) = Q(X_ + h)

P(Xn) P(Xn—l) P(xn—Z) 2

- + h
2 hh 2
hn + hnhn-l n n-1 hnhn—l + hn—l
+ (%hn + hn—l) P(Xh) _ (hn +ihn-l) P(}{n--l) " ﬁn‘?(xnfg) h '
h2+bn Rba-1 hh . +h?
n n n-1 . n n-1 n-1l
Bl Ry ) PO
h 2 + h h
n n n-1
P(xﬁ) hnfl P(xn-l) P(xn-z) 2
=3 5 7 bh * 7| P
hn hn-l + hnhn—l n n-1 hnhn__1 + hn—l
) .
(Zhnhn_l + hnel) P(Xn) (hn 4 hn—l)P(Xn—l) hn P(xn—2>
+ 2 3 T TTTTThn * 77| B
hn hn—l + hnhn—l n n-1 hnhn~l_+ h :

n-1



15

2
(hn hn_1 +h n lh“) P(x )
7 .
hnzhn—l + hnhn~—l '

+

Using the common denominator, h 2h 1t hnhnEl’ and combining terms -

n n-
yields
P(Xn) hp-1 ” P(xn—l)(hn M hnwl) * P(xﬁ-Z) AR
Q(Xn + h) = > : 5 h
hn hn—l + hnhnfl'
(2h b, +h 2)P(X) - (h +h )2 px. ) + b 2ex )
+ n n-1 n-1 n n n-1 n-1‘ n n—2‘:h\‘;
7 . 2 - "
L N L e ‘
ah o+ in) R
n n-1 n- 1 n
+ % .
hn n-1 hn-l
2
Multiplying by hn/hn—l results in
h n\? n_\?
PO By Py e I Py b1l ]2
Q(X_+ h) = e . -8 h
_ T h 3
n 2
+ h
B Paer 0 _
- h 2 2 h 3 7]
n o
2 PR 1)+ 7 P )
n—l h
+ n-1
L J S
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h 3 o
3 4+ n 2)P(x)
h .
+ n-1..
3 *
h 2
hn + hn
n—1
hn h
Let. g = and @ = 7— . Then
n h
n-1 n
| P(X)q -PB(X_ )(q2+4q)+P((X .)q?2
(X +h) = n’ I n-17 ‘9q 9, n-2’ 9n 2
Q n q +1 4
n
(2 +1) P(X )-- (q +1)2 P(X_.)+q 2 P(X. L)
+ d, n n n~1 n. n~2°
+1 q
9
N (q,+1) P(X)
qn+l
Now let
_ - .2
A= qn_P(xn) qn(qn+l) P(xn_l) +q P(Xn~2)
B_ = (2q +1) P(X) - (g +1)2 P(X_.) + a 2 P(X. )
n n - n n n-1 n n-2
Then
QX+ h) = QX+ qn )
and

2
A ¢“+B q+¢C
= n n n
Qx + qh ) aHL




i7

Solving the gquadratic equatiom Q(Xn + qhn) = 0 and denoéing thﬁ result .

by 941 gives:

and the new approximation is found as follows:

- hn+1 - xn+I B xn
Y1 " Th n .
n n
Thus
Xn+l = Xn + hn qA+1

In order to avold loss of accuracy, can be written in a

qn-l-l

better form as'folldws:

- B, +/B - 4A C /§-ﬁAC
Qo1 ©
| Bn+/ - 44.C_

R B2 - 4ac

24 (B +/B - 44 C )
f ®n

B + /B2 -4ac

n — n nn

The sign in the denominator should be chosen such that the magnitude of .

(3-3)

the denominator is largest, thus causing [qn+1l to be smallest. This,

in turn, will make X closest to X .
nt+l n
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the.thét each {teration of this process requires three.approxima;'
tions’,xn-Z’Xn—l’Xn’ in order to compute Xn+l' Thus, when Xn+1 is

found, X £ X +1 2re used to compute Xn+2; that ig, the last three

-1""n 1
terms of the generated sequence are used to compute the next term.
Convergence of the sequence (3-2) to a zero is obtained when the

elements Xk and Xk+l of the sequence are found such that

1%y - %l

e X, t0
e

~that is, the ratio of the change in the approximation to the approxima-.‘:
tion itself 1s as small as desired.

In order to use the iterative formulas, it is necessary to compute
the value, P(Xj),'of the polynomial P(X) at the approximation Xj, The f
procedure fpr doing ﬁhis is discussed in Chapter II, § 1. The itera~ o
'tion formulas are giliven in_Theorem 2.3 of Chapter IIf

After a zero, a, of P(X) has been found, P(X) is deflated as
described in Chapter II, § 1, and the process repeated to extract a
Zero, o, pf Pl(X). By applying Muller's method to successively
deflated polynomials, all the zeros of P(X) are obtained, For more
detalled discussion of this procedure see Chapter II, § 1,.keeping in :1 
mind that Muller's‘instead of Newton's method is used. o

Muller's method requires three initial approximations to‘a_zero in'
order to start the iéeration process, If three are not known, the |

=], X3 = ( can be used.

1 2

values X, = -1, X
Convergence of Muller's method is almost quadratic provided the ~

three initial approximations are sufficiently close to a zero of P(X). _1?”“

This is natural to expect since F(X) is being approximated bY'a“‘



quadratic polynbmial. Quadratic convergence means that the error-
obtained in the (n+1)th step of the iterative process is proportional-

" to the squaré of the error obtained in the n'! iteration. HdWevér;inO‘
general proof of convergence has been obtained fdr'ﬁuller's-method. It
has produced convergence in the majority of the caseas tested,

In application of Muller's method, an alteration should‘be made.tdll
handle the case in which the denominator of equation (3-3) is zero (b).
This occurs whegever P(Xn) = P(XnFl) = P(Xn_z). If this héppeua, set
= 1, ‘

Y+l _
Another alteration which should be made in actual practice is to

compute the quantity |P(Xn+l)|llP(Xn}] whenever the value P(xh+l) is

calculated. If the former quantity exceeds ten (10), is ﬁalved

qn+l

and h , X
n' n

+1* and P(Xn+l) are recomputed accordingly.

2. Procedure for Muller's Method

The basic steps performed by Muller's method are listed sequen-—

tially as follows, starting with initial approximations X XZ’ and Xj.

l!

1.  Compute hﬁ, 9> D,B8,C as defined previously.

n n’ “n® Y+l

2. Compute the next approximation X

n+l by

xn+1 - Xn + hn qn—Fl'

3. Test for convergence; that is, test

’Xn+l - anllxn+l] < E

for some suitably small number €.
4. 1f the test fails, return to step 1l with the last

.three approximations Xh+l’ Xn, Xn—l'
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5. If the test passes, do the following:

a. Save Xn+

1 as the desired approximation

to a zero.
b. Deflate the current polynomial using xn+l'
¢. Replace the current polynomial by the
‘deflated polynomial,
d. Return to step ; with a new set of initial

approximations.

In order to avoid an unending iteration process 1in case the method
does not produce convergence, a maximum number of iterations should be
specified. If convergence is not obtailned within this number of itera-

tions, the initial approximations should be altered.
3. Geometrical Interpretation of Muller's Method

Figure 3.1i. -shows the geometrical interptretation of Mulier's-method
for real roots of P(X) and the quadrafic Q(X). The root of Q(X) closest

to X, Is chosen as the next approximation X

i i+1°

4, Determining Multiple Roots

For a discussion concerning multiple roots see Chapter II, § 5.



”

e | | |

7 5 S "

1/rxﬁ-l % xi-z.\\ R X
3+

Figure 3.1.Geometrical Interpretation of Muller's b'iethpd
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CHAPTER IV
GREATEST COMMON DIVISOR METHOD
1. Derivation of the Algorithm

The greatest common divisor (g.c.d.) method reduces the problem of
finding all the zeros of a polynomial, possibly having multiple zeros,
to one of solving for zeros of a polynomial all of whose zeros are
simple.

Consider the Nth degree polynomial

N N-1
P(X) = alX + a2X + ... + aNX + aN+l

where a; # 0 and @158gseesa8y, AT complex numbers.  If P(X) has m

distinct zeros, “1’“2"““’“m’ then P(X) can be expressed in the form

e e e

P(X) = al(X - ) 1 (X - @2) 2 voe (X - um)‘m (4-1)

1

where e, is the multiplicity of s i=1,2,...,m. The derivative of

P(X) 1is

] -_— -—
P (X) =N s XN 1 + (N-1) asz 2 + ... + a

1 N

which can also be expressed as
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‘ e -1 e,~1 -l
P'(X) = a (X - a) X -a) > .. K- yom :E: e ” X - 8.
i=1 =1
A
(4-2)

1
The greatest common divisor of P(X) and P (X) is obtained from the

following theorem.

Theorem 4.1l. Let P(X) be an Nth degree polynomial having m distinct

ZEeros o seee sl of multiplicity ey e seves® respectively, Then the

1% 2

polynomial

e -1 e, ~1 e -1

D = (K-a) b -t L) "

is the unique monic greatest common divisor of P(X) and its derivative

P (x).

Proof. Since the set of all polynomials ovear the complex number field
is a unique factorization domain and since each factor X - oy is irre-
ducible, it follows from (4-1) and (4-2) that D(X) is the unique momic

T
greatest common divisor of P(X) and P (X).

It follows from Theorem 4.1 that each zero of D(X) is also a

1
zero of P(X) and P (X). Hence we have the following result.

Theorem 4.2, If P(X) is a polynomial, then P(X) and P'(X)‘are rela-

tively prime if and only if P(X) has no multiple zeros.’

Consider the polynomial H(X) obtained by dividing P(X) by its

monic g.c.d., D(X).
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H(X) = P(X)/D(X)
,:E_ e, ,flq e,-1
- a, ”'(x'-di)l ||',(X'-°‘i)1
i=1 . =1
m
= a; ]I (X = o).
i=1

The zeros of H(X) are all simple zeros and are also all the distinct
zercos of P(X). Use of the g.c.d. method involves computation of H(X)
when given P(X).

In order to obtain H(X), a computational algorithm is necessary to
find the g.c.d. of P(X) and P'(X). The general method for computing
the g.c.d. of two pelynomials is as follows: Let RO(K) and Rl(X) be
two polynomials having degrees NO and Nl respectively such that
Ny < Ny
algorithm, there exists polynomials Sl(X) and RZ(X) such that

The g.c.d. of RO(X) and Rl(X) is desired. By the division

RO(X) = Rl(X) Sl(X) + RZ(X)

where either RZ(X) = 0 or deg. RZ(X) < deg. Rl(X)n Similarly if

RZ(X) # 0, there exists polynomials SZ(X) and RS(X) such that

Rl(X) = SZ(X) Rz(X) + RB(X)

where either RS(X) = (0 or deg. RB(X) < deg.‘RZ(X). Continuing in the
above manner, suppose Ri(X) and Ri+l(X) have been found where

deg. Ri+l(x) < deg. Ri(X). Then there exists polynomials R (X) and

1+2
Si+l(X) such tha;
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Ry (X) = R0 8,1 () + R (D)

where either R +2(X) = 0 or deg. Ri+2(h) < deg. Ri (X). .Then we obtain

1 +1
a sequence RO(X)’Rl(X)"'"RK(X)’RK+1(X) such that
deg. Ri(X) < deg. Ri_l(X), i=1,2,...,K+t1l. Since a polynomial cannot
have degree less than zero, the above process, in a finite number of

steps (at most Nl), results in polynomials RK_l(X), SK(X) and RK(K)

with deg. RK(X) < deg. RK—I(X} such that

R (0 = R (D 5.0 + R, (X

and RK+1(X) =0,

Theorem 4.35 Let the sequence RO(X),R (X),.QG,RK(X),RK+1(X) be defined
as above. Then RK(X) is the greatest common divisor of RD(X) and

Rl(X)"

Proof. It is clear that RKgx) divides RK-l(X)° If RK(X) divides Ri(X)
for 0 < j < i < k, then Rj (X) = Rj+1(X) Sj+1(X) + Rj+2(X). Thus, RK(X)
divides Rj(X) and it follows by induction that RK(X) divides both RO(K)
and Rl(X). By reversing the inductive argument given above, it iz easy
to see that if L(X) divides ROCX) and Rl(X), the L(X) divides Ri(X) for
i=20,1,...,Kk. Therefore, L(X) divides RK(X) which shows that RK(X) is

the greatest common divisor of RO(X) and Rl(X)n

The above theorem tells how to obtain the greatest common divisor
of two polynomials. A machine oriented method is now developed for
computing the sequence of Rj(x)'se Beginning the sequence with RO(X)

and Rl(K), the polynomial Ri+1(X) of the sequence is derived from R, (X)
1



26

and Ri_l(X) as follows: Let Ri_l(X) of degree Ni-l be given by

where N, < N,_,. Define Ul(X) by

Niog ™
U0 = ey g [y P X :

Then define Tl(X) by

T (0 =R (X - U 00 R D

Ni-1
= lry0 77, O /ri,l)] X

e, 7 B /ri,l

+ ..

+ [ -r

RS SRR

(r, /r. )]
L AR S R

wvhere r, ., = 0 for j » N,+1.
i, i
We consider three cases.
(1) 1f Tl(X) = 0, then Ri(X) = RK(X); that is, Ri(X) is
the g.c.d. of RO(X) and Rl(x).

(2) If Tl(X) # 0 and deg. Tl(X) < Ni’ then Ri+1(X) = Tl(X).



(3) 1If Tl(X)‘# 0 and deg. Tl(X) = M, > Ni’ then define

1_
U2(X) by
M, N,
Uy(X) = (e ) /ri,l) X
where
M, M, -1
Tl(x) = tl,l X~ + tl,z X + o0+ tI’Ml X+ tl,Mi+l.

Define TZ(X) Tl(X) - UZ(X) Ri(X) which can be expressed by

M, -1
TpX) = Ity 4 - (tl,l/ ri) Tl X

M -2
LN N (ti,l/ ry1) Tyl X

b
+ - -
[tl,Ml+l (b9 [74,0) ri,Ml+1]
where r, 3 =0 for j > Ni+l’ We again consider the following three
cases.,

(1) 1If T2(X) = 0, then Ri(X) is the g.c.d. of RO(X)
and Rl(X).
{(2) 1f TZCX) # 0 and deg. TZ(X) < deg. Ri(X)’ then

1

R, (B) = T,(X).

(3) If T, (X) # 0 and deg. T, (%)

U3(X) by

M,-N,
U300 = (£, 4 /ri,l) X

M2 > N,, then define -
—_—

27
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where

M, M,-1
= + t;
T, () =, | X7+t )X Tty XAy

Since deg. Ti+l(X) < deg. Ti(X), then this process is finite (not to

exceed Ni_l) ending, for some integer S5, in TS(X) such that

(1) TS(X) 0 and,Ri(X) is the g.c.d. of RO(X) and Rl(X) or
(2) Tg(X) # 0 but deg. Tg(X) < deg. R (X), in which case

TS(X) = (X).

R4
Thus, using this algorithm and given RO(X) and Rl(X), the sequence

RO(X)’Rl(x)’RZ(X)""’Ri(x)’Ri+l(X) can be generated such that either:

(1) Ri+l(X) f 0 and Ri(X) is the g.c.d. of RO(X) and
Rl(X) or

(2) Ri+l(X) # 0 and Ni+1 < Ni' In a finite number of
iterations, RK(X), the g.c.d. of-RO(X) and Rl(X),

can be obtained.

Recall that we wanted to obtain.the polynomial H(X) = P(X)/D(X)
where D(X) is the g.c.d. of P(X) and P'(X). Thus, after obtaining D(X)
by the above algorithm, it is necessary to divide P(X) by D(X) obtain-
ing H(X) all whose zeros are simple.

Once H(X) is obtained, an appropriate method such as Newton's
method or Muller's methed is applied to extract the zeros of H(X). This
gives all the zeros of P(X).

As in Newton's or Muller's method, the zeros may be checked for
accuracy and possibly improved by using them as initial approximations
with the particular method applied to the full (undeflated) polynomial,

P{X).



After all zeros

2. Determining Multiplicities

can be determined by the process outlined in Chapter IT, § 5.

The basic steps

3. Procedure for the G.C.D. Method

are listed sequentially as follows:

1.

Given a polynomial, P(X), in the form

N N-1
P{X) = alX + azx + .0+ aNX + At

_ Calculate the derivative, P‘(X), of P(X) in the form

N-1 N-2
lX + b2X + ... + bN where b1 = Nal,

by = (-Lay,.. by = ag.

PX) = b

Find D(X), the g.c.d. of P(X) and P'(X) using the
algorithms developed above.

Calculate H(X) = P(X)/D(X), the polynomial having
only simple zeros.

Use some appropriate method to extract the zeros.
of H(X).

Determine the multiplicity of each of the zeros

cbtained in step 5.

of P(X) are found, the multiplicity of each zero

performed by the greatest common divisor method

29



CHAPTER V

REPEATED GREATEST COMMON DIVISOR METHOD

1. Derivation of the Algorithm

The repeated greatest commorn divisor (repeated g.c.d.) method makes
repeated use of the g.c.d. method to extract the zeros and their mul-
tiplicities of a polynomial with complex coefficients. That is, the
repeated g.c.d. method reduces the problem of finding the zeros of a
polynomial, P(X), which possibly has multiple zeros, to one of finding
the zeros of a polynomial which has only simple zeros and the zeros of
this polynomial are all the zeros of P(X) of a given multiplicity.

Let

]
8]
:x:Z
+
P
e

P(X) 1 5 + oeae + aNX + aN+1

e e

1 (X - 32) 2

®n
pee (X - am)

H
[

where a; # 0, each ay is a complex number, and al,uz,...,am are the
distinct zeros of P(X) having multiplicity €118y 5000 58 , respectively.
If Dl(X) is the ﬁonic greatest common divisor of P(X) and P'(X), then
Theorem 4.1 shows that

e, -1 e,.~1 e -1

Dl(X)=(X-a)l (X - a e (X =) D
nm

1

where we assume that if ej =1, then X - uj does not appear in the

30
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representation., Let DZ(X} be the moniec greatest common diviser of

Dl(K) and Di(X). Then

e.—2 e.-2 e -2

Dy (X) = (X - &) I ox- a,) 2 (% - a) "

where we assume that if e, < 2, then X - aj does not appear in the

3
representation. From the above it is clear that the zeros of Dl(X) are
just the multiple zeros of P(X) to one lower power, The zeros of D2(X)
are just the multiple zeros of Dl(X) to one lower power., Thus, the
zeros of Dz(X) are just the zeros of P(X) which have multiplicity

greater than two, and their multiplicity in D2(X) is reduced by two.

Therefore, it follows that
' 2
6, (0 = [B()/D (X ]/[D(X)/D,(X)] = P(OD, (X) /(D (X)]

has only simple zeros and they are just.the simple zeros of P(X). In

general if Dj(X) has been defined for 1 < j < 1 and if D (X) is the

i+l
’

monic greatest common divisor of Di(X) and Di(X), then the zeros of

Di+l(X) are the multiple zeros of Di(x) to one. lower power. Thus, the

zeros of Di+l(X) are just the zeros of P(X) which have multiplicity

greater than i+l and their multiplicity in Di+l(X) is reduced by i+1l.

It follows that

6,0 = [D,_; (0 /D (X]/[D, (O/D,, ()]

D, (0 D, ®/[D, @1

has gimple zeros and they are just the zeros of P(X) that have

multiplicity i. Thus, we have proven the following theorem.
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where a; #0

N-1
Theorem.S.l. Let P(X) = alxN + a2X + ... + aNX + ayi

and 31585500053y, are complex numbers. If DO(X) =P (X) and if
Di+l(X) is the monic greatest common divisor of Di(X)‘and Di(X) for

i > 0, then

2
6;(X) =D, (X D, X/[D ()]

has only simple zeros and they are just the zaros of P(X) that have

multiplicity 1.

Thus, by the above theorem we can geperate a sequence of polynomials
Gl(X),Gz(X),...,GK(X) where the set of zeros of P(X) is the same as the
set of zeros of this sequence and the multiplicity of each zero in
P(X) is given by the corresponding subscript on G(X). Therefore, by
using a method such as Newton's method of Muller's method to calculate
the zeros of each Gi(X), we will have the zeros of P(X) along with

their multiplicities.
2, Procedure for the Repeated G.C.D. Method

The basic steps performed by the greatest common divisor method

are listed sequentially as follows:

1. Given a polynomial, P(X), in the form

N N~-1
P(X) = alX + azx + ... + aNX + SRR

2, Set DO(X) = P(X).
3. Calculate the derivative, Dé(X), of DO(X) in the

form

t -1 ~2
DO(X) = leM + bzxM + oan +bM



]

where deg. DD(X) M, DO(X) = leM + .., + dM+l’

and bl = Mdl, b2

(M—l)dz, .eay bM = dM.
Find Dl(X), the g.c.d, of DO(X) and Da(X) using the
algorithms developed in Chapter 1V,

Similar to 3., calculate Di(X).

Find DZ(X)’ the g.c.d. of Dl(X) and Di(X) using the

algorithms developed in Chapter IV.
Calculate G(X) = DO(X) Dz(X)/[Dl(X)]z-

Use some appropriate method to extract ‘the zearos of

G(X) and assign these zeros the correct multiplicity

as zeros of P(X).

] T
Set DO(X)‘= Dl(X), DO(X) = Dl(X), and Dl(X) = D2(X).
Then repeat 5.-8, above until all the zeros of P(X)

are found.
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CHAPTER VI
CONCLUSION

In order to compare Newton's, Muller's, the greatest common.
divisor, and the repeated greatest common divisor methods, we consider
the polynomials as being divided into the following classes:

1. polynomials with all distinect zeros,
2., polynomials with multiple zeros,

The comparisons in the following material are results of tests
made on the IBM 360/50 computer which has. a 32 bit word. The programs
were successfully run on the CDC 6600 .and the UNIVAC 1108 which have a.
60 bit word and a 36 bit word respectively. It was. noted that the
UNIVAC 1108 is about 15 times.faster than the IBM 360/50. The CDC 6600
is faster than the UNIVAC 1108 but the difference is not as great as

that between the UNIVAC 1108 and the IBM 360/50.
1. Polynomials With all Distihct Zeros

First we consider the class of polynomials having distinct zeros.
Newton's method is particularly suited for this class of polynomials.
Its quadratic convergence is very fast which can save time and money to
the user. The accuracy obtained is excellent as shown in Exhibit 6.1
vwhich presents the zeros of a 15th degree. polynomial in double precision.
In most cases, the method produces convergence for almost any initial

approximation given.

34
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Muller's method also produces good results on this class of poly-
nomials. The rate of convergence is, however, somewhat slower than
Newton's method. Tﬁis fact is especially. significant when working with
polynomials of high degree. The accuracy obtained by Muller's method
is comparable to, but does not exceed that of Newton's method. In most
cases, the accuracy of the two methods does not differ by more than one
or two decimal places. Exhibit 6.2 shows results of Muller's method
for the polynomial of Exhibit 6.1. As in Newton's method, convergence
is produced for almost any initial approximation given.

The g.c.d. method, whether used with Newton's or Muller's method
as a supporting method on this class of polynomials, is no better than
Newton's or Muller's method alome. The reason for this is that the
greatest common divisor of the polynomial, P(X), and its derivative is
1. Thus, H(X) = P(X)/g.c.d. P(X) = P(X); that is, the polynomial
solved by the supporting method is the. same as the original polynomial.
Thus, in this case the g.c.d. method will not produce better results
than the supporting method used alone. The above comments also hold
for the repeated g.c.d. method.

Thus, rthis class of polynomials presents no difficulty to any of
these féur methods. Newton's method, because of its speed, is there-

fore recommendad.
2. Polynomials With Multiple Zeros

Next consider the class of polynomials containing multiple zeros,
Exhibits 6.3 ~ 6.26 1llustrate output from six different programs using
the methods described in Chapters II - V. Four polynomials are used

where the zeros of these polynomials are listed below. The number in
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parentheses indicates the multiplicity‘of that zero.

Polynomial #1 Polynomial #2 Polynomial #3 Polynomial #4
2+24i (3) -2.33 (1) 24241 (3) 1+i (6)
1+24 (2) 003 (2) 1+21 (2) 1-1 {6)

1451 (1) i (2) -1+.51 (3)
1.54 (2)
-1.54 (2)
31 (3)
-1-i (3

Note the relatilonship between polynomials. #1 and #3.

This class presents considerable difficulty for Newton's method,
especially those polynomials containing. zexos.of high multiplicity or
containing a considerable number of multiple zeros. The iteration

formula for Newton's method is

Xopg = X, = PX)/PICX).

If ¢ is a multiple zero then P(c) = P'(e) =.0." Hence,; as Xn + ¢,

P(Xn) + 0 and P'(Xh) > 0 and the iteration formula may be unstable,
resulting in no convergence or bad accuracy. As the number of multiple
zeros increases, the polynomial becomes more ill-conditioned, conver-
gence becomes more difficult, and accuracy.'is lost. Thus, the possi-
bility of convergence decreases. This .also holds true if the multi-
plicities of the zeros are increased. The rate of .convergence of
Newton's method ié much slower for multiple weros than for distinct
zeros. Exhibit 6.3 shows a polynomial (#1): containing two multiple

zeros solved in double precision. Note the following from Exhibit 6. 3.

1. Roots #2 and #3 are greatly improved by iterating
on the original polynomial., Distinct roots are

usually improved in this manner.



37

-J{Lz,“_Tha'time,takenftoFSolae h:&egfee Equatioh'with -
multiple roots is greater than;the ‘time taken by the
same program to solve a L3 h.degreaﬂpolynomial with
all distinct roots (Exhibitwﬁéiﬁ;”;

3. Root #2 did not pass the.conuargence'test after 200
iterations even though it was’ 1mproved. This is
probably due to the fact that the polynomial from
which root 2 was extracted:had‘only one_multiple
root but tha origina1 po1yaomiaiffrom:which it was
extracted the second time Bad?twormultiple roots;
that is, the original polynomialiia”more ill-conditioned.

4. The accuracy of the roots Befora“the-attempt to
improve accuracy is very. poor. Root #2 is accurate

to only three dec1mal places a7 compared to the 15

decimal places in Exhibit 6 lffor distinct roots

Root #3 is espec1ally bad the imaglnary part belng

accurate to only one declmal'place.

Exhibit 6.4 uses polynomial-#Z.ﬁ.ﬁota{the*poor rasults obtained
before the attempt to 1mprove accuracy and the fmprovement afterward.
Also note that after the attempt to 1mprove accuracy, one of the zeros,
namely 3i, is lost and an extra gero# namalyﬁi;S,:is included in the
list. (See Appendix A, § 4.)f A coavérgaacatrequiremeﬁt of 107> was
used on this polynomlal to get it to converge to all of the zeros in a
maximum number of 200 iterations.

In many cases, Newton's method failsftoiconverge altogether,

Polynomial #3 could not he solved using Nawton's method with a maximum
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number .of 200 iterations and a convergence.requirement of 10_9;'

Exhibit 6.5 illustrates the bad results.for- a convergencé requirement

of 10'_5 which was needed in order to get:.convergence. In Exhibit 6.6

a convergence requirement of 10—3 was needed in order to get .convergence
to the zeros of polynomial #4.

Muller's method also encounters difficulty, although to a lesser
degree .than Newton's method, on this class:of polynomials. In most
cases, Muller's methed produces convergence even when Newton's method
completely fails., Newton's method completely‘failed for polynomials
#3 and #4 with a convergence requirement:of“10-9 but convergence was-.
obtained using Muller's method as shown.in. Exhibits 6.9 and 6.10. The
accuracy obtained by Muller's method is not good but usually better
than Newton's method using the same convergence requirement. The rate
of convergence of Muller's method is comnsiderably slewer. for multiplie
zeros than for distinct zeros. However,. for multiple zeros, Muller's
method is as fast or faster . than Newton'ss;:o.v -

The g.c.d. method is perfectly suited-for polynomials with multiple
zeros. All multiple zeros are removed leaving only a polynomial of
class 1 (all distinct roots) to be solved. . This indicatés that best
results should be obtained by using Newton's method as the supporting
method, since Newton's method enjoys. the.adwantage of spééd over
Muller's method for distinct zeros., This hasindeed proved to be true.
The accuracy of the zeros obtained decreases; somewhat, when the number
of multiple zeros .is increased. This is.due .to accuracy lost in
computing the g.c.d. and the quotient polynomial and not as a result -
Df-the_supporting method. It is easy to see that the accuracy of the

g.c.d. method is best when the degree of the greatest common divisor of -
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P(X) and P'(X) is maximum. This is due to .the fact that the error in
the greatest common divisor is minimized in.this case. The accuracy
obtained using Newton's method and Muller's. method -as’ supporting
methods is about the same. This is werified by Exhibits 6.11 - 6,14
(g.c.d. method with Newton) and Exhibits 6.15 - 6,18 (g.c.d. methed with
Muller). |

Multiplicities are determined with excellent accuracy. The g.c.d.
method is not as sensitive to zeros of high-multiplicity or polynemials
containing a large number of multiple zeros as are both Newton's and
Muller's methods. - A quick comparison of Exhibits 6.11 - 6.14 and
6,15 - 6.18 with Exhibits 6.3 - 6.6 and 6.7 ="6.10 show that the g.c.d.
method with either supporting method is much more accurate than either
Newton's or Muller's method. For example, Exhibits 6.5 and 6.9 show
polynomial #3 for which Newton's method and Muller's methed both gave
poor convergence. But Exhibits 6.13 and 6.17 show very accurate results
for polynomial #3.

The repeated g.c.d. method is also .suited very-well for polynomials
with multiple zeros. Exhibits 6.19 - 6.22 .and Exhibits 6.23 - 6.26
are results of the repeated g.c.d. method with-Newton's method and
Muller's method as supporting methods, respectively. = However, the
results of the repeated g.c.d. method are not as good as those obtained
from the g.c.d. method. Since the repeated g.tvd., method repeated
uses the g.c.d. algorithn, the error tenas,to.bﬂild‘up in this method
when a polynomial has several zeros of different multiplicities, This
can be observed by comparing Exhibits 6.éd_and'6.24 with Exhibits 6,12
and 6.16 on polynomial #2 and by comparing Exhibits 6.21 and 6.25 with

Exhibits 6.13 and 6.17 on polynomial #3. As was the case of the g.c.d.
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method, there is little difference between the .repeated gic.d. method
with Newton's method or Muller's method as a .supporting method. This
can be observed by comparing Exhibits 6.19 .-.6.22":(Newton) with
Exhibits 6.23 - 6.26 (Muller). Even though the-results of the repeated
g.c.d. method are not quite as good as the results of the g.c.d. method,
they are far superior to the results of both Newton's method and
Muller's method. -

Table 6.1 gives a comparison of the execution times of the six

methods  for polynomials #1 - #4.

TABLE 6.1
METHOD - EXECUTION TIME®
Newton 104.16 ‘seconds
Muller 96.79 seconds
G.C.D. with Newton 7.5L secends
G.C.D, with Muller 8.91 seconds
Repeated G.C.D. with Newton 771 éeconds
Repeated G.C.D. with Muller - 15.16 seconds

It is clear from Table 6.I that the g.c.d. .and the repeated g.c.d,

methods are much faster than both Newton's and Muller's method on

- -
These times are from execution runs on the IBM 360/50 WATFOR system.



polynomials with multiple zeros. Therefore,. for polymomiils with

multiple zeros, the order in which the methods are recommended is

-follows.

G.C.D. with Newton.

G.C.D. with Muller.
Repeated G.C.D., with Newton,
Repeated G.C.D. with Muller.
Muller.

Newton.

as
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NEWTDNS METHQD 1O FIND ZERGS OF PULYﬁDNllLS
POLYNOMIAL WUMBER T DF DEGREE 15

THE COEFFICIENTS OF PIX) ARE

Pt 1) = 0.2000000000000000D DL -+ L3I §
Pl 2} = =0,1790000060000000D D2 ¢ —0.00000000000000000 0O 1
P{ 31 = D.,2010000000000000D D2 + -D.6576D00DOCCDOGOLD 02 1
Pl &) = [0.1T%50000000DODOOD G3 4+ D.28436B000D0DOGROOD 03 1
Pl S1 = ~0.T594200000000000D 03 + ©G.31180B000D0OODGGD 03 1
PL 6) = 0,82T43600000000000 03 + =0.306930000000000D 04 1
Pl T = 0.1320084000000000D DA ¢+ 0.4710L24DDOCD0CO0D 04 1
Pi{ B) = -D.561186D00000ODO0D 04 + =0,16Th5760000000000 04 I
Pt 91 = 0.7224TS6DDOQEDOGED D4 + —0.1548288000000000D 04 1
PLIOY » -0.227699200D00000CD D4 +  0.3046320000000000D D4 1
P11} = —0.124147200D0000000 D4 + =0.405723G0D00000000D 04 1
PL12) = ©.5402B0000DDGRO0L0 0% + D.12634880DCG00DD00D €4 1
PE13! = ~0.546833600000000LD 04 ¢ 0.123648G00D0000000 04 I
PL14} » 0.14674560000000000 D4 + 0.22720000000000000 02 T
PE15) » =0, 10TT1200C0060000D D3 + -D. 54 T58400000000000 03 )
PL1&] = D.3456000000000600D 02 + 0.126T200000000000D 03 ¥

4. 00G000O0000000000

NUMBER DOF INITIAL APPROXKIMAVIONS GIVEKR. Q
MAXINUM NUMBER OF 1TERATIONS.

TEST FOR CONVERGENLE.
TEST FOR MULTEPLICITIES.
RADTUS YO START SEARCH.
RADIUS TO END SEARCH,.

200
0. 100-0%

D.100-01
0. 000 00
0.00D DO

BEFORE THE ATTEMPT ¥0 IMPROVE ACCURACY, THE IEROS OF PIX) ARE

RODTS OF PIXF

ROOTY 1% = {.30000D00DOCOOGIOD OD
RODTE 21 = $.204000000000000C0 20
RDDTI 3% = —0.200000000DQODDOOG OC
RODTL &Y = 0.2485026F09655803D-17
ROGFI S5} = =0.1000000000000000D 01
RODTL &) = =0.1006000060G000Q00 D1
RODTL 7Y = ~0.3100918T55260349055
ROOTH B) = -DB.20O0G0DOCCO0000CD D1
RODT{ %) = ©.10000000CCEDOCL6D 01
ROOTLI0F = (Q.200000000G000040D 01
ROOTLILE =  0.1999999599999980D Ol
AOOTELIZ2E =  0.30000000000000910 01
RODTE13) =  0.3999999999999996D 0l
RODT{14} = 0.99999999999994060 Q0
ROOTIL5) = =0,3333333333333334D 21

0.16093581151656531D-16
—0.200000000C000000D 0D
0. 20000000000000000 DO
Q. CoD000G00000DDAD 01
~Da532L1953T064599456D-16
—G.9995999955999%98D AD
=-0.99999959969959599940 A0
~0.30000000000C000C0 01
-0.10097649963521000-12
<D0.1000000DQ00000032ZD 01
0.1385507847222202D~12
=0e141T5491574492190~13
0.4 007000005060D03D 21
0.1600000400000005D 01
—0.18503TLF0TT 8594015

PR N R R A A

O e L

KULTIPLICITIES

P N Y X

Exhibit 6.1,

INIFIAL APPROXIMATION

0.48296291156562790 00 +
0. TOT106T5530463460 00 +
0.38822847926540%60 OO +
~0.51T6382551966124D 0O +
—0.1T6TTETIRTOSOTOLID OL +
~0.2B9FTTITEB30T49900 01 +
=-0.3380T402483312290 01 +
=0,282B42660T3078360 01 +
—0.11540684B013998990 01 +
0. 1294095346509056450 01 »
0.3IBB90BH2ZF29T79509D DL +
0,579555534935123030 D1 +
D.6ZTB5I73STTI4L250 O1 +
SOLVED AY OIAECT METHOD
SOLVED BY DIRECT METHOD

0.12940957844381870
D.T071068CY06845950
0.1448B888T0631171920
0.19318516083687550
D.376TTLLT568520L5D
D T76656T46398TOTOD
—0.905867194DE16 1600
—0.282B4Z7T6423B4390D
~0o%3bt 064598732680
-0.4B8296 28631 4%30270
~0.3889D863D00722580
—0.1552912644268974D
C 0.168232570824 77520

00
oo

ol
a1
0o
14}
0L
01
o3
oL
ol
al

R e Lk i

&Y



AFTER THE ATTEMPT TQ {®PROYE ACCURACY. THE ZERDS OF PIX1 ARE

RODTS JF PlX) MULT[PLICIYIES INITIAL APPROKIMATION
ROOTE tF = 0,30000000DD0O000D0D OO »  0.33289435377059123D-16 | 1 D.4B296Z91156562T9D DD 4+ 0.12940952844381870 OO
ROUTE 2) = 0.Z20000000GOEOD000D 30 + ~0.20000000000000000 OR 1 ] D.TBTIOSTS530463460 0D + 0.70T106B0TO6845950 OO
RDOTL 3) = =0.2000000G00000DC0D DD ¢ Q.20000000600C0C0000 00 1 1 (. 3BB22B4 7926540540 DO + O.l4xB8BBAT63ILLTI93D D1
RADTL 41 = -D.31260830437627530=17 + 0.1L00000CGCO0D0ODOCD DX 1 1 ~D.51783825%519667240 00 ¢ D.193185)808368755D O}
ROOTI 51 = =0.10000000000000000 01 + =94 18824780305507960-[e T 1 0. I74TRETIATOBATOND O » D.1T67T7H6T7HE852015D0 O
REOTY B} = =D.)0CGADOOOOOOLIDDDD 31 + -0.10000C0GHD000000D 01 § 1 =0.20%TTTTSHIDTLUN0D OF + D.T7es56T46IVATLTOD OO
RDOTL T} = 0.61318893)93T91400-18 + -D,10000000000000CC00 Q1 1 1 ~0.33B0TADZ4BIILZESD Q) #+ =0.90585715%40CH1616C0 OO
ROJT( B} = =D,2000000CCOO0DODGD OL + =0.356000000000000000 01 1 1 ~0.282042660T1DTETLD D1 + =~D.287B42T64238435C0 O1
RDOT{ %) =  D.1000DDOCOQODDODID DL ¢ O.72BTTLS4B08R5CLeD=1n ] 1 ~De 1164584 00E3998990 D1 + ~0.434066045987234080 D1
ROOTLICF = D.200000DOGGOOGO0ID DL + -D.999955999999995%00 00 | ] 0.12940943450986450 O1 + ~0.482942883k453027%D 01
RDAITII1) =  D.Z200DOOOOCODIANOID 31 ¢ -0, I9EB03IF6Z0AL1ISTD-L | I 0.30E90882IZ9T95000 01 + =D.38E90803000T22580 Q1
RODTEIZE = $.2999999999995997D 01 ¢ O 289068953043 7648D14 i D.5T7F55953935123030 D) ¢ ~0.155291264426B974D D1
ROGTIII = Q.406000004U0QCDGORD 01 + Q.4000000000000001D 01 1 ] Q.5627851 73577341250 01 + D.L6B2325TOB24TTS2D 01
RDOTLI4) = D.9999995999%0¢9950 60 + 0.100000000000C0000 01 1 i SULVED BY DIRECT METMOD
ROGTL1SF = =0,33313333333333340 01 » 1 |} SOLVED 8Y DIRECT METMOD

=0.B99A0L36TOS1 TA38D-10

 Exhibit 6.1, Roots.Are: -1 -1, 1 +4, -2 - 3i, 2 -4, 3, 2, i, -4,
o -10/3, W3, =1, 1, 4+ 4i, -2 + ,21i, .2 - 21

e

€



MULLERS METHOD FOR FINDING THE ZERDS OF A POLYNOMTAL

POLYNOMI AL KUMBER

THE

et
L]
PL
Pt
L]
e(
Pt
L1
L]

CDEFFILIENTS OF P{X} ARE

1t
F4
3
&)
5}
bl
m
81
L)

Pilo}
PL1LE
PLL2Y
F{13}
Prl&)
P{15}
Pilo)

0.39300000D0C0000000D 01 + 0.0000D0000QR00GO0T 0O 1
~11,1 T9O0Q0000000000D 02 4+ -0.000000000D00C000D B0 I
D.20100000C000OGDOD D2 + —0.557650000000000010 D2 1§
0.1 745000000000000D 03 +  0.28436B0000000000D 03 1
=0.15942000000000000 03 + CG.31180800000000000 02 ]
0.8274360000000000D 03 + =0.306904000D000000D 04 F
C.1329084 0000000000 D& + 0.47106&240000000000 D4 I
=0.5611 8600000000000 04 + ~0.16745760DDDO0000D D4 1
G, T2247560000000000 T4 + ~0.15487BBOODTICO0OD D& I
—0.22769920000000000 O+ + 0C.3046320000000000D 04 1
-0.1241&T200000000CD C4 + —0.40972B00000000000 Q4 |
£.540280000000000k0 04 « 0,12634880000000000 04 1
~D.646B83360000000010 04 + 0,123&4B0300000D0GD 04 )
0.1#67456000CD0OGDD Db + 0.22 7ZOCCODCEDDOODD 02 1
=0, 10TT1Z200000000000 43 + —0.54 7584 G0DDOCGO0GD &3 1
0.34560000000000000 02 ¢+ 0.1267200000000000D 03 4

T OF DEGREE 15

NUMBE®R DF INITTAL APPROXIMATIONS GI1VEN. a
MAXTMUM NUMBER OF ITERATIDNS.
TEST FOR CONVERGENCE.

TESY FOR MULTFPLICITIEES.
RADIUS TO SYART SEARCH.
RLDIUS TO END SEARCH.

BEFORE ATTEMPY TO IMPROVE ACCURACY

zoo
0.100~09
0.100-01
0.000 ©Q
0.000 00

| ROOTS OF PEX)

R2ITL 1)
®ODTL 21
ROOTL A}
ROOTL &}
ROJTI 5%

b, 3000000080000000D G2
0.20000000000000400 40
0.99999999999999950 CO
~0.22890R24083133820~ 16
-D.l100oooooCenonooen ol

0.3383998751 75186560146

=0.2000000000C020000 00

0.9999959999999937D 00
D. 100¢C00000C000D00D 01
0.253162927761 7640015

ROOT L
LAIA
ROOTC
L) g
RIOTE1C)
anGT L]
ROOTI12)

21

-0.23333333333333340 0}
~0.1£0000000C00DOCED O]
=0,20000600C000CD0010 D1
-0.1138B16730938650D~12
0.19999 999939998790 0}
0.29999999999999460 D1
0.200560000600001220 O1L

-0, 7144 T226690BTT3ITD-15
—£.99999999990996810 0O
=D« 30000008000000000 T1
=0.100030C00000010%D 01
-0.9559999999959954D 0O
£a1921891204439124D~14
~0.22541548795801T00~12

AT 13
RODY{14)
ROJTI15}

0.3999%99999999%99D 01
D. 10000000 00H002080 D1
-0.23G00000020000366D 07

kAU NN XN g RAN

0. 4#00&00Q000D0O000SD D1
DaZ29T4bk k93 TAITO~12
0. 2000ODCDODDOODSS5D DO

3
I
1
I
T
T
1
1
]
1
I
1
I
t
H

MULTIPLICITIES

e e e e g g S e e R

Exhibit 6.2, .

INTTIAL APPROXIMATION

D.4829679115656279D O0C + D.1Z9409528443B16TD
V. T0TI06T5530463460 D0+ D.TOT106B0THEHR595D
D.3B82284 7526540560 CO0 + D.14488887631171930
=0.51763825519667240 00 + 0,193185160B348755D
-0.176716714T080TCID D1 + 0.1767T6675B8520150
=0.2B9TTTT5830T49900 01 +  O.T7Te4S5eTat3096T0700
—D.238DTL0Z4A3312290 D1 + =0.905B6TI940816140D
-0,28284265071078960 01 + —0.2RA2847 TH4 23843500
=~0u116&684B01399899D Ol + —D.434666E4598T733680
0.1294096345098645D ¢t + =0.4B29628831453027D
0. 38890882532979509D £1 + ~0.3BBYNBL30DDT2258D .
0.5795545583935123030 01 + —0. 156291264425B974D
0.62785L735TT341250 91 + 0.1682325T082477520
SOLVED BY DIRECTY METHOD

SOLVED 8Y DIRELCT METHOD

oo
oo
o1
Q1
c1
ag
o0

ol

o1
o1
01
128
ol

et . 8 Rt by A e

Yy



- AFTERL THE ATTEWPT TD EWPROVE ACCURALY

RODTS OF PLX)

ROOTL 1)
sDOTE 2)
Nt 31
®IOT &)
RUDTL 5)
ROOTL &)
ROOTL T)
EDITL 81
qanTe 9)
ROOT E10)
ROOTIELE
#ANTL12)
RDBTILA]
RODT R4}
RODTL1S)

Fxhibit 6.2.

L I I I R R B I B LR

0.3D0GE0ECR0000000D (O
0.20000200000002000 DO
0.999999955959599994n OO
0.11937T4%775]1538650D-18
-n.1000000000G000000 01
~0.3331333333333334D 0L
=4, 10000000000000000 01
-0.200000000Q0000000 OF
0.5529]13573182¥T24D-16
0,20000000000090020 01
0. 29999999999%%9%50 O]
0.700000000060000020 0L
0. 43000085200000D00D0 0]
0.10000000000000000 0L
~0.20000000000000000 G0

1, 4 + 41,

Roots Are: '

0.33TETIR4L2083244D-10
« . 20000000000000000 00
0. 1000000AN00GAD02D CF
0. 100000000000C0000 OL
—D.993562603001 684 80-17
“0.1919125347153064D=15
-0.99%9999999999%450 OO
= 0. 3000000C0000DD000 O}
«0. 1D00BOCA0V000000D 01

D, 243964T73TZFL11440-14
0. 410205049001 665TO-14
0.40000000000E00C1ID BY
D.T&BZ4IBZBIBETOTON- LG
£.200000000000DDOGD 00

LI IR A A B A IR

-2 +.2i, .2 -

—D.99999999998977860 GO

-1 -4, 1+ 4,

HMULTIPLECITIES

[ e
A G Bt et o

-2 - 31, 2

21,

fWITI1AL APPADTIMATEON

Ca&B296291158562790 00
Da TNTIOLISSADEAEIGEN 00 &
D.3BA2ZB&TV2656054D OO ¢
=~D.S]1TLIPZSSLI96LTIAD 0D »
~0.EPRTTLTICTOBOTICIO O »
~0.2B9TTTYISEIDIAT90N D1 +
~0.33874074832]229D 01 =
~0.282B4265071078960 01 +
~0.118&4bRRE0LI3998990 O +
Ou 1Z94DILALE0TRHL5D D] ¢
C.3IRBODARZSGTSS05D OF +
0.5795%55539351230%0 01 +
0.62TESETISTTICI2SD Q) »
SOLVED BY DIRELT METHOD
SOLVED BY DIRECT RETHOD

- if 3, 2, i,

0,12940957R44 381870 OO
. IGTI06BDTOBB4595D O
B 14«ARRATENLTINID O1
0.193LAS160M3687550 0L
0.1 T8 764 T58452015D O1
0. TressaTopivaToOTOL OO
~0.20588T196001 60600 OO
-0,7820 4276423843900 01
=0, #34bLESFRTINGAN QY
~0.4B2982R8314531021D .01
~0.3IRBF0B4I000T225AD O}
=0,15529L 26442609740 O}
0.1682325T082& Y1520 0L

-3 »

e L b

i, -10/3, .3, -1,

oY



SNEWTONS WETHED T
101?NUH1&L NUHBER

THE COEFETCIENTS OF P(K) ARE

PL 1) = 0L100D000000000000D
et 29 = -0, T000000000000001D
PL 3} = «0,280000000000002CD
P( 4) = Q.1710000008000000D
Pl 5) = —0.73DENOOOCO00OC00OD
Pl ) = —0.22800000000000040D

= 0.7206000000000001D "

NUMBER OF INITIAL APPRONTMATIONS GIVEN. O

MAXTMUM NUMBER OF TTERATEONS.
TEST FOR CONVERGENCE.

TEST FOR MULTIPLICITIES.
RADIUS TO START SEARLCH.
RADIUS TO EMD SEARCH.

a1l
a1
o2
o3
a2
63
a2

F0.F PeD IFERDS GFﬂHnawmﬂtﬂts
i DF DEGREE 6 .

0. 600000G0000G0RI0D: OO
-0.10500000000000000
0. 580000000D000TO LD
0. 1500000000000000D
-0.2510000000000060D -
.0.10400000000000000 -
- 0.1040000800000000D -

200

. 0,10D-09

0.100-01

0,000 00 .

0.000 00

- BEFORE THE-ATTEMPT TO IMPROVE ACCURACY, THE ZERGS OF PIX)} ARE

" ROATS OF P{X)

RODTL LT =
_ RODTH 2} =

m THE ATTEHFT .T0 IMPROVE ACCURACY, ROOTL :2) =.
'THE PRESENT APFRG‘(MAT[DN &FTER 200 !?ERAI!OMS IS PR!NTEU BELOM.

AFTER

ROOTS OF PIX}

ROCT( -1}

ROOTL 2) = 0.1999992907593309D 01 +
5 RUUT{ 31 =

Exhibit 6.3,

* 0, 999999883561250199 00 +
.1995737010257486D 01 +
ROOTU 31 = -0.9902131979974624D 00+

‘0.9?909938361250190'09-+

-0.9999999999999996D /00 +

© MULTIPLICITIES

0.20000000521382840 €1 1
0.1995253821143484D OL 1
0. 51423843229238120 ao 1

THE ATTENPT YO IMPRDVE ‘ACCURALY,. THE T€RDS OF PUX). ARE

0.2000000052138244D 01 1
0419999594 T40016890. OL. 1

Roots Are:

MULTIPLICITIES | -

0.50000000000000000- 00 1- -

INITIAL APPROX INATLON

0.4B296291156562790 00 '+ 0. 12940952B44381070 00 I
0.TOTI06TS535044346D 00 & 0. 107106507068&5959 00 X
SULVED BY DIRECT NE?HﬂD

0.1996137510257§860 or- +- 0-19952535211#36860 01 1" DID HOT - CONVERGE .

- IMETIAL APPROXINATION =

o

. Da4B29E29115654279D 00 4 -0.1294095284638197D 00 [

0.TOT106TSS30463460 00 + 0;707!06801068&5950 00 I

"SGtVEDaBl,Bl&ECI HETHGD

2424 (3), 1424 (2), —1+.54i

9%



“NEWTGNS METHOD. TG FIND ZERDS OF POLYNOMIALS
. POLYNOMLAL ﬁUHﬂER 2. 0F DEGREE 15 -t

THE COEFFICIENTS OF PIX] ARE

LA ]
P 21
Pt 3
P{ 4%
Pl 51
Pl 61
AL 7Y
O3 ]
LI )

PL10Y "

PLELLY
P12}
P(13)
PL14}
Pils5)
PLlE)

=z
=
=
=
=
=
-
-
=
3
=
=

0.4800000000000000D

0.2557120000000000D .

-0.73535568000000000
=0, 38555656950050C0D
=D.1733386464B000C0D
=-0.49679892T040006010
-0.10223945221300000
-0, 1442 T422005600C00
~0.2036625EB6R420000D
=~0.1BT1L2557800100000

=0.12749972985900000 "

~D. 2814692 7166000000
© D.1329434434B00000D

0.3653900 7747000000
-0.1E358994200000000
' 042 755820000000000D

02
a3

02

o4
0§
05
06
0&
06

06

0&
o5

054
-05

°3

o0

+ §.0000DC0000ODOOCOD 00
+ =0.3840000000000000D 03
+ —0.,21B896960000000000 04
+ —0,6346851456000001D0 04
+ —0.14206259728000000 05
+ =0..17 6565 T464D00C00D 05
+ —0.60306642320000010 04
+ D.4137386230&00000D 05
+. . 0.1093899227670000D D6
+ - 0,19298654403300000 06
+  0.217134122742030000 D6
+ 0.1928489T279600000 06
+ - 0,103813027655Q000D 06
+  0.29989891413000000 05
+ —0.182T6321600000000 03
+  0.27556200000000000 0O

e ek Bt B e S e Pt e e S g

NUMBER OF -INITIAL APPROXIMATIONS GIVEN. 0
MAXTMUM NUMBER DF ITERATIONS.
TEST FOR CONVERGENCE.

TEST FOR RULTIPLICITIES.
RADLUS TO START SEARCH.
‘RADTUS TO END SEARCH.

r

200
0+ 10D-0%
0.100-01
0.000 00
0.000 00

BEFORE THE "ATTEMPT TD'&MPRUVE ACCURACY, THE ZEROS OF PUX) ARE

" ROGTS OF PiX)

RODTC 1t =
CRODTL 2} =  0.B6266231240991390-04
RODTE 3) = D.5768M2464927569D-02
AO0TL %) = —D.592646344710587620-02
RODTI 5) = «0,101490475440L0601D ¢l
RODY¥E &) = =0.2333333617634863D O]
RDOTL 71 = ~C.1018508435578558D 01
CROOTE B) = —D.%665441989282835D €0
ROOTY 9} = —0.24RB1483T0993T0320+-02
TROOTOIO) = 3, 1%3605144175373180 00
CROAYELLY = ©,33258T5653T760710D QD
ROOTEL2E = -G.4B3T71260B12910090 Q8

aFTER ' THE

0.3000000T363981840-02

*Ga 10000801 737229880 01
G. 15081451 743165700 OL
0.14%17229999229610 01

-0 1028 4209313843700 01
G.2168624494545200D0~-05

-0.97285956027561890 00

-0.9987TT478952T9L40 00

=04 1497ATFASZTIQTIRD D}
0.249520T76A5212091D 0}

C0a336599362T74026358D 01
0.313458568T0008420 01

LEE N R EEREEEEN]

ATTéHPT TO IMPROVE ACCURACYy THE ZERDS OF PIX] -ARE

0. 260939490 65529810~08

o e Y et bk

MULTIPL ICITIES

o B e I g Bt g o B D

Fxhibit 6.4.

0.48296291156562 79D
Qe TOTLOG TSSI04E6I46D
0.3882284 7926540560
—D.917£382551966724D
=0 1TGYTTOTLATOSOTOLD
=0 2097777383 Q1A 9900
~0.3320T4024683312290
-0, 282042560 T1OTRGD

~Qe1l 040048013 998990

04 1294096343090 45D

00

00

INTTIAL APPROXINAT[ON

TR LR L)

SOLVED BY DIRECT METHOD
" $OLVED -BY. DIRECY METWOD .

0.1294095 284438870
v TOT106B0TOLBAS95D
0.14408868T431171930
‘041931 851 6003487550
0. 1T TIO6TS8852015D

[ DeTTEA56TA6IVBTOTOD

=0.90586 72 9408141600
=0 202842T642304290D
=D . 43465504598 TAREED
=0, 4829428031 45302TD

0o -
o

al
o1
01

oo
113
01

o

P LT Y S

LY



RODTS “OF- PR

ROGYC
R3OT{
ROOTI

RODTC -

ROOY(
RODTA
ROOT I
ROOY
RODTA

2

ROOT (102
ROOTI11}

ROQY{12}

(UI I T O U U S LTI}

0. 30000003683T22620-02
0.5T42035082%63408D-06
Qs 76247249328106050-06
-0.86T1875662730541D-06
—-0.9999960)110180270 OO0
—D.232333333333[1710D 01
~0.1000007692970472D 01
~0.9999951T401584100 0D
=0.59248TR5305704TTD~-06
—D.609356544515857 193006
0. 26195991 0A0H34680-046

—-0.98192911809282650-05.

*
+
*
+
+
+
*
*
*
*
*
-

0.13040676163986510-08
0.100¢000627692775D 01

D.1500001330008833D .01

0.14999990111650930 01
-0.1000007%938436410 D1
0.56990590582774950=-11
~0.99999836986193700 00
«D.99999502636TT61%D 00
=0.149999948T1BTTIBD OL
0. 15000010898249810 Q1
¢.3000007838621 7850 O1
- 0. 29999741215895750 D1

- ROETTRUTCTTTES

Pt B B bt bt et et R

e b P bt et et et e s B DY

0.4829629115656279D

0.7071067553046346D

0.3882284T92654056D
=0.5176382551966T24D
~0.1767TT6 T14TORDTOLD
~0.289TTIT5E20T4990D
~0+33807402483312290
—0. 282842 660TLOTAI6D
=0.11566848013998990

0.1 29409463450900450

o0

00
oo
o9
)]
03

Bl

o1
ot
oL

LI I A O B

SOLVED BY DIRECY METHOD
SOLVED BY DIRECT METHOD

- Exhibit 6.4. Roots Are: -2,33, .003 (2), i (2),

1.5 (2), =1.51-(2) 31 (3), -1-i (3)

R

ANFTIAL APPROXIMATION

0. L2940952R443B18TD
0. TOTI060070664 595D
0.144808676351T1920
0.1931851608368755D
O.1TeT766T7588520150
0. Y T4 56 T46I9BTOTOD
=0 0S5 B6TI940816260D
~0.2828427642284390D
~0e43A65664598 733680
=0.482962883145302TD

00
oc
a1
ol
ol
o0
-1
0l

al:

01

Pl gt G e e oy et

8%



NEWTONS METHOD TO FIND ZERDS "OF POLYNBMIALS

POLYNOM] AL NUMBER

THE COEFFTICTENTS OF PIX} ARE

[}
Pi
4
Pq

1}
2F
3]
41
51
)
Tt
3]
a1

# 4 00w Houn

0. 1¢C00000000000000
=0.5000000000000001D
~-0,5175000000C00001D

0. 157250000D0000000

0.3373000000000000D
~0.49525000000000000
-0.5B575006000000001D

{.18104008000000000

0.15800000000000000

413
01
02
03
03
03
03
03
03

LR B B BE B B

3 GF DEGREE 4

0. 0506000000000 000D
~0.11500000000000000
0+430000000D0OD00OD1D
Ca1446250000080000D
-0.3475000000000080D
-0.49%87500000000000
C.4247500000000001D
0+ 4420000000000001D
0. 6000000C000030010

NUMBER OF TNITYIAL APPROXIMATEONS GIVEN. O
MAKIMUM NUMBER OF TTERATIONS.
TEST FOR CONVERGENCE.

TEST FOR MULTIPLICITIES.
RADIUS TD START SEARCH.
TADTUS TO END SEARCH.

0
0
o
0

200
«100-05
~10D-D1
« 00D 00
. 00D 00

[l
02
02
03
Q3
03
03
03
01

F R ]

BEFORE THE ATTEMPT TO IMPROVE ACCURACY, THE TERDS OF PEXE ARE

RODTS OF PLX}

RQOT(
ROOTH
ROOTI
ROOTL
ROOTH
ROOTY

AFYER

1)
.21
3)
43
3
6}

THE

B H Al 4w B

ATTEMPT TO IMPROVE ACCURACY.

0. 9999992498044 142D
~(.F92163702156776328D
0.19166896842724220
Qs 201372680616T612D
0 20694056420038210
=0, 10154842276975370

ROOTS DF PIX}

ROOTI
’N0OT(
RODT
ROOTC
ROOT(
ROOTI

1)
2)
3
43
a)
I3

[ B TR

0.999999623939T9ITLD
-3.999992653%14BR27D
0.19999562215760010
0..20D0C05B829322798D
0,200000687335097 06D
-0.1008005373981587D

au
oa
138
o1
0l
01

e
ne
0l
o1
ol
01

LR 2 I B

EREIE S 3

Exhibit 6.5,

G.1999998467904050D
0.502739640522 75640
0.19669597870445160
. 26860550122 659220
0.1946950095885T1L1D
0.494558880811015920

01
0g
01
01
01
Qg

THE ZERGS GF P{X} ARFE

0.19999992333489690
D.49399755579552720
0,200002083460361000
0. 19999524995012820
0419999500538 76400
0.49999533201216B 70

o

.

MULTIPLICIVIES

- R

RULTIPLICITIES

NN

INTTIAL APPROXIMATLON

0.4%8296291156562T90 OC
¢. TOTL06 75530443460 OO
0.3B822594792654056D 00
-0.517T63825519667240 00

+
*
+*
+*

SOLVED BY DIRECT METHOD
SULVED BY DIRECT METHOD

0a12940952B8443B818T0
0.70TLO6B0T068595D
Cs 144B8BAT63L1T7193D
0.19318516083867550

INETIAL APPROXIMAYION

Ta%82962911565462T90 GO
C.TOT 106 T5530463460 00
D, 38822B47926540560 00
=D.5176382551966T24D 00

SOLVED BY DIRECT METHOD
SOLVED BY DIRECT METHOD

+*
+
*
+*

0.1294095208443818TD
0.TOTLDHBDTD684L595D
Qe L44H688THGILLTLII3D
0,19318516082687550

Roots Are: 2421 (3), 1421 (2), —-1+:5L (3)

0o
00

ol

1]
L114]

01,

o1

e

IR

6%



3

NEWTONS HETHDD TO FIND ZERDS OF PQLYNDH!ALS
PULYNIMI AL NUMBER & DF° DEGHEE

THE COEFFICIENTS OF PiXE ARE

Pl o1y
el 2}
fL 31
PL &)
PL 51
Pt 6)
PL T
o8y
e 9y
PLICH
PL1LY
pi12)
PEL3)

=

=
=
=
»
=
=
=

0.,10000D0G00000000D
~0.1200000000000050D
B4 7200000D0000D00ID
-0 2B0Q300000CEN00ID
0.780000000Q005000D
-D.1632000008000000D
0426240000000000000
-0.3244000000000000D
043120000000000000D
-0.22480000060050000D
6. 11520000000000030
-0.384040000000000050
0. 64500000000000010

a1
02
0z

a3 -

a3
a4
04
[11Y
D&
04

04 -

a3
az

*
*
£l
+
+
+
*
*
*
+
*
+
+

6. 003000 000IGDOA0DD

-D.CHOT000Y00003004D
0.00000000040D00H0D
-0.000000000080D000D
£.00500500003BDOBDY
- 3.0060004000000000D
0400000000000000000
= 0. 00GDO000000RDDIGD
G+000000000000000600
—-0.0000000000000000D

£, 0000000000000000D

=~ 3. 00£0000000000C00D
. 000000000000000G00

NUMBER OF INITIAL APPROXTMATIONS GIVEN.. 0
MAXIMUM NUMBER OF ITERATIONS.
TEST FOR CONVERGENCE.

TEST FOR MULYTPLICITIES.
RADIUS TO START SEARCH.
RADIUS TQ END SEARCH.

BEFORE THE ATTEMPT TO IMPROYE ACCURACY,

ROUTS DF PUX)

rROOTY

ROOTH
ROOTC
RAQTHL
ROOTH
ROOTL
ROOT(
ROCT{

co
as

00

oo
co

Loy
80"

ac
o0
o0
00
oo
00

At e e

BT [ T

LI )

0.9992 0798033591520 O
1. 102D096BE5609T200 D
G.1002 7211066816580 0

4.985142206T423414D0 D
0.65158282151654210 0
041393799964400508B0 Q
04.133062019%42B5140 O

+
+
*
G4 518996B95935614000 00 +
*
-
*
+

IN- THE ATTEMPT TO IMPROVE ACCURACY,
THE PRESENT APPROX INATIDN AFTER 200

IN THE ATTEMPT TO [MPROVE ACCURACY,
THE PRESENT APPROXIMATION AFTER 20D

AFTER

200

d,200-43
4.100-01
0.000 60
0.00D O

s}
1
1

Q
o
1
1

ROGTL 21 =

THE ZERDS DF PIX} ARE

0.9951391 4295439410
~0.542064613D03878450
0.10233106615266340
=0.79497020137361440
=0.139569T9968133036D
=0.12069876564545%360
-0.8271924311176851D
—0.L2320934F6230541D

o0
a¢
ot
a0
a1

oL

ol
ol

- -

0.13206948855097200 01}

TTERATIONS IS PRINTED BELOuW.

ROOT{ 5) =

[YERATIONS IS PRINTED BELDW.

%HE ATTEMPT TD THPROVE ACCURACY, THE ZEROS OF PLX) ARE

MULTIPLICITIES

INITIAL

G 4B82962911565627T90 €O
D.70710675530463460 DO
0.38822847926540560 00
=04 5176382551966 T240 00
=0, 176FT67147080T010 01
=0.2897TT¥563 0749900 01
SULVED BY DIRECT METHGOD
- SOLVED 8Y DIRECT METHOD

e b R R

APPROXIMATION

tr e b

0.12940952644381870
0.7 710680706845950
0. 16%8B888T6311715930
0.1931851 6083687550
D 1THTTH6TSBAS2015D
0. TT545674639870700

+ ~P.54206461303878890 00 1 DID NOT COMVERGE.

‘Exhibit 6.6,

0+98514220474234140 Q0 + —0.1395697996133038D 01 1 DID NOT CONVERGE.

0o
[al1]
ol
ol

ol

o0

.

06



5ROOTS OF PIXG

ROOT
RODT {

®RoQTE

CRDOTY
RADT A

ROOTE -

ROOTY
RODTE

1)
2

3

(3]

51
[-35

n

A

I I TR T O I

0.99948113795146260
C.99532313317176770
£.995857B0T17B8434D
0,999 569963082460

- 0.9939L042E8906621D

0.9960538588565869D
0.100371983855407TLD
2.100016B2256999540

0

Do

{sls]
oo
oo
oo
o1
o1

*

+
+
+
+
+
+
+

0,99560T7586061T460
-D.100178198T6T154680

0.10031671344932110
~0.99503023164 852320
~0.99411359917T02493D
-0,10027599236645720
~0.93684656T45825120

‘—0.99537592890632930

0o
ol
o1
00
o0
o1
00

ap -

e e Ll

Exhibit 6.6. Réots‘Arés‘

CUMPLTTRYICITIES

D.4B296291156562790 DO
0. TG 7106 75530463460 00
¢.38822867926540560 00
- =0.51763825519667240 00

=3 2897TTTSR30TL99C0 Q1

b b et et e et AT

141(6), 1-1(6)

~0.17T6TT6714 70607010 D1 -

+
*
*
*
+
+

. SOLVED BY- DIRECT MEYHOD
" SOLYED BY DIRECY METHOD

[N

“INI?IAL'%PP&OiIHATlUN

Qe L294095268443BI6TD
R.T2FI0EBDTO6B4L595D
Qe l4688BBT&3)]1TE 92D
01931851 6083687550
D.LT6TT6BT58052015D
0TI 64R56TALIFBTOTOD

a0
[]:]
01
01
01

00’

-y e

18



HULLERS METHOD FOR FINDING THE ZEROS OF A POLYNOMIAL
POLYNDMIAL NUMBER 1 OF DEGREE &

THE COEFFICIENTS OF P(X} ARE

0.0008800000000000D Q0

P 1) =  0.1000000000000000D D1 + 1
Pl 2) = -0,7000D00DROOOOD0I0 Q1 + -D.10500000C00CA000D 02 I
Pt 3} = -0,2800000000000400D 02 + 0.5800000009360001D G2 1 ’
P{ 4} = ©0.17180000000000000 03 + 0.1508000000000000D 01 1
P{ 51 = —0.7300000008000000D €7 + —0.251D00Q0063000000D 03 1
P{ &} = —0,22600000000000000 03 + 0.1040000000000000D 03 1
PLOTY = 0.T20000G000ACOB0ID 02 +  0.10400000000000000 03 1
KUMBER OF TNITIAL APPROXKIMATIONS GIVEN. [+]
MAX I MUM NOMBER OF ITERATTONS. 200
TEST FOR LONVERGENCE. 9.¥00-09
TEST FOR MULTIPLICITIES. 0.100-01
RADIUS TD START SEARCH. ’ 0.00D 0D
RADIUS TO END SEARCH. 0.000 00
BEFORE ATTEMPT TO IMPROVE ACCURACY
ROOTS OF PLX} - MULTIPLICITIES INITiAL APPROXIMATION
ROAT{ 1Y = 0Q.1999954888749B10D 01 + ©0.20000177333463912D 1 1 3 O+ 48296291 156562790 00 + 0.12%40952R443B1B7D 0D 1
ROOY! 2} = 0.10135026276728690 Gl + 0.1996163083160882D O1 1 1 0.TOTLO6T55304463456D 00 ¢ D.TOTLO6B80T06B4555D 00
ROOYL 3} = 0.986634812Z50T8640 00 .+ {.20038068823255210 DI 1 1 SGLVED B8Y DIRECT METHOD
fODT{ &) = -0.1000002106173064D Ol +  O.59997683442186060 0D | 1 SOLVED BY DIRECT METHOD
4FTER THE ATTEMPT TO YNPROVE ACCURALY
‘ ROOTS OF POXT. . . Lo MULTIPLICITIES [NITI-AL ARPROXIMATION
ROBT{ 1% = D.1999954835419TB70 D1 ¢ ©0.200001762785%8503D 01 I 3 Cu4B296291156542T90 00 + . 0.129409528443 81870 60 I
ROOTE 21 = ©.10000001597792780 01 + 0.199999997960004%5D ©1 1 1 0. TGTLO6T55304634460 00 + 0.70TI0680706845950 0C 1
ROOTE 3) = §.9999998306T112130 00 + ©0.20000000T1685089D 01 1 SOLVED BY DIRECT METHOD '
CROOTY &) = + 3 1

-0,92999959999999900 00 0. 50000003000000000 00 SOLYED BY DIRECT METHOD

Exhibit 6.7. .Roots Are: 2421 (3), 1421 (2), -1+.51

Z9



NULLERS HEYHUD FDR F[NDING THE ZERGS OF A PDLYNDHIAL

POL YNOME AL NUHBER

2 OF DEGREE 15

THE COEFFICIENTS OF PIX) ARE

2
[
B wdg B DA bonxxunmn

NUMBER OF

RAQIUS TO
RADIUS TO

£.4800000000C00000D 02 +
¢.25571200000000000 03 +
-~0.735355680000Q00C0 02 +
-0.3B8555656%600G000D D& +
=0.17333064564800004D Q5 +
—0.49679B92T0400001D 05 +
-0.1022394522130000D 06 +
-0.1642742200560000D 06 +
=0.2036625888420000D &6 +
-0, 1B871255780C10004D Q06 +
=0.127499T72985900000 06 +
—G.2814692T16600000D 05 +
D.1329434434800000D0 05 +
0.3053900774702000D OS5 +
-0.1835899020000000D 03 +
0.2755620000000000D0 00 +

0.0000200000000DOAD 00
—0.38400000000000000 03 |
—0.21896960000000000 04
—0.694685145600000LD 04
-D.14206259728000000 05
-0.1T6585 14640000800 05
=04 6030664232000DC1D 04

0.4137366230400000D 05

0.1093B992276T0000D 06

0.19298565440330000D 06

0.21713412274200000 06
. 0.19286837279603G00D D&

£.10381302265500000 06

0.299B9891413000000 0%
—0.1827632160000000D 03

0.2755620000300000D 00

B el Ll

INITIAL APPROXIMATTIONS GIVEN. o
MAXTMUM NUMBER OF TTERATIONS.
FEST FOR CONVERGENCE.

TEST FOR MULTIPLICITIES.

START SEARCH.
END SEARCH.

BEFORE AYTEMPT YO [MPROVE ALCURALY

ROOTS OF PIX}

ROATYL 1)
fODTL 20
ROOTH{ 3}
RODTH{ 4}
ROOT{ 51
ROOTHL &}
RODTIL T}
RO0YI 81
ROOTC 9}
agaraio
ROBTALII)
ROOT{12}
ROOTI13)

AFTER THE

D.16B864729610578890-0%
0128022 71&18969956D-04
0.4019678T82146T 61004
~0,16B86485393117943D-04
<0.23333333333336490 01
-0.100016375902235%D 01
—0.3334305054308576D-C3
~0.9994724 7835329040 00
0.33348]1191400B498D-03
~0,1715220973482156D-03
0.111313689824657T0~-03
-0 12764927TT58354440-04

LI I NI O U N R R L)

0.30000000562593T20-02"

200

0.3100-09
0.100-G1
0.000 OC
a.00bh 9o

MULTIPLICITIES

+  0.8277931932119355D-12
+ D.1DDD3D18E3STU4009D 01
+ D.149999B729963919D Q1
+ 0,29999366616581900 Q1
+ 0.99999316357761600 00
+  0.324940945527T14F40-12
+ -0, 10001 737T1459914D OL
+ -D.15001333733984800 01
+ =0.9995521399325563D0 0O
+ =0,1499866916248516D 01
+ 0.2999990216209916D 41
+ 0.300007314987856090 01
+ D.1500001215505238D 01

. Sy

ATTENPT TO IMPROVE ACCURALY

Exhibit 6.8.

e g [ bt e T

. =0.11645848013998290 01

INITIAL APPROXIMATION

0.4B2962911%656279D0 0D
0.70710675530463460 00
3.3882284792654056D 00
-D.51763825519661240 00
=0.1T6T76714T0BOTCLD O}
—0.289711 75830749900 01
=0.,3368074024823312290 01
=0.28284266071078960 @1

0,12940963450986450 01
0. 388908B292979509D 01
SOLVED BY DIRECT METHOD
SOLVED 8Y DIRECT METHOOD

FEE LSt

0.129409528443818TD
0.70710680706845950
0.14408888763117193D
0. 193185160836B7550
0.176TT647588520150
G TTE4 5614639870700
~0.9058671940816160D
~D.282842 T642384390D
—0e4346666459872268D
“D.4829628B31433027D
~0.3889086300072258D

e e b

€S



ROOTS OF Pi{X)

ROITO 1}

RGOTL 20
ROOTI 31
RAGT 1 4
RBOTL 351
ROOT( &}
RUOTL T}

RODT{ BY’

ROOTI 93
RROTLLIO)
ROOTI11}
RO0TLL2Z)
RODT (13}

(LI I I ]

4 duqphoad

G.3000000D562581190-02
0.30010861721562150-07
0.561890537903191320-07
0. 239T3274100738230-04
0.30739B45404284450-C7
-0.23333333333333340 01
-0, 1000006990404978D0 C1
0.92844225443363060-08
-0.10000862510065850 C1
0.1671T142793053 800-07
-0.2558T58623037301D-04
¢.21109261089528320-0%

-0.54537993846922T740-07

+
+*
+
+
+
*
+
+
+
+
*
*
+

0.8279370489253464860-12
0. 194000004333 590740 01
0.150000014G758000D D1
0.30000087372252940 01
0,100000004624546840 D1
=0.3D279561954291830-15
=0.99999869122472430 0D
~0.15000000131286020 D1
—0.10000015374992320 01
-0, 15000000185263290 01
0.3000021653721T670 01
0.30000149073606530 01
0.149999%8637957010 01

R T e e

MULTIPLICITIES

e e L

INIT1AL APPROXIMATIGN

" D.4&B29629115656279D 00
DL TDT1R6 75520463460 00
0.3882284T926540560 00

-0.51763825519667240 OO

~0.1767TT6T14T0B0T0LD 01

~0.289TTTT5030749300 01

~0.3380T7402483312290 01

—0.2B284266071078%250 §1

-D.1164684B013%9439D 01
0.129409623450986450 D1
0.38069068292979509D D1
SOLYED BY DIRECT METHOD
SOLVED 8Y DIRECT METHOD

P4 s rar e

C.1294095284438187D
Da707106807T0684595D
C-144888B87631171930
0.1931B516083687550
0«1T6TT56758852015D
D TT6456T4639870700
-0+9059671940816160D
~0. 282842 76423843900
~0.43466606459687234680
-0.4%829628B31453027D
-0.38890846300072258D

Exhibit 6.8. Roots Are: -2.33, .003 (2), i(2), .1;5i 2),
-1.54 (2) 31 (3), -1-1i(3)

oo
bo
ol
ol
el
a0
[37s]
ol
ol
01
ol

e iy et et b e

ve



MULLERS METHOD FOR FINDING THE ZEROS OF A POHLYNOMIAL

- POLYNOMIAL NUMBER

3 QF DEGREE

THE COEFFICIENYS OF PIX) ARE

PC 1D
LS4}
By 3}
PL 41
PL 51
LA B3
M
e 8l
Pt 91

LRI I BT I

=0, 50000400000Q0001D
—~0.51750000000000010
015725000000000000 03
0. 30750000000000000 03
=04 49525300002000000
=0.5857500000000001 8
0.1810000060D00CGO0D D3
0.1%80000000C000000 03

0,.10D6000G0300000CD 6L
D1
Q2

03
03

-]

A

©£.00000000G00008000 G0
0.11500000000000000 02
0.43000000000000010 D2
0.14462500000000000 D3
0434 750000G00000000 03
0. 4948 7500000000000 O3
Q4424 75000000000010 03
0. %%2000000000000L0 03
0. 60000000000000010 01

NUMBER OF INTTIAL APPROXTMATIONS GIVEN. 0
MAXIMUM NUMBER OF ITERATIONS.
TEST FOR CONVERGENCES

TEST FOR MULTIPLICITIES.
RADIYS TO STARY SEARCH.
RADIVS TO END SEARCH.

BEFORE ATTEMPT TD IMPROVE ACCURALY

ROGTS OF PiX)

ROOT
ADOTI
ROOT L
RODT A
ROOTH
ROOTC

1}
2%
EL]
a1
51
L1

AFTER THE

[ LI I

$a20000422028730180
0.10005638069089880
-0.1063528418T749844D
~0G.9T22122516869824D
0.99943TO6BO5064 10D
~Da9643868131418565D

oL
al
]
oo
00
00

0.
.
0.

200
140-09
100-cl
DoD G0

0.000 00

L

ATTEMPT TO [MPROVE ACCURALY

ROOTS OF PUX)

ROGT L
ROOTI
RODT{
ROOT I
ROOTH
RODT L

HbhoHouie

0.20000421T758695910
0.1000000023165255D
~B. 0000065544223 140
-0.1020000972571865D
£.99999991684094000
«D0.999992573812955 70

ol
0l
jul
01
00
a0

LR I O I 4

Exhibit 6.9.

0.20000287439982%4D
0,19806389525682160
0.4942372373199120D
0+56037T974579731250
0.200190942869286920
0. 445563544 790965650

0.2000028750713895D
0.1999999B805F7T700D
0.49999528211260%520
0.50000841 157266510
0.20000001001326590
0.499996281 633 TT030

Bttt e bl et

oL
91
©0
o0
a1
o0

01
[
Q0
0o
1]
00

L

C o b by

MULTIPLICITIES

-

MULTIPLICITIES

-

INIYIAL APPROKIMATION

0.12940952 84%38187D
0. TOTL 0660T 06845950
0.1448888763117193D
0.19318516083637550

T.4B8296291156562790 OO0
0.707106 75530463450 00
0.3B82284T926540560 00
-0.51765382551966 7240 00
SOLVED BY DIRECT METHOD
SOLYED @Y DIRECT METHOD

>ty

INITIAL APPROXIMATION

Gu1294 0952844381870
D.TOT10680 706845950
O L4%8BRATE311TI93D
0+1931851608368755D

D.4B29629115656272D 0D
0.70T10675530483460 00
0.38822847926540560 00
-0.51763825%51966T24D Q0
SOLYED BY DIRECT METHOD
SGLYED 8Y DIRECT METHOD

LI %

" Roots Are: 242i (3), 1+2i (2), -1+.5i (3)

o0
[11]
oL
01

o0
00
ol
[+]§

-

19



MULLERS METHOCD FOR FINDING THE ZEROS OF A POLYNOMIAL

POLYNOMIAL NUMBER

THE LOEFFICIENTS OF PiX) ARE

e 1)
L 2)
Pl 3
Pt &)
LA

W UEHETL NN

0.18000000000800000
=0.12000000000000300
©.72000000000000010
-0.2800000060000000 0
0.+ 78000000000000000
~0.16320000000C0000D
0.26248000000000000
—0.32640000000000000
0.31200000000000000
=0.22400000000000000
0.11520400000G0000D
=(.3B400000000000000
0.64000400600000010

4 OF DEGREE 12

al
113
02
03
03
0%
04
04
04
D4
4
03
02

IR R EEY

0.0000040000000C00D
= 0. G008 00000000000
0. 04000460C000030000
=Q.00000000000000000
D. 00D 0DDOGO0000 0060
-0.40008000000300000
0. 000000050C000000D
-0.00000000300000000
0.0C000400000000000
= 0.900000000600000000
0.£0000000000000000
-0.0000000800033000D
0. G00G0GQG0000600000

NUMBER OF IRITIAL APPROXIMATIONS GIVEN, ¢
MAXTMUM NUMBER OF ITERATIONS. 200
TEST FOR CONVERGENCE.
TEST FOR MULTIPLICITIES.
RADIUS TO START SEARCH.
TADIUS TO END SEARCH.

BEFORE ATTEMPT TD IMPRDVE ACCURACY

RODES OF Pix}

ROOTL 1%
ROOT Y 2}
ROQTL )
ROQT{ &}
ROGTY 5
ROOTH &)
ROOTL TY
ROOT( 83

ARFTER THE

LTI T I LR (L e |

0.1D0446B1929487390
0.98589T8426495Q0020
0.99622622484T7394TD
0.10070694905203 640
D.75045181074234980
0.84390L3%441641700
0.12454T7356861515510
0.11380314281571030

01
o0
Do
ol
0
4]

ol

0.100-09
0. 10001
¢.000 0O
0.000 00

Do
oe
o0
00
00
[+ 14]
Do
0o
b
on
0d
a0
9

ATTEM®PT TO TMPROVE ACCURACY

ROOYS OF P{X)

ROOTL 1}
’a0T{ 2}
ROOTL 3}

Hnon

0.10035767401254570 DL +
0.99905247886814360 00 +
0. 130359679354 T6T50 0} +

bt Tt B g ot g bt g

0.10021861175327510 0L

Ual10068845189960200
£.96443823578951466D
-0.B27842624TT528560D
-0.9410320205052365D
-D0.121515827729D0119D
-0, 960973109677044 B0
-0.1227138567893571LD

01
00
0
00
D1
og
a1

-

0.1001 7426347906060 DT |
0.10045121143842710 OL 1
0.9965600317041306D 00 1

MULTIPLICETIES

e g

MULTEPLICITIES

4
i
1

Exhibit 6.10.

INETIAL APPROKIMATION

G4 B296291 156562790
Ge7071067553046346D
D.3BB2284 7326540560
-0.51763825519667240
—0.1767T6TL4TOB0TOLD
=04 2B9TTTTSBI0T4I90D

SOLVED BY DERECT METYHOD

jy
0g
00
ot
o1
ol

TR

SOLVED 8Y DIRELYT METHOO

0 12940952 844381870
D.7071DLEDTO6BLS9SD
0.14488BBT631171930
0.19318516033687550
G 1 T6TT66T588520150
0. TT6456T46 39870 70D

INITIAL APPHOXIMATION

G.4B8296291156562790 00 +
O, TOTEO6T5530463460 00 +
0.38822086T226540560 00 + Q,14488887631171930 Q1 |

[o47)
o¢
al
[
o1
oo

ot

G.12940952 8443681870 00 1
0. T0T1D680T0684595D 00 1

9¢



ROQTH
ROAT L
ROOT ¢
ROOTH
ROQY (

&)

6k
71
B

0. 10007324697602040 01
0.1004T554833534690 €1
0,99947825662743310 00
0.99541663095228990 00
0.10000745%C5941 600 01

Exhibit 6.10.

LR

-0.99564295721310670 00
~.100069571835689T4D QL
-D.9960766078%158T00 QO
—0.10001895299218090 O1
~0.99512585328849T6480 0OC

e -

Robts Are:

~D.51T638255I966T24D 00 +
—D.176TTATL4TOBOTOLD o1 +
“~0.2897TT75383074990D D1 +
SOLVED BY DTRECY METHOD
SOLVED 8Y DIRECT METHOD

o g R

1+1 (6}, 1-1 (6)

“0e19318516083868755D 0L 1

0,.1T6TT66TSBES20150 011
0.776456T4639870700 00 I

LS



 GREATEST COMMODN DIVISOR METHOD USED WITH NEWTONS METHOD TO FIND ZEROS OF PDLYNOQMIALS
< POLYNOMI AL NUMBER

NUMBER DF INITIAL APPRDXIMATIONS GIVEN. ©
" MAXI'MUM NUMBER OF TTERATIONS.
TEST FOR- ZERQ IN SUBRDUTINE GCD.

TEST FOR .
TEST FDR ZERD IN SUBROUTINE QUAD.

TEST FOR

CONVERGENCE.

MULTIPLICITIES,.

- RADIUS TO START SEARCH,.
RADIUS TO END SEARCH.

THE DEGREE OF PlX!lIS 6

L)
Pis
PIS
Pid
PL3
pL2
Pl

- -
L [ T I T

THE

0.1 000000G00000000D
-0. 7000000000000001D
~0,2800000000000D00D

0. 1719000000000000D
~0. T30C0000000000C000
—0.22B00000D00000D00

Q. 72000000000000010

200
0. 10002
0.10D0-0%9
0.100-19
0.100-01
0.000 00
0.000 0D

COEFFICIENTS ARE

[s38
01
0z
03
02

03

oz

+
-+
Ed
+
+
+
+*

0. 00000000000030000D

~{0. 1050000000000000D
©.580000000000000 10
0.150000600400000000
=0.25100000000000000
0. 1040000000000000D
0.1040000000000000D

00
o2
o2
01
03
03
o3

QUXY 1S THE POLYNOMIAL WHICH HAS AS LTS ROOTS THE DISTINCT
THE DEGREE OF QIX)} 15 3 THE COEFFICIENTS ARE .

s ) =
Qta ) =
Q2 ) =
o1 ) =
ROOTS OF
ROOTL 1}
ROOTL 2}
ROOTL 3)

G.10000000000000000
~0.2000000000000150D
=0 T0000000000004230

0.9999999999997762D

Qix?}

a0l
ol
ot
90

oH oA

04999999999399T75650
0. 2000000000000347D
=0.9999999939999539D

RODTS OF P{X}

ROOTL )
/RODT ¢ 2)
ROOTL 3}

C» 999999999039 7565D
0.20000000000C03470D

—(}. 9999999999999541LD

Exhibit-6.11.

+  0.00000Q00000000000 00
4+ «0.45000000000001180 D1

+
+

00
(12
oo

Q0
01
bl

0.350000000 00000600
0-6$99999%999399812D

ol
0l

* »

L]

0.19999999959995T4D
0.2000000000000529D
0.50000000000001 49D

0.199995%9999999574D
0. 2000000000000530D
0.5000000000000147D

-

RODTS OF P(X),

— -

0l
133
oD

01
01

e Ra]

00 I

Roots Are:

MULTIPLICITIES

- by

2+21 (3),

INITTAL APPROXIMATION

0.4B829629115656279D 00 + 0.1294095284438187D 00 I
RESULTS "OF SUBROUTINE QUAD
RESULTS GF SUBROUTINE QUAD

INITIAL APPROXIMATION

0.48296291154562790 00 + 0.129409528443B1870 00 1
RESULTS OF SUBRODUTINE QUAD
RESULYS OF SUBROUTINE QUAD

1+21 (2), -1+.51

8%



GREATEST COMMON DIVISOR METHOD USED WITH NENTONS METHOD 1O FIND ZERDS OF POLYNOMTALS
POLYNOM1AL NUMBER 2 R s

NUMBER OF INITIAL APPROXIMATIONS GIVEN. o
MaxTHMUM NUMBER OF I[TERATIONS. 208
FEST FOR ZEROD IN SUBROUTINE GOD. Q. 10002
TEST FDR CONVERGENCE. 0.105-09
TEST FOR IERO TN SUBROUTINE QUAD. O.100-19

TEST FOR MULTIPLICIVIES. 0.100-01
RADIUS TO START S5€ARCH. 0.000 0O
RADIUS TO END SEARCH. 0.00D0 00

THE DEGREE OF PIX) 15 15 THE COEFFICEIENTS ARE

PLLed = 0.46000000000000000 €2 +  0.00G00000000000000 00 |
PIES)Y = 0.2557120000000000D0 €3 + —0.38400000000000047F 03 1
PL1&4) = —0Q,73535%68000000000 02 + —0.718969600G000000D 04 1
P{13} = —0.385556569560000060 04 + -0.69468514560000010 04 1
PL12} = —B.17333864648000000 05 + =0.14206259728000000 05 1
PIL11Y = =D.49679892T04000010 05 + —C.17658574640000000 D5 1
PLLOY = ~0.10223945221300000 06 + —0.560300642320000010 04 T
P{9 } = =0.164274220055600000 06 + D.4137366230400000D0 05 |
P(e ) = ~0,20346258BB%200000 D6 + O.10938992276TO0000 Q& I
P{7 ) = =0.19712%557800100000 06 + 0.1929865440330000D Q& 1
Pi6 b = —Q,12T7499T2985900000 D6 + OC.21713412274Z20000% &6 I
P45 } = —0,2814692T16&BODOJ0OD 05 + 0.1928483727960000D 04 1
Pi4 ) = D.13294344343000000 05 4+ 0.10381302265500000 086 1
e{3 } = 0.30539007747000000 €5 + 0.299B989141300000D 05 1
PE2 ) = —0.10350990200000000 03 + ~0.18274632160000000D 03 1
PEL Y = 0.27556200000080000 09 +  D.2T75552000000D0000 DO 1

Q1x) 15 THE POLYNOMIAL WHICH MAS AS [TS RODTS THE DISTINCT ROOTS DF Pix).
THE DEGREE OF Q{KY 15 T THE COEFFICIENTS ARE

Qa8 1 = 0.4800000000000D00D 02 + 0.00C00000000C00000 0O 1
QL7 ¥ = 0.15985599999590830 03 + -0.144000000001B463D 03 1
QI6 } =2 D.Z675199999866287D 03 + ~G.5275680000068238D 03 |
QS ) = Q.AZ2TI9599F9TH19040 52 + —0.9144140D000075942D 03 T
Qf% ) = 0.23015999950445530 02 + ~D.152125200000376BD Q& T
Qi3 } = ~0,7207200004T996BBD D2 + —0.132742T9999966590 04 1
Q12 ¥ = -0.T557B400005415630 D3 + —0.T5200400003332210 03 {
QIl ¥ = 0,22680001335502310 01 + O0.2267999925828633D D1 1
ROATS OF Odxl INITIAL APPROXIMATION
ROOTE 1) 0.30D00000386459970~02 + -0,13705432756318413D~00 ! 0.6829629115656279D Q0 0.12940952844381870 00 1

0.70T106T5530463460 OO
D.38082284T7926540560 OO
—0.51 7630255194 6724D 00

= +
RODTY 21 = (. 14666355435090540-09 +« 0.10000DD0C0O302%56D OL 1
RODTI 3) = —0,162620608B0959170-09 ¢+ 0.149999999980T067D G 1
ROOTL &) = =0.1167767202194363D0-10 + =0.15000000000067630 &1 I

0. T0T10680706845950 00 1
D 144BBEBT6311T1493D €1 1
0il93185] 60BILBTSSD 01 |

LIE Y

E}i}li})i.t 6 o].2 o '

64



ROOTC( S50 -0+23333333333408850 Q) * (0.42923031395925554D~11

— -

—C.176776714T0B0T01D O1 + 0.1767T66T5B8520150 01 I

ROOTC 61 = 0.11404521770396500-0% +  0.30000000000539440 01 CRESULYS OF SUBROUTINE QuAD

RIOTC 71 = -0, 10000000000322600 01 + —0.99999999998557810 00 1 RESULTS OF SUBRDUTINE QuaAD
&00TS OF pixt . MULTIPLICITIES INITIAL APPROXIMATION

A00TL 1) = 0.30200000385459970-02 + ~G.13T05431766384130-D9 1 2 Dx48296291156562T90 00 + 0.12950952644381870 00
ROOT1 2) = D.146663706523L162D-09 + D.10000000002D25560 01 1 2 Q. 70TIG6T553046346D0 Q0 + 0. TOTLO06B0T06B4595D 00 |
ROOT( 3Y = —0.162620B85454662920-09 ¢+ 0.1499999999807066D 01 I 2 D.3BB2284792454056D0 G0 + 0,1448888753117193D 01 1
ROGTI 4) = «0.11A7TR92475724520~10 + =0, 150008000000674630 01 [ 2 =0.51763825%1 9667240 C0 + O0.19318516083687%5D 01 }
ROOT( 51 = -D.233333333233408850 QL + 0.429L5512506973990-11 | 1 =D 1T6TT6TL14TOSOTOLD 0L ¢ D.176TT667588520150 01 1
RORT! &) = 0.114D4586756092100-09 + D.A0000O0000052944D D1 1 3 RESULTS OF SURROUTINE QUAD

ROGY{ 7} = -0.10000000000322600 01 + =0.99999999998557790 00 1 3

RESULTS OF - SUBROUTINE QUAD

Exhibit 6,12, Roots Are: -2,33, .003 (2), 1i(2), 1.51i (2),
~1.51 (2) 31 (3), -1-1 (3) -

09



DOLYNDM!AL NUMBER

NUMBER OF INITIAL APPROXIMATIONS GIVEN. o

MAXTMUM NUMBER OF I TERATICNS.
TEST FOR ZERO IN SUAROUTINE GED.
TESY FOR CONVERGENCE.

TESY FOR -ZERG I8 SUBROUTINE QUAD.
TEST FOR MULTIPLICITIES.

RADIUS TD START SEARCH.

RADIUS TO END SEARCH.

200
0.100-02
0. 100-09
4. 10D-19
0.10D-01
D.00D 00
0. 000 00

THE DEGREE QF PIX) IS B THE COEFFICIENTS ARE

48]

1 = 4.1000G0000000C000D O}

Pra ) = ~0,500000Q0000000010 O}
P(7 ) = =D,51750000000000010 02
P51 = 0.15725000000000000 03
P45 ) = (.30750000000000000 D3
Pta ¥ = —0.45525000000063000 03
P(3 ) = -03,585750000000C00LD O3
ALz ) = D.iB1DOO00CODCOOOCD O3
Pil 1 = 0.158000000000QG000 03

LTI A

0. 00000000000 T0040
=¢.11500003000000000
0.4300000000000001D
Oe 14462500000006000F
-0.3475C04000000000D
=D« 494 87500000C0DG00
0+42475000000G00010
0.44220000000040010
0.600C0DOGOD00GOG1E

0o
02
o2
a3
03
o3
03
03
01

Qix} IS THE POLYNOMTAL WHILH HAS AS ITS RDRTS THE GTISTINCY
THE DEGREE OF QXY IS 3 THE COEFFTICIENTS ARE

Qf4 ) = ©.100000Q06000000000 01
a4{3 t = -0.20000000000D0272D 01
Qrz ) = -0.T700000000000DC9350 A1
Qi1 ) = 0.9999599999994173D G0

. RODTS OF Qtx)

RO0TH 1) =  0.9999999999935483D
RDOT( 2t = ©.20000000000006658
ROOT I 31 = —0.99959999999994080

ROQTS OF PLX)

ROOTE 1) = 0.9999999999995483D
RONTI 23 = 0.2000000000000665D
RODT( 3 = -0.999999993999940BD

Exhibit 6.13.

an
¢l
ad

o0
0%
oG

0.00000000003000¢0D
—0.45030000000002T5D
0. 35000000000004590
0, 7000000000000 9BD

a0
oz
o1
[H

+  0.19999999999997155D
+ D.200000D00ODOO0OS3OD
4+ U.4999999999999814D

+  0,1999999599399T55D

+*

0.200G000CL0000539D

+  0.49999999999994120

At b -

’ GREhYEST COMMON DIVESOR METHOD USED HITH NEHTUHS METHUD Tﬂ FiND ZERODS OF POLTNDH!&LS
3

ROOTS OF P{X].

- -

01
01
g0

o1
ol
oo

Roots Are:

—t -

MULFIPLICITIES

2
3
3

0.48296291156562790 00 +
RESULTS OF SUBRGUTINE QUAD
RESULYS OF SUBROUTINE Quap

INITIAL APPROXIMATION

G.4B296291 156562790 00 + 0.1294095284438187D0 09 I
RESULTS OF SUBROUTINE QUAD
RESULTS OF SUBROUTINE QuAD

INITLAL APPROXIMATLON

2421 (3), 1+2i (2), -1+.5i (3)

O 12940952 844381870 00 1

T9



GREATEST -GCUOMMON DIVISOR METHOU USED WITH NEWTONS METHOD TO FIND 7EROS OF POLYNOMIALS
4

POLYNDHT AL NUMBER

NUMBER OF INET1AL APPROXIMATIONS GIVEN. o
MAXIMUM NUMBER OF ITTERATEONS.
TEST FOR Z£RG IN SUBROUTINE GCO.
TEST FOR CONVERGENCE.

TEST FOR ZERD [N SUBRUUTINE GUAD.

TEST FOR MULTIPLICITIEES.
RADIUS TO START SEARCH.
RARIYS T END SEARCH.

THE DEGREE OF PiX) 15 12 THE

P12
PL12)
PLLE
Pi1D}

ri9
Pig
P{7
{6
Pis
Pla
rl3
PL2
Pil

[P N —

[URL I T I B T Y L0/ IO O )

0.100004000G2000000
-0, 12000300000000000
0. 7200000000000C01D
-0.28000000000000000
0. 78000000000020000
=0 16320000000000000
0.26240000000000000
=0432640006000600000
0 +3120000000000000D
-0.22400002000000000
. 1152 0000000C00000
—0.38400000000000000
0. £400000000000001 2

200
g.100~02
0.10D0-09
0.100~19
0.10D~0F
0. 000 00
0,000 DO

COEFFICEENTS ARE

o1
oz
oz
03
03
04

‘04

D4
os
04
04
03
02

0.0000400080000C D00
-0 .00300000600000000
0. F00400000000G0000
=0.000600000004C0000
¢.000080000000CC00D
—-0. 400000040000 00000
0.000¢0000000000000
-0, D0O000CE00040000D
0. GBD0D0A000ACO000N
-0, 000000500000040D
0. 0000RCR0ACA0R0C0D
-0.000000000QE00DC0D
0.8000000GG0000000D

oo
0g
0&
el4]
op
ae
00
)
o0
o0
oo
]
ac

[ L

Dtxh 15 THE POLYNOMIAL WHICH WAS AS T3 ROOTS THE DISTINCf ROOTS OF f(X1.
THE DEGREE OF GfXF IS5 2 THE COEFFICIENTS ARE

QI3 ) =
Gtz 1 =
afr 1 =
R3OTS OF
ROOTL L}

RONTL 29

6.10000000000000000 ©1 +

=0,2000000D000D00L5S0 01 + -Q.000G00008000CO000 OD

(0+1999999999999630D Q1 +

PrX}

4.10060000DCDOB0QTD 01 +
0.1 00G2DA000000007D B1 + -0, 99999%99999990740 0D I

0.000¢000003300000D

0.300000000CC0000D

Exhibit 6.14.

G,.9995999999999074D 00 I

[e]e]

-t

o0

MULTIPLECEITIES

oo

Roots Are:

RESULTS OF SUBROUTINE QUAD
RESULTS OF SUBROUTINE QUAD

i (6), 1-i (6)

z9



GREATEST COMMDN DIVISDR METHOD USED #ITH MOLUERS METHOD TD FIND ZERDS OF PDLYNOMIALS

POLYNOMTAL NUMBER

1

NUMBER OF INITTAL APPROXIMATICONS GIVEN. Q
MAXTMUM NUMBER OF ITERATIONS.
TEST FOR ZERO IN SUBROUTINE GCD.

TEST FOR

CONVERGENCE.

TEST FOR ZERD 1N SUBROUTINE QUAD.

TEST FOR

MULTEPLICEYIES.

RADIUS TO START SEARCH.
TADIUS TO END SEARCH.

THE DEGRE

T
P{6
PLs
Pl
Pr3
r(2
PtL

P
wwmwmondgmnn

E OF PIXI-I5 & THE

0.10000000000Q000000
-0, Te05008500000081D
-0.2%0000000000C000D
a.17100000000600000
-8, TA00000008400DG0D
-3, 22E8C0000000200000
©.T720000006000000018

200
0.10D-02
G.100-09
0.100-19
04 10D0-01
0. 000 DO
0.000 00

COEFFICIENTS ARE

01
o1
a2
a3
az
03
bz

LI I 2 O % 3

,000000000000C¢0060 0%
-0.10508000000000000 02
0.5800000000000001D 02
0. 15000000000000800 01
=0.2510000000000000D 03
0.10400040000000000 03
0. 104 00000G00000000 03

GiX) 1% THE POLYMOMIAL WHICH HAS AS ETS ROOTS THE DISTINCY
THE BEGREE OF 04X} 15 3 THE CDEFFICIENTS ARE

QLe
Qi3
arz
Qan

-
4 00 n

ROOTS OF

RUOTE 110
roove 2%
ROOTL 3}

rROOTS GF

ROOTH 1%
ROTL 2}
ROOTL 3}

¢.1000000¢00000000D
—0.2 000000000000 1500
-0, 7000080000000423D
0.9959999999997752D

Q1R

L)

Pix]

[ ]

01
ai
01
111

£.9999999999595375650
©.20GQ00000000003470
-0.9999999999293539D

£.96999959999971568D
0.205000000000003470
0. 99999999995295410

+
+
+
+

[a]4]

0o

oo
ai
0o

¢,000000C0D000D0R0AD 00
-0.450000000000011 8D 01
0.3500002000000060 OL
0.699999999399994120 01

+ 0,19999999999995740
+  0.200000000000065290
+  0.50000000000001490

+  0.199999999%9995740
+  §.20460000000000530D
+  0.50D0000000000148D

Eﬁhibit 6.15. Roots

]

ROOTS OF PIX).

1
‘ r
1
1
INETIAL APPROXIMAT IDN

[-3 ] 0.%8296291156562790 00 + 0.1294095286438187D 00 1§
o1 1 SOLVED BY DIRECT METHOD
oo I SOLVED BY DIRELT METHOD

MULTTPLICTITIES INETIAL APPAOXIMATION
ot 2 0.48296291 156562790 DO + 0.12940952844381870 00 1
011 3 RESULTS UF SUBRQUTINE QUAD
[T 1 RESULTS OF SUBROUTINE GUAD
Are: 2421 (3), 1+2i (2), -1+.5i

€9



GREATEST COMMON DIVESOR METHOD' USED WITH MULLERS METHOD TC FIND LERDS OF POLYNOMIALS
POLYNOMIAL NUMBER 2 . .

v

. WUMBER' OF INITIAL APPROXIMATIONS GIVEN., O
CRAXTMUM NUMBER OF ETERATIONS. - 200
. TEST FOR ZERD TN SUBROUTINE GCD. . 0.10D-02
TEST FDR' CONVERGENCE. 0. 10D-09
TEST FOR Z€RQ IN SUBRDUTINE DUAD. 0.10D-19

TEST FOR MULTIPLICITIES. 0.10D-01
RADEUS TO START SEARCH. 4,000 G0
0.00D 00 .

RADIUS T3 ENG SEARCHM,.

THE DEGREE OF P(X} IS 15 THE COEFFICIENTS ARE

0.48000000G00000000 Q2

P{ls} = + D.D0ODDQADDUGB000GD GO I
Pt15) = 0Q.25571200000Q00000 03 + —D.38400000000000000 £3 1
PE14) » -0.T73535558000000000 02 + -+0.2189696000000000D 04 1
P13} = —0.3B55565696000000D0 04 + =0.69468514550000010 D4 1
P{12) = —0.1733386464800000D 05 + ~D.,1420625972B00000D 05 T
PL11) = ~0,496TF8F2TO4L00001D 05 + -0.1T4585T444000000D 05 1
P{10} = =0,1022394522130000D 06 + -D.6030664232000001D 04 1
PI9 ¥} = =0.16427422005600000 06 + C.4137366230400000D 05 Y
P8 ) = —0.2D36625888420000D 06 + . 0.10038992276T0000D D6 1
PLT ) = —0.1871255780010D00D 06 + 0.19298654403300000 D6 1
Ple ) = —0.12743972985500000 0b + 0.23TI3412274200000 06 1
PIS ) = -0.26146927L6BOGOCOD Q5 + Da19284897279650000D 06 1L
Pl& ) = 0.1329434434R00000D 05 + 0.1038130226550000D0 06 I
PI3 ) = 0.3053900774700000D D5 + 0.299B9891413000000 05 I
PIZ Y = ~0.,18358990200060000 O3 + -D.18276321460000000D 03 |
P{1 } = 0.27556200000000000 00- +

T 2755620000000000D 0D T

G¢x¥ .15 THE POLYNDMIAL WHICH HAS AS ITS RDOTS THE DISTINCT ROOTS DF PlX).
THE DEGREE OF R{X) 15 T THE COEFFICIENTS ARE

0.48005060000000000 [+F4 . DOGDOACO00G00000D 00 1

C Qi = +
Q{7 ¥ = 0.,1598559999959083D0 &3 + -0.144000D0000)A4630 D3 )
9{6 ). = D0.2675199999866287D 03 + -0,.52755850000068238D 03 I
Q{5 Y = 0.3271959999781904D 03 + —0.91441600000759420 03 [

TQl4 b = 0.2301599996044553D D2 + -0.15212520000037680 04 1
843 ) = S0.¥20720000479968BD 02 + —-0.13274279999966590 04 1
{2 ¥ = ~0,75570400005415630 Q3 + -0,752006400503332210 D3 T
81l | = 0.2268000133550231D 01 + D.22679999258286330 01 [

" Rogts oF 80X INITIAL APPROXIMATION

rRaOT{ 1) 0.1294095284423681870 00 I

= .300000003866599TD-02 + -D.13705431TTAIC14B0-09 1 D.5B29629115656219D 0D +
ROSTE 2) = €.146653724911T3310-09% + 0.10DDCEDO0O03ID2556D 01 I 0.707106T5530463460 00 + 0.T071LD68070684595D DO 1
ROOT{ 31 = ~0.1626210146532216D-09 + 0.14993999996070670 01 1 0.3882284792654055D DD ¢ O,14486BB7531171930 01 I
’ = 0.116D45459158T512D-D% + 0.30000000000539449 02 1 + 0.193185160836B7550 ¢1 I°

AQOTL %) —0.51T6352551966T240 0D

Exhibit 6.16.

79



Z0.23333333333408840 01 + 0.42926697510937080-L1

ROOT( S1° ~0.1TEYTGTLATOB0TOLD 01 + O.1T4TT66T7588520150 01

-

TROITLD &1 = -0.1167T72517T58139090-10 + -0.15000000000067630° D) SOLVED BY DTRELT WETHOD

ROOTE 71 = -0.10000003000322610 01 + -0.99999994999855T870 00 SOLVEDR BY DIRECT METHOD
RODTS OF PiX} MULTIPLICITIES TNITIAL APPROXIMATION

ROOYL 1) = ©0.30000000385645997D-02 + —0.1370543L7781L87450-09 1 2 0. 482956291156562790 00 + 0.129409525443816870 00
RODT [ 21 = D.14566360907717090-09 + 0.100000000033025560 Ot |- 2 0.7071067553 0463460 00 + 0.TATLO&BOTO6B4595D OO
RODTE 3) = «0.1626209134869T400~09 + (0.1499939992498070660 01 1 2z 0.38B2284792654056D0 00 + D.144EBSAT6A117193D 01
RODTI[ &) = 0.1140455658084308D-09 ¢ D.2000000000053944D 01 [ .3 =0.5176382551966724D 00 + 0.1931851608388755D 01
ROOT{ 5} = =0.2333333333340B85D0 Q1 + 0.42914027146801480~11 I 1 =0 LTGTTOTLATOBDTOLD 0L + Q.1T677667588520150 Ot
RODYL &1 = —D.116TT7T3ISTLITO64360—10 + —0.1500000000D067630 D] 1 2 . RESULTS OF SUBROUTINE QUAD

ROGT{ 71 = —-0.10000000000322560D0 O + ~0.99999999%5B557790 00 1 .3 RESULTS OF SUBROUTINE QUAD

Exhibit 6.16. Roots Are: -2.33, 2003 (2), 1 (2), 1.51 (2),
‘ -1.51 (2) 31 (3), ~1-1 (3)

ey -
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GREATEST COMMGN OTVESOR METHOD USED WI1TH MULLERS METHOD TO FIND ZERGS OF POLYNOMIALS
3

POLYNOMIAL NUMBER

_ NUMBER OF INETIAL APPROXYMATI(NS GIVEN. a
MAXTMUM NUMBER OF ITERAVIONS.
TEST FOR ZERD IN SUBROUTINE GCD.
TEST FOR CONVERGENCE. ’

TEST FOR ZERG IN SUBRDUTINE QUAD.

TEST FOR MULT{PLICITIES.
RADIUS TO SYART SEARCH.
RAGIUS TGO END STARCH.

THE DEGREE OF P{X} 15 8 THE

Pig |
IJER
rLT b
Pik )
PLS )
PLy 1}
P{3 )
P2 3
Pl 3

LT T T (T IO O T

. 0.10000000000000000
-0,50000000000C0001LD
=Q0.517500000000D0010
0.15725000000000000
0.30T30000000000000
=-0.4952500000000000D
—0.%857500000000001D
0. 18160000060000000
0.15800000000000000

206
0.10D-02
0:100=-09
¢ 100~ 19
G.f0D-01
0. 00D Q0
0. 000 00

COEFFICIENTS ARE

Gl
01
oz
a3
03
03
Q3
03
03

RN

0.000000C000CH00G0D
=0,1150000300030000D
0+ 4300000000400001D
0. 14456250000000000D
-0 .3475000000080000D
~0. 4946 7500000000000
0.424T500000000081D
3.44200000000000G1 0
0.6300000000400001D

a0
82
0z
03
03
03
3
a3
01

QiX) IS5 THE POLYNOMLAL WHICH HAS AS IfS RODTS THE DISTINCY
THE DEGREE OF Q{X) I3 3 THE COEFFICIENTS ARE

Qra Y
LN
Qiz )
il ot

=

RODTS OF

ROOTL 11
/ROODTE 21}
ROOTC 3)

0.1000000000000600D
=0, 2600000000000 2T3D

-=0, 7000000000000935D

0.99999999999941 13D

2N

hohoa

ROOTS. GF X

ROGT1 1)
2}
ROOY ( 3%

ROOT(

Dl
o1
ol
o

0.99999999959954 83D
0. 20000000000005650
~0.9999995999999% 08D

8.9999%999999954 83D
¢+ 20000000000006565D
—05999999?9?99??4100

+

0.0000000000CGO000DD

o0

+ —0.4£5000000000002T750 €1

*

0.35000000600004690

ol

+  0.70000000000004960 CL

a0 »
¢l +
00 +

00 +
a1 +
D0 +

0.19999999999997550
0.20000000000005390
Cu4999999999999814D

0. 19999999999997550
0.20600000000005390
0. 49999999%9999812D

Exhibit 6.17.  Roots Are:

L )

ROOTS OF P{X}.

-

38
oL
o0

133
01
00

(SRS

-

MULTIPLICITIES

2
3
3

D.48226291156562790 00 +
DIRECT METHOD

SDLYED BY

INITIAL APPROXIMATION

SOLVED 8Y. DIRELT METHOD

INITTAL APPROXIMATION

0.12940952844381670 00 [

0.408296291156562T9D 08 + 0.1294095284438187D 00 1.
RESULTS OF SUBROUTTINE QUAD ' :
RESULTS OF SUBROUTINE QuUaD

2421 (3), 1#21 (2), -1+.54 (3)

i

99



GREATEST COMMON  DTYISOR -METHOD USED-WITH- MULLERSMETHOD ‘YO -FIND “IERDS OF ‘POLYNOMIALS

POLYNGHTAL NUMBER

4

NUMBER OF INITTAL APPROXEIMATIONS GIVEN. i}
MAXTMUM NUMBER DF ITERATIONS.
TEST FOR JERO IN SUBROUTINE S5CD.
TEST FOR LONVERGENCE.

TESY FOR ZERD IN SUBROUTINE QUAD.

TEST FOR MULTTIPLICITIES.
RADIUS TO START SEARCH.
RADEUS TO END SEARCH.

TUE DEGREE OF PIX} [5 12° THE

Pr13)
rEL2)
PIE1}
@ Li}]
L ]
P{B
7
PtE
PIS
Pla
3
P{z
pil )

Rt gt o

LI T O 1 O N T IO T £

0.L000000000000000D
~0.12000000005000000
0.72000000000G0001D
=0.280000000000000CD
0. 7T8000000000300000
-0.16320000000000000
0.2624080000080C000
—0. 3254 0000000000000
0.3120040000000000D
—0.2240600000000000D
£.115200000004C0000
-0.384000G000000000D
0.64003000000C0001D

200
D.10D-02
0.10D0-09
0.1030-19
0.100-01
&.000 00
Q.000 00

COEFFICTENTS ARE

01
oz
0z
03
03
[+27)
(23
Ox
04
o4
04
03
oz

0.0000000000000000D
-0, DGAG000YDDACGO000D
0,0400000000600000D
—0.00000000000046G00D
0, 009000006040 000G0D
=-0.000000000CA000000
0.00¢0004000060008D
=0.00000DGC00Q0000DD
@.0000000000000040D
—0.D00Q00R0000AGE000D
0. 0000QDOGOAEO000C0D
—0.00000004000400000
0. DOCDOGO DOCOODO00D

ao

hele]
od4
o0
at

a0
oD
oo
ag
o0
oo

D%} TS THE POLYNOMIAL WHICH HAS AS ITS ROOTS THE DISTINCT
THE DEGREE OF QI(X} IS 2 THE COEFFICTENTS ARE

~RODTL 21 =  ©.10000000000000070 dL + -0.9999999993995074D 00 1~ b

0.10600000000000000 @1 + 0,H00000000CHODOCOD OO

. g e e b

ROOTS OF PiX}.

Az 1= 1
Q(z | = —0.20000000000000150 01 + ~0.00D0CG0AGOOOCODD DO 1
Off } = 0.1999999999909830D Gl + 0,000000000CGPOOOOD 0O 1
" RaOTS OF.RIX) MULTIPLICITIES
TORODYL 1) = Q. 1000000000000007D 01 + D.99999999999990740 00 I [ RESULTS OF SUBRUUfINE QUAD .
RESULTS OF SUBROUT INE GUAD

Exhibit 6.18.- Roots Afe: 1+i(6), 1-i (6)
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FEPEATFD USE OF THE GREATESY COMMON DIVISOR AND NEWTONS METHOD TGO EXTRACT ROOTS AND RULTIPLICITIES OF POLYNOKIALS
POLYNOM AL MUMBER

NUMBER OF INTTIAL APPROXIMAT[ONS GIVEN. o

MAXIMUM NUMRER (OF TTERATIONS,. 200
TEST FODR JERO TN SUBROUTINE GELD. 0. 18D-02
TESYT FOR CONVERGONCE. 0.10D-09
YEST FCOR ZERQ IN SUBROUTINE QUAD., 0.100-19
RADIUS TD START SEARCH. 0.008 Qo
RADI¢S TO &m0 SEARCH. 0.00D OO

TME DEGREE OF PIX) ES & THE COEFFICIENTS ARE

0.1090000000000000D 01

T = +  0.00000000000000000 00 1
PiE b = ~6.70000C00000000010 0 + ~0.105050000000000000 G2 I
BIS ) = ~0,28000050000000000 02 + 0.58000000000000010 02 1
Pi4 } = 0,]17100000000000000 03 + 0,.1500000000000C00D 01 [
F13 } = —0.73000000Q000QA0RDD D2 + —0.25[00ROOOODOQOO0D 03 I
Pf2 ) = -0.22800000000000000 03 4 0.1042000000000000D 03 [
FLE Y = 0.72000000000000010 02 +  0.10400000000000000 03 {
EEEMEREFEAAREEE S REERT R AR Rk RE R AR R R AR R R AR E kI d EEh ik o L

THE FOLLOWING: POLYNOMEAL, G(x1s CONTAINS ALL THE ROOTS OF PEX} WHICH HAVE MULTIPLICITY 1t

{2 » = 0©,10000000000000000 Q1 + OC.DOCDOOJQOODROCLDOL 0O ]
Gll v =  {0.99999999999973500 G0 + -0.50Q00008000I7542D 00 T

RODTS OF PIX) ' MULTIPLICITLIES INITIAL APPROXIMATION
ROOTIL 1} = —0.999999999999T3500 00 + 0.50000000000175420 Q0 1 1 NO INTTTAL APPROXTMATIONS
PP P T T PP P TR P S R P SR R YR e 2 P EekRa ke e~

THE FOLLOWENG POLYNOMIAL, GLX)y CONTAINS ALL THE ROOTS OF PUX) WHICH HAVE MULTEPLICYITY 2

=  £.10000000000000000 DI + D.000000000500000000 00 1
Gll ¥ = —-0.999999999%9951T90 00 + ~0.19999999909968450 01 I

Exhibit 6.19.

89



RODTS DF Pix)- - ' ' - ML TIPLICITIES - . INITTAL APPROXEMATLON

RODTL 1Y = 0.999é999999999179n 00 .+ 0.19999969999958450 O1 1 | z ’ NO iNlTlAL APPROX EMAT [ONS

BBG RS R RS ARE AR CR G EEEREER D EFR DR RE SRR CEERA R ARSI EES NS DS ES R R RE LR TR R TR EF KR & ardn

THE FOLLOWING POLYNOMEAL, GEX). CONTAINS ALL THE RDOTS DF PLX) WHICH MAVE MULTIPLICITY 3

0.1000002000000000D OF + 0.00000DdOOQDQDOODD o0 1

2 )=
1) = ~0.1999999999959%670 01 + -0.200000000000L51%0 61 i

ROOTS OF P{X] . MWL TIPLICITIES INTFLAL APPROXIMATION

RAATY 3§ = (0.1999999999599957D 01 + 0.2000000060001519D 01 I . 3 NO INITEAL h?PRDX{HATIﬂNS

Exhibit 6.19, Roots Are: 2421 (3), 1+21i (2), -L+.5i
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REPEATED USE OF THE GREATEST COMMON DIVISOR AND- NEWVONS METHOD TO EXTRACT ROOTS AND NULTIPLICITIES OF POLYNOMIALS
POLYNOMIAL NUMBER 2 i g AL \D LT OF P Ta

NUHBER OF INITIAL APPROXIMATIONS GIVEN, )

HAXT MUY RUMBER OF 'ITERATIONS. . 200
TEST FDR ZERO IN SUBROUTINE GCD. 0.10D-D2
TEST FOR CONVERGENCE. © 0410009
TEST FOR ZERC [N SUBROUTINE QUAD.. 0.100~19
RADIUS TD START SEARCH. 0.000 00
RADIUS ¥O END SEARCH. Q. DDD DO

THE DEGREE OF PUX} IS 15 THE COEFFICIENTS ARE

PL1sY = '0.48000000009000C00 02 + ©.0000000D00GEDOGON QO 1
PLLS)Y = 0.25571200000000000 03 + -0.38400000000000000 G2 I
PlL&) = ~0.7353556B00000000D 02 + -0.2189696000000000D 04 1t
PL13) = ~0.385554656960000000 04 + -0.69468514560000010 0% 1
PL1Z) = -8.1733386464800000D 05 + —0.142062597Z800000D 05 1
P{11) = —D.496T9832T0400001D 05 + -0.176585T4640000000 05 1
PLIO) = =0.10223945221300000 06 + —0.6030644232000001D 04 |
P{9 } = -0.1642T42200560000D 06 + 0.41373662304000000 05 1
P48 } = ~D.2036625B884200005 06 + D.1DY3B9922T670DDOOD 0& 1
PLT 1= -D.1BTL1255 7800100000 06 + 0.19298585440330000D 056 |
Pib 1 = —0.127499T129685900000 06 + 0.21T13412274200000 86 {
P{S I = —0.2814692 7168000000 065 + 0.1928489727960000D 06 1
Pl ) = 0.132943443468000000 35 + D.1038130226550000D @6 |
P13 ) = 0.3053900774700000D 05 + Q.299896914 (3000000 G5 1
PI2 ) v —0.1B358990200000000 03 + =0.1827632160000000D 03 1§
P{1 } = 0£.2755620000000000D 00 + 0.2755620000000000D0 00 I
. tit*sytt*#eu.st;:tati:ttm:ja TS SRR rRRS

THE FOLLOWING POLYNOMIAL, 50X}, CONTAINS ALL THE ROOTS OF PUX) WHICH HAVE NULTIPLICITY 1

61z 1 = O.&EbDODDDDdDDDDDDD D2 + 0.00000D0GO0000000D DO f
GiL ) = - 0.1119999992496031D D3 + —0. B2T4988658T4OTLED-06 1

RGﬁ}S.OF PIX} X . - MULTEPLICETIES . ’ "'1N[f£ALfAFPRDXlHﬂTIDN_

RODT{ B = —0.23333333183333970 01 + G.17239559T70570993D-07 | r . IN[TllL.APEROX[HATlDNS

Exhibit 6.20.

172



SRBTAEE CR R R R R SRR AR RS AR D ' LRt S "!yv

Akt ok k& R EREREEn LTT T T T

THE FOLLOWING POLYNOMIAL, GAX}y CONTATNS ALL THE ROQTS OF PLA] WHICH HAVE HULTiFLIC[YT 2

G15 ) = 0,10000000000000000 01 + 0.00000003000000000 00 1
G4 ) = ~0.29999706558634380-02 + ~0.99999996563627250 OC 1
Gi3 ) = (.22499999311T88450 01 + 0.30000585981173610~02 I
612 ) = -0.6750109902460278D-02 + —0.225000012906T6650 Ot 1
CBILl b = 0.46435794653826830-06 + 0.67495039821701720-02 I
AOOTS OF GLX) . ) : INTTIAL APPROXIMATION
ROOT( 1) =7 0.2999823203921417D-02 + —0.205698B2646B88649D—06 [ Te4A296201L 565462790 00 + 0.12940952B4438187D 0D ]
ROGYL 2) = 0.576T5818456966510-06 ¢ 0.10000005558500840 01 1 0. TOT106 75530463460 00 + 0.TOT106807068459%50 00 I
ROOT{ 3) = 0.23317218616933697D~07 + —0. 14999995774317250 01 1 RESULTS OF SUBRDUTINE QUAD
RODYL 41 = ~0.35262345871804T90-086 ¢ (.149999958TF164400 OF | RESULTS OF SUBROUTINE QUAD
ROGTS QF P{X) MULTIPLICITEES INITYAL APPROXTMATION
ROOTY 1) = 0.2999823203921417D~02 ¢ -0.205698B2645688661D~06 | z 0.45296291156562790 00 + 0.12040952 B4438187D 60 1
RAOT( 2) ® D.476T581845685002D=06 + 0. 1000000S55850164D 01 [ 2 0. 70706 75530463460 00 + 0. TOT10680T06845950 00 1
ROGTL 31 = 0,23409171910427910-07 + =0, 14999999724317250 01 1 2 NO TNITTAL APPROXIMAT IONS
ROOTI &) = —D.3AS2TIG54I445854880-056 + ©0.149999958791466400 01 | 2 N0 INITIAL APPROXIMATICNS
SRSt kIR SRR A RS R SRk ek SRk F ik R Sy ok (T Ty T

THE FOLLOWING POLYNOMIAL, GIX}, CONTAINS ALL THE RDDTS DF P{X) WHICH HAVE MULTIPLICITY 3

Gl3 ) = 0.10000000000000000 OG1 + 0,00000000000000Q000 0O 3
GI2 } = 0.99999998527055410 00 + —0.20000000171626320 01 ¥
G{1 } = 0,3000000DN2%333350 Q1 + ~0.30000000317915240 01 I

ROGTS GF PiX) ) ‘ CMUALTIPLICITIES . INITIAL APPROXIMATION
RDD*[ 10 = D.1462930432349907D=07 + 0.30000000171462633D 01 I 3 - ." © . ND IHITIAL -APPROKIMATIONS
3 o

ROOT{ 21 & -0.9999990999%935640 00 + - 0. 10D0ODQOCDIOHO020 01 1 . NO-INITIAL APPROXEMAT IONS

Exhibit 6.20. Roots Are: —2.3'3&,'--7.,003- (2), :f. (2),1.51(2),
: -1.51 (2), 31 (3), -1-1i (3)
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REPEATED “USE OF THE (GREATEST COMMCNT OTYISOR AND NEXTONS METHOD TO EXTRACT RODTS AND MULTIPLICITIES DF POLYNDMIALS
SPOLYNOMTAL -NUMBER. 3 .

NUMBER OF INITTAL APPROXIMATIONS GIVEN. a . p

MAXIMUM NUMBER OF YTERATIONS. 248
YEST FOR IEFQ IN SUBROUTINE GLO. G+ 100-02
TEST FOR CONVERGENCE. 0.100=-09
TEST FOR 7ERD. [N SUBRCUTTINE QUAD. D0.100-19
RADIUS TO SYARY SEARLCH. . 0. 00D 0D

RADILUS TO END SEARLCH. &.0aD 00

THE DEGREE DF P(X) IS & 'THE COEFFICIENTS ARE

P{% ) = (.100D00DOODOOAND0D 01 + 0,0000000000000000D 00 |
PL8 ) = -0.50000000000000010.91 + -0.1150000000000000D 02 §
PLT ¥ = -0.51750000000000010 C2 + 0.4300000000000001D 62 I
Pls 1 = 0.15725008000000000 03 +  D.14462500000000000 03 1
PLS 1 = 0.3075000000000000D0 03 + -0,34T50D0000000GD00 03 [
P{4 } = —0,495250000000Q0000 03 + —-0,494B75C0QQQ000000 03 I
PI3 } = -0,5857500000000001D D3 + J.4247500Q000000010 G3 1
PIZ ) = C.1BI00000000000000 03 +  D0.44200000000000010 03 1
P13 =  0.15800000000000000 03 + D0.40000000000000D1D 01 [
ili;t#t‘#t'ﬂ*ﬁttiﬂtﬂﬁt*tl! FUETIFERIEERS PP TR LAl TEZ 2 ek
-+ -ND ROOTS OF MULTIPLICITY 1
P P R P P D P P R e Epnbnn e T ;

THE FOLLOWING POLYNOMIAL, G{X)s CONTAINS ALL THE RDOTS OF PIK} WHICH HAVE MULTIPLICITY 2

G2 ) = C.lD000000G00AG0000 01 + 0.0000000000000000D 06 1
GIL )} &« =0.99999999999464980 00 + -0.19999999999%6460D 01 1

ROOYS OF PIX} . ' MULTIPLICITIES - INITIAL APPROX IMAT ION

ROOT{ 11 = 0.9999999999946498D 00 + 0.19999999999964680 01 | )4 3 ' NO INITIAL APPROXIMATIDONS

Exhibit 6.21. .

¢t



A 223 2o g0 ) t#'ﬂ#**‘*$$8¢r*!#t#t%¥‘ttt**lﬂ’tt‘.#*lﬂ‘..tt‘!t‘tt#ttttﬁ*k‘*t*#tt‘*

Gt ]
G(z 1}
GI1 *

[T ]

ROOTS OF

ROQTO 11
ROJOT L 2¥

THE FOLLOWING POLYNOMIAL, GEX), CONTAINS ALL THE ROOTS OF PIX) WHICH HAVE MULTIPLICITY 3

Lit 2

0.10000000000000000 OF + (.080040GOC00000DO0 OO 1
—C.10000006G00025390 Ot + -0.2500040000001625D 01 3
=0.2000DD0QGO002296D O + —0.10000000060004210 01

LX) MULYIPLICITIES INTTIAL APPROXIMATION
= 0.2000D000ODOOG2532D D1 +  0.200DOCONO0ODLES3D D1 1 3 NO INITVAL APPROXIMATIONS
= -0.999999993999%9260 00 + 0.49999999999997590 OO 1 3 .

RO INLTYAL APPROXIMAT IONS

Exhibit 6.21. Roots Are: 24+2i (3), 1+2i (2), -1+.5i (3)

SEXREEEX FETRRE e Rk kp kKR
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REPEATED USE DF THE GREATEST COMMON DIVISOR AND NEWTDNS

POLYNOMEAL NUMBER

4

NUMBER OF INITIAL APPROXIMATIONS GIVEN. o
MAXIMUM NUMAER OF ITERATINNS.
TEST FOR 2ER0 TN SUBROUTINF GCD.
TEST FOR CONVERGENCE.

TEST FOR IERD IN SUBROUTINE QUAD.

RADIYS 1O STARY SEARCH.
TADIUS TO END SEARCH.

THE DEGREE OF PIX) I5 12 THE

PLA3)
P{12)
1)
PLLOY

g
P(B
PL?
Pio
1T
P14
PI3
Ptz
BeL

EEREER AN AR E IR RS DR ER IS RERIRED

)
I
)
)
¥
]
1
)

# B0 0wy HNN

L

0.10000000G0C0C00GCD
~G.1200000000000G000
0.720000090040000E0
=0.2 800000000000 200N
0.73000000C00000000
—D.16320000000000000
0.2624003000000000D
-0.,32640000050000000
0.312000000C0000000
—-0.22400000000000000
0.11520000000000000
—0.28400000000000000
0. 640000200000003010

N ROGTS OF MULTIRLICITY 1

ENFR R R ERD SR AE KRR Y EEAE CR AU S SRR RN R ERAER TR R F GRS RO AR G AR Y

_ MO ROOTS OF MULTIPLILITY 2

200
0.100-02
0.100-02
Da 100-19
0.000 00
0.000 0D

COEFFICIENTS 4RE

LR L B BE BE N IR R B R 4

¢.000000C0C000000D0T 0O
=0, 04003500000000000 00
©.00000000000002000 0Q
=0.,2000000000000000G0 2O
0.00000000000000000 00
=0.000000000000000G6D 00
0. 00000000000000000 00
«0.00000000000000000 00
0.00000000400000000 00
-D.0000CC00G0000000D 0OF
4. 00002000000000000 00
=0.00000000000000000 00
0. 00000C00 000000000 00

kkkk

I

TR ECERO SRRy

METHOD TO EXTRALT ROOTS AND MULTIRLICIVIES OF POLYNOMIALS

FREESAEERERERS

Exhibit 6.22,

o
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S o s T S T P T R L e S L P L wEes 2axNe

NO ROGTS OF MULTIPLICITY 3

xxkrydetndsibiy kit ko bk ol kR Rk K R R EEERER S SRTREERE TETFEAER

NG ROOTS OF MULTIPLECITY 4

ks

KRRk R e ER S RPN R R LR R CER S RE IR CEN RS AR LT RSN T DN TSR Enkk¥ L sk ek

NO RODTS OF MULTEPLICITY 5

EHTE KRR ST IFER ARSI SR T R L2 ARBRRRRN

THE FOLLOWING POLYNOMIAL, GUX), CONTAINS ALL THE ROGTS OF P{X] WHICH HAVE MULTIPLICITY &

613 ) = -0.1000000000000000D 91 + 0.00000000000000000 O T
G612 )} = -D.20000000000000660 01 + —0.00000000000000000 00 I

GIr 3 0.200000000000000T0 Gl + 0.00000000000000000 QO T
ROOTS OF P{X} MUWLTIPLICITIES ! INIFIAL APPFROXIMATION
ROOTE 1} = ©.100000CO00O00033D 01 « ©.959999999999997060 00 I ] ND INFTTAL APPROXIMATIONS
RODTY 2} = .0,10000000GO0C00330 D1 + —0.999%9955999997060 00 I & ND INITIAL APPRAOXIMATIONS

Exhibit 6.22. Roots Are: 1+i (6), 1-i (6)

L4



L REPEATED ‘USE OF THE -GREATEST COMMON-DTVISOR ANO MULLERS METHOD TO £XTRAZT RDOTS AND ML TIPLJCITEIES OF POLYNOMLALS
POLYNOMIAL . KUMBER I

NUMBER DOF INFTIAL APPROXIMATIONS GTVEN. Ry

MAXTMUM NIUMBER DF ITERATIONS. 200
TEST FOR ZERD I[N SUBRQUTINE GCD. 0.100-02
TESY FOR CONVERGENCE. 0.100-09
TEST FOR IERQ IN SUBROUT INE QUAC. O0.100-19
RADIUS TO START SEARCH. 0.000 D0
LADEUS Y3 END SEARCH, 0.000 QO

THE DEGREE OF #{X] -[§ & THE COEFFICIENTS ARE

0.000000000606000000 00

FI{T | = 0.1050C5DDOO00000ODD OL + 1
P16 1 = -0.T700900000C00000L0 DL + —0.10500000000000800 D2 |
PY5 } = =0,28000000000000000 02 + '5.53000D0OOODOOGDBID 22 1
P{4 } = 0.1T10000DO000CCHDD 03 +  0.15008000000000000 ©1 1
P13 1 = -0, T3200000000000000 02 + -0.25100000000000000 O3 {
PL2 } ¥ —0,22800000GCO00QG0D 03 + D.10400000000000000 03 1
PI1 ¥} = (.T72000000000000010 02 4+ 0.10400000000000000 €3 I
EFRERENEEES O BT IR R AT ER TR o R EEE kSRR e dR kR Bk A E LS SR e ke R e eI e R eR R dy LEL] A dd 1 31

THE FOLLOWING POLYNOMIAL, GIX7, CONTAINS ALL FHE ROCTS OF PiX] WHICH HAVE MULTIPLICITY 1

G2 § = 0.1000000000000000D 81 +  0.00000000000200090 00 1

GI1 ) = 0.99999999999973500 00 + -0.50000000000175420 40 1
"ROOTS OF GIX) . . INITIAL APPROKIMATION

RAITL 11 = —0.99999999999973500 00 + 0.50000000600175410 00 | . De4B829629115656279D 00 + 0. 12940952844381870 0G0 1
ROOTS OF PIX1 MULTIPLICITEES . INITYAL APPROXIMATION

ROJTL 1} = -0.99999599995973500 00 + 0,50000000000175410 00 1 1 D.48296291156562790 DO ¢ 0.129409528443818TD 00 I
tttt(tatt;n&n:ta##vttsttttt:tttt#ktttztstttttt.’ttctto«tsitsts*tstaot#ttutttttt:tttt (22212 : » WPy e

Exhibit 6.23.
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THE FOLLOWING POLYNDMIAL, GiX1, CONTAINS ALL THE ROOTS OF PUX) WHICH HAVE MULTIPLICITY 2

0. 1000000000M0CD00OD 01 + 0.00300000000000000 00 I

G2 1 =

i1 } = -0.99999599993991790 DO + -0.19999999999968450 -D1 1
ROOTS OF GIX) . INITIAL APPROKIMATION

RGOTL 1} = €.9999999999999179D0 00 + 0. 19999999399968450 0L [ 0.48296291I56562790 0D + 0.12940952844381870 00 I
ROOTS OF PLX) . MULTIPLICETIES INITIAL APPROXIMATION

ROOTC 1b =  D.9999999999994179D O + D, 19999999999968450 01 I 2 ' 0.68296291156562T9D 00 + G.129%0952B4438187D OO0 1
Py P rpreaapppnpepepar e e R T S R R R R S A S R T L R S L R L Sl T SLEREEERRERY IR * *

THE FOLLOWING POLYNORIAL, GIX1, CONFAINS ALL THE ROOTS OF PIX) WHICH HAVE MULTIPLICITY 3

"2 ) = ¢.10000DOOCOOODOGOD D1 & 0.0DD0C0GACOD0NBGAGD 04
1 } = ~0.19999999993999570 OL *+ —0.20000006000015190 Ok [
ROOTS OF PYX} . . ' N ) AULTIPLICITIES " INITIAL APPROXIMATION

ROOT( 31 = 0.199999999999996T0 01 + *0.2000000000001519D 01 3 ND INITIAL APPROXIMATIONS

. Ixhibit 6./23. Roots Are: 2424 (3), 142i (2), -1+.5i

LL



- REPEATED USE OF THE GREATEST COMMON DEVISOR AND MULLERS METHOD TO EXTRACT RODTS AND MULTIPLICITIES OF POLYNDMIALS
. POLYNOMIAL NUMBFR." 2 ’ .

-NUMBER. {F TNlT}Ak LPPROXIMATIONS GIVEN. 1}

MAXIMUM NUMBER DF 1TERATIDNS. Co200
TEST FOR CZERD 1IN SUBROUTINE GCD. . 0.108-02
TEST FOR CONVERGENCE. ’ 0.100-09
TEST FOR IEROD TN SUBROUTINE QUAD. D0.100-1%
RADILUS YO START SEARCH. 4. 00D OO

RADIUS TO €N SEARCH. : 0.000 O¢

THE DEGREE OF P{Xx} IS5 15 THE COEFFICIENTS ARE

PL1EY = D.420C000000000D00D 02

= +  0,00000002000000000 00 I
P15} = 0.25571200000000000 D3 « —-0.38400000000000000 03 |1
Pl14) = =D.73535568000000000 02 ¢+ -0.21896960000000000 04 [
£L13) = -0.2855565696 0000000 04 ¢ ~0.694685145460000010 04 1
PI12} = =Da1732385464600000D 05 + ~D.1%420625972BD0DD0ODD 05 1
PI11Y = -0, 4%96T9B92704000010 05 + —0.1T6585T4640000000 05 1
PLLO) = -0,10223945221300000 06 + ~0.6D30664232000001D Q4 I
PLg ) = =D, 1542T422005600000 06 + 0.41373466230400000D 05 1
PE8 ) = =0.2034625888420000D D6 +  D.10938992276700000 26 I
PAT | = —-0.18371255TB00100000 06 + 0.19298654403300000 06 [
Pi& ) = -0.12749972995900000 06 + 0.21713412274200000 06 1
PIS | = —C.2B14692T16B00000D 05 + 0.19284897279600000 ¢6 1
Pl&é |} = 0.1329434434¢800000D 05 + 0D.1038130226550000D0 06 1
P43 ) = 0.39539007747000000 05 + 0,2998989141200000D0 05 §
PL2 ) = =0.18358990200000000 03 + -0.18276321500000000 ©3 |
PLYL ) = 0.27556200000000000 00 + $.27556200000000000 00§

EOEEEREEERFEARSEFE DB RS L CAFSIREEFIRAET AR EX EX BT F RIS AREISRFED G bR FEAR A EERTTARR SR EESRFRTERAES Lk

THE FOLLOWING POLYNOMIAL, GEX), CONTAINS ALL THE ROOTS OF :PLX) WHICH HAVE hULTlPLIClTT 1

CGl2 1 = G.4B800LD00DDO0D0D0D 02 + 0.060D0000000B00000 00 1
Gi1 | = -D.11199999428960350 03 + -0.BZT4988658T40T6BD-06 I

" RODTS OF GUX), ’ . ‘ ' INITIAL APPROXIMATION
. ROOT( 1% = =0.232333331B5333470 D1 + 0.17239359705709930-07 1 0.4829629115656279D 00 + 0.1294095264438187TD 00 I
ROOTS OF POXD | : MULTIPLECITIES " INTTIAL APPRONINATION

Exhibit 6.24.
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ROOTE 1} = -0.23333333165333970 01 + 0.17239559T05709930-07 1 i ’ 0.482962911565627?D 00 + D.1294095284438iB87D 00 1

P T I e et S e B R S R R T Ry e ] *b ke RrREE [T T TR LT T T AREXEER RN EERE FRRERE AT

THE FOLLOWING POLYNOMIAL. GEXFs CONTAINS ALL THE ROOTS DF PIX) WHICH MAVE MULTIPLICITY 2

Gis Y = G:lDOOODDOQOOUDBOGD 01 + 0.00000D000D00ORROOD 0O [
Gl4 1 = —0.29999706558634360-02 + -0,99909994562&627250 00 1
G{3 ¥ = €.226499999211788850 01 + 0Q.3000058598L173610-02 [
GiZ | = —0.67501099024602780-02 + —0.2250000129067665D 01 1
Gll 1 = 0.45434724653826830-06 + 0.6T496039821701720-02 1

ROOTS OF GIXY ' .. INITIAL APPROXIMATION
ROOTE 1} = 0,29998232029214170-02 + -0.20569882646886600-06 1 0.48296291156562T9D 00 ¢ O0.12940952844361870 00 1
ROATY 2y = 0.46T4T5818456954060~06 ¢+ 0.10000005558501840 01 1 0. TOTIO6TS530463460 00 ¢ 0. TOTLOH80T06B84595D 00 T
AoaT 31 = B,.23317216169372120-07 + ~0. L49999997243) 7250 D1 1 SOLVED 8Y DIRECY METHOO

CROOTE 4) = -0,35262345B671401270-06 + 0.149999958791646400 01 1} SOLVED 8Y DIRECT METHOD

200TS OF PAXY . MULTIPLICITIES INITIAL APPROXIMAT [ON

ROOTC 1Y = Q.29998232039214170-02 + -0, 205698B2646BR650D=-00 T 2 0.48296291156552T9D 00 + 0.1294209528443B1E70 DO 1
ROGTC 2F = 0.476T5818456831650-06 + 0.10000005558501840 0L T z 0. TOTL0675530463460 00 « 0.TOTL00B0T06B4595D OO0 [
RIOT( 3) = 0.23409171910410740-07 + ~0.14999999T724317250 01 1 2 KO INITIAL APPROXIMATIONS

ROOTY 4) = —0.3527154144%867050-06 4+ 0.149999958791566400 01 1 2 NO INITIAL APPROXIMATEDNS

EEEFERERREETE R R IR AN KRB OT AR LR EhkkdakENY S Etbkexnkk bk RRrbErR kil bk ks LY 2 [ L1221

THE FOLLOWING POLYNOMIAL, G(X}y CONTAINS ALL THE ROODTS OF PIX] WHIGCH HAVE MULTIPLICITY 3

G[3 t =, 0.10000030050006G000 01 + 0.0DODOOODOOO0D0DOD 00

G{z' ) £.99999999 537055410 00 + ~0.20000000171626320 01 {
gL} 0.3000000002%333350 0L + ~0.30000000317915140 01 1
1 00TS OF Gixt _ THITIAL APPROXIMAYION .

Exhibit 6.24.
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=0 99999IFIIGFIESHID W00 +/=DA00DOTLOIOUEOOD2D 01T
0.14%62930441493261D-07 +  ©.300000001 71626340 01 1

SROOTA 21
"oDTH 21

o

ROOTS OF PIX)

ROOTY 11 = =0.99999999933985860 00 + -0.1000000000000002D OL 1
RODTE 2) =  G.14&629304569434420-07 +  $,.3000000017L626340 01 [

ST ARG RO RESEZTRD 00 -+ IS 1 2940952 8443BLBTD 00 |

MUETEPLICITIES

W

SOLVED BY DIRECT METHOD

INITTAL APPROXIMATION

D.4B29629L156562T9D 00 + D.1294095284436187D 00 I
NO INITIAL APPROXIMATIONS o

Exhibit 6.24. Roots Are: =-2.33, .003 (2), 1 (2), 1.51 (2),
S : -1.54 (2) 31 (3), -1-i (3) ' .
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o REPEATED USE OF THE GREATESY COMMON DIVISOR AND HMULLERS 'METHOD TO 'EXTRACTROOTS AND HULTIPLICITIES OF PBLYHDM[ALS
POLYNOMIAL NUMBER 3 .

NUMBER OF INTTI1AL APPROXIMATTIONS GIVEN. o

NAXEMUM NUMBER OF ITERATIONS. 209
TEST FOR ZERC TN SUBROUTINE &GLD. 0. 100-02
TEST FOR CONVERGEMLE. 0.100-09
TEST FOR ZERO TN SUBROUTINE QUAD. 0.100-19
RADIUS TO START SEARCH. . 0. 000 OO
RADIUS TN END SEARCH, 8.000 00

THE DEGREE DF PI(X) 15 8 'iﬂE COEFFICTIENTS ARE

P{%¢ ) = {.1000000000000000D 91 + 0.0000000D00GO0DOO0OD 0O | g
PIB } = -0.50000000000040010 01 + -0.115000000008G0000 02 1 -
247 1 = ~D.51750000000G00810 02 +  0.4200000D00DDCODID D2 1 :
PLE ) = 0.157250P0000000000 03 +  £.14462500000000000 02 |
PIS 1 = 0.,30750060008000000 03 + -0.34T50000000000000 03 1
Pl& ) = ~0.49525000000000000 03 + -0.4948T7500000000000 03 1
FI3 ) = —p.58575000000000010 03 +  0,42475000000000010 03 ¥

Pr2 o= 0.18100000000000000 03 «  0.44200000000000010 03 !
AI1 ) =  0.1580008000000000D 02 +  0.5000000000000Q001D OF ¥

EE o AL E RS LR L R L Lot b LS LS E 2 0 b kAN Ll wk .

NO RDOTS OF ‘MULTIPLICETY 1 .

ARLFERRE LB RS ERETHEAE EF R EE AL IR X EEIBRITREREENE EEHE SRS CREE Kk kk kS ' [T

-THE FULLUQINGlPDLYNUﬂthq GiXly CONTAINS ALL THE ROOTS OF PIX) WHICH HAVE MULTIPLICITY 2 ° ‘

" £.1000000000600000D 01 +  0.000000000€0000000 00 1

“Giz 1 = ¢

LGl ) = —[1.99999999999454980 00 + -0.199999999999645680 01 [

ROOTS OF GiX} . ' INITIAL APPROX IMAT.ION

ROOTE 1) = 0.99999999599464980 00 + O0.19v3T97°9999&454T OL T T 0.4829629L156%62T9D OD + 0.1294095284438187D OO0 1

Exhibit 6.25.
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ROOTS OF PIX) MULTIPLICITIES INITTAL APPROXIMATION

ROOTE 1) = 0.99999999949464980 00 + 0.19999999999964680 01 [ 2 0.4829629115656219D0 00 + D.12940952B84438187D0 00 I

P R P T s P T e P Ty 2 ek (10 (1]

THE FOLLOWENG POLYNOMTAL, GEX2, CONTAENS ALL THE ROOTS OF PEx} WHICH HAVE MULTIPLICIYY 3

G603 » = 0.,10C000GQO0GOCGN0H 01 + 0.DDDOOOOGDOODCDCED 040 €
$i2 ¢ = ~0.10000000000025390 01 + —-0.2500000000001629D 01 I
Gi1 1 = -0.,3000¢000000032960 01 + =0.10000000000004210 OF 1

ROOTS GF 64X} INITEAL APPROXIMATION

RACTL 1t = -0, 999990999999%9280 00 + 0.49999999993997590 00 | 0+ 48296291156562790 00 + 0.12940952844381570 Q0 |

A0OTY 21 = 0.20000000000025320 01 + 0, 2C0002000000L653D0 O1 SDLYED BY DIRECT WETHOO '

‘1N THE ATTEMPT TD iHPRGVE ACCURAGY. ROOT{ 2} = 0.2000000000002532D 01 + @.20000000000016530 01 I
DD NOT LDNYERGE AFTER 200 ITERATIONS
THE PRESENT APPROKIMATION 15 D0.20019999742533260 Ol + (Q.20019999742524480 91 1

‘ROOTS OF PEX) V ‘ - MULTIPLICITEES . EXRITIAL APPROX1MATION

ROOTC 1) = —0.9999999999999930D0 00 + G.49999999999997590 00 I 3 0+ 408296291156562790 00 + C.1294095286&4381870 00 |

NOT ALL RDOTS DF THE ABOVE POLYNOMIAL,G» WERE FOUND

Exhibit 6.25. Roots Are: 2421 (3), 1421 (2), -1+.5i (3)
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REPEATED USE OF YHE GREATEST COMMON DIVISUR AND MULLEKS
4 h

POLYROMIAL NUMBER

NUMBER OF INIVTIAL APPROXIMATIONS GIVEN. 4]
MAXTMUM NUMBER OF TTERATIONS.
TEST FOR ZERO 1IN SURRDUTINE GCD.
TEST FOR CONVERGENCE.

‘TESY FOR ZERD IN SURROUTINE QUAD.

TADIUS TO SYART SEARCH.
RADIUS TO EMD SEARCH.

‘THE DEGREE OF ‘P{X) 15 12 THE

200
¢.100-02
0.100-09

0-10D-19

0.000 0O
0.000 00

COEFFIC IENTS ARE

0.00000D0300000DC0D

Pi13) = _0.10000000000000000 O + e 1
©P{12) = =0.12000400000000C0D 02 + -0.06C000DOORODRDOGDD GO 1
PUELE =  0.72000000000060010 02 + 0.002000DONOCCDDOCD OC |
SPOIDY = —0.2B8000000000002080 03 + —-0.DDO000OO0DAGCODGOD OO0 T
pte 1= . 0. 7T80000000000G0000D 03 ¢+  0.000000000QCC0DCDD 0O ¥
Pte ) .= ~0:16320000000000000 04 + =G, 00000000800000D00 OO !
MT } = C.26240500D00000000 G4 +  0.0000000000C000Q0D B0 I
. PLE ¥ = =0.3264000000000000D Q4 + —D.0000000000000000D OO I
CMS ) o= 0,3120000000000000D 04+ 0.00500000400DOGD0O0 0D 1
Pte } = ~0.22400000000G00360 O4 + ~G.00000000000000000 00 1
CPt3 ) = 0.1152000000000000D 04 + ¢ 000D00000S0000000 00 I
PLZ } = —0.3B400000030C00G0D 03 + -0.0000000000000300D 0O 1
Pil b = D.540DDOODGCOODOOLD 02 + 0.000DG0GDAODDACODD OD 1

:HEFHDD TO EXTRACT ROOTS AND MIATRPLICITIES OF POLYNOM1ALS

t*t#t.t‘tll!‘ﬁ‘#ttt’t.tt**tit#"'t‘!‘.*‘“‘ttt‘tt*t*l#'i‘i*t"tt..‘l‘*’ % L 3 . 2T

ND ROOTS OF MOLTIPLICITY 1

gstt.*ﬁtttt!ttt#tt#tntttlttttt&tll't**tt.ttvtttiﬁltttt!tt.tl.tt.'tttt‘tt.tttttt!tttt

NO ROOTS.OF MULTIPLICTTY 2

- Exhibit 6.26.
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© ND ROOTS OF MULTIPLICITY 3
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NO RODTS OF MULTTPLICITY 4

1
AOEERFERIEDAAR R ERITREE 4 SR D REATER A LSRN ECEBEARRENFEREIHEED RSP O RAL LA KN KD EE KR SN ENE

KO ROOTS OF MOLTIPLICITY 5
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THE FOLLOW NG PULYNﬁH!AL. GiKi+ CONTAINS ALL THE RDOTS OF PIX) WHICH HAVE MULTIPLICTTY

GI3 ) = 0.[0000600005000000 ot +  0.000000000GG00C00D OO0 |
. G1Z ) = —-0.20000000000C00660 01 + —0.0000000QD00000GOD €O 1
Gt ¥ = 0. 20000000000000070 01 + 0. Q0QC0QC00C0OC0QT00O0 0D 1

. ROGTS OF 60X

IRITIAL APPROUXTMATION

_ROOT{ 1) = '0.1000000C0O00C03A3D 01 + 0.9999999999999707D 40 I 0.4B2962911565462790 00 + £.12940952844381870 00 1
ROOTL "21 =  0.10000000000060330 01 + «0.9999999999999T07D 00 [ ) SOLVED BY DIRECT METHOOD : .
anoTs oF_pix), . . MWTIPLICITHES INITIAL APPROXIMATION
ROOTE 1+ = 0.10800¢00000000330 01 ¢ §.999999999%999707D 00 [ 1] D.4B82962Z9115656279D 00 ¢ 0,12940952864438187D0 00 [ .~
"RDOTE-2Y = & - :

‘0.TOG00C0000G000330 01 + —0.9999599999949T707D 00 [

“

Te

Exhibit 6.26.

NO INITIAL APPRDXIMATIONS

" Roots Are: 1+i (6), 1-1 (6)
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APPENDIX A
SPECIAL FEATURES OF NEWION'S AND MULLER'S PROGRAMS

Several special features have been prowvided in each program as -an
aid to the user and to improve accuracy of the results. These are

explained and illustrated below.™
1. Generating Approximations

If the user does not have initial approximations available, sub-
routine GENAPP can systematically generate, for .an Nth degree poly-
nomial, ¥ initial approximations of increasing magnitude, beginning
with the magnitude specified by XSTART. If XSTART is 0., XSTART is
automatically initialized to 0.5 to aveoid the approximation 0. + 0.1.

The approximations are generated accerding to the formula:
X, = (XSTART + 0.5K) (Cos 8 + i 8in 8)

where

To accomplish this,'the user defined the number of initial approxima-

tions to be read (NIAP) on the control card to be zero (0) or these

*These illustrations are representative of Newton's method in
double precision. The control cards for Muller's method are similarly
prepared.
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columns (7-8) may be left blank. If XSTART is left blank, it is inter-
preted as 0.

For example, a portion of a control card which generates initial
approximations beginning at the origin for a seventh degree polynomial

is shown in Example A.l.

: Variable Name
ard Columns
' 7 7
12 4 5 7 8 0 2 8

XSTART

= o
~J
[y

OO
=
o -

=
~l

[i—Example

Example A.1

The approximations are generated in a spiral configuration as illustrated
in Figure A.1. Exhibit 6.1 is an example of output resulting from |
generated approximations. -
Example A.2 shows a portion of a.control card which generated

initial approximations beginning at = magnitude of 25.0 for a sixth

degree polynomial.
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g T T 715

12 4 5 7 8 4 4] 2 8 0

N

0 N |

P N I XSTART

0 A

L P

Y

1 5 2.50101

Example A.2

Note that if the approximations are generated beginning at the
origin, the order in which the roots are found will probably be of
inereasing magnitude. Roots obtained in this way are usually more

accurate.
2. Altering Approximations

If an initial approximation, X., does not produce convergence to
a zero within the maximum number of iterations, it 'is systematically
altered a maximum of five times until convergence is possibly obtained

according te the following formulas:
If the number of the alteration is odd: (j = 1,3)

Xj+l = ]XOI (Cos B + 1 Sin B) where

Im X

0

Re XO

B = Tan +K%;K=li£j=l,21fj=3.

If the number of the alteration is even: (j = 0,2,4)
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Each altered approximation is then taken as a starting approximation.
Each initial or altered approximation which does.not preduce convergence
is printed as in Exhibit ‘A.1l. If none of the .six~starting approximations
produce convergence, the next initial approximaﬁipniiS'taken;'and the
process repeated. The six approximations. are spaced 60 degrees apart

on a circle of radius !XU] centered at the origin as illustrated in

Figure A.2.
3. Searching the Complex Plane

By use of initial approximations and the altering technique, any
region of the complex plane in the form of an annulus centered at the
origin can be.searched for roots. This procedure can be accomplished
in two ways.

The first way.is more versatile but requires more-effort on the
part of the user. Specifically selected initial approximations can be
used to define particular regions to be searched.. .For example, if the
roots of a particular polynomial are known to have magnitudes between
20 and 40, an annulus of inner radius 20 and outer radius 40 could be
searched by using the initial approximations 20. + i, 23. + 1, 26. + i,
29, + i, 32. 4+ i, 35. + i, 38. + 1, 40, + 4.

By generating initial approximations internally, the program can
search an annulus centered at the origin of inner .radius XSTART and
outer radius XEND. Values for XSTART and XEND are supplied on the
control .card by the user. Example A.3 shows a portion of a control card

to search the above annulus of inner radius 20.0 and outer radius 40.0.
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6 7 7 7 8
12 4 5 7 8 4 0 2 8] |0
N
0 N _
P N I XSTART XEND
0 4
L P
Y
I 7 2.0D+01 4,0D+01
Example A.3
Note that since not less than N initial approximatdions can be
generated at one time, the outer radius of the annulus actually
searched may.be greater than XEND but not greater -than XEND + ,5N.
Example A.4 shows a control card to search a circle of radius 15.
LY
‘ f 7 7 7 8
1 2 4 5 7 8 4 0 2 8] 10
N
0 N
P N I XSTART XEND
0 A
L P
Y
2 7 1.5D+01
Example A.4

Figure A.3 shows the distribution of initial and altered approxima-

tions for an annulus of width 2 and inner radius a.
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4. Improving Zeros Found

After the zeros of a polynomlal are found, they .are printed under
the heading "Before the Attempt to Improve Accuracy.''" They are then
used as initial approximations with Newton's (Muller’s) method applied
each time to the full (undeflated) polynomial.  In most cases, zeros
that have lost accuracy due to roundoff error in the-deflation process.
are improved, The improved zeros are then printed under the heading
"After the Attempt to Improve Accuracy.' Since each root is used as an
approximation to the original (undeflated) polynomial, it is possible.
that the root may converge to an entirely different root. This is
especiallyrtrue where several zeros are close together. Therefore,
the user should check both lists of zeros to determine whether or not

this has occurred. See Exhibit 6.4.
5. Solving Quadratic Polynomial

After N-2 roots of an Nth degree polynomial have been extracted,
the remaining quadratic, aX2 + bX + ¢, is solved using the quadratic

formula

-b +\/b2 - dac
X = :
.Za .

for the two remaining roots. These are indicated by the words "Solved
By Direct Method" in the initial approximation column. . If only a poly-
nomial of degree 1 is to be solved, the solution is found directly as

(X - C) = 0 implies X - C,
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6. Missing Roots

If not all N roots of an N;h degree polynomial -are  found, the
coefficients of the remaining deflated polynomial. are printed under
the heading "Coefficients.of Deflated Polynomial For Which No Zeros
Were Found." The user may then work with this polynomizal in an attempt
to find the remaining roots. The coefficient of the highest degree

term will be printed first (Exhibilt A.2).
7. Miscellaneous

By using various combinations of values for NIAP, XSTART, and
XEND, the user has several options available as illustrated below.
Example A.5 shows the control card for a seventh degree polynomial.
Three initial approximations are supplied by the .user: At most three
distinct roets will be found and the remaining deflated polynomial will

be printed (Exhibit-A.2).

| 6 I E

12) j45] [78 4 o] |2 8] Jo

N

0 N

p| | ® I XSTART - XEND

0 A

L P

b4

1 7 3

Example A.5
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Note that if several roots are known to the user, they may be
"divided out"” of the original polynomial by using this procedure.

Example A.,6 indicates that 2 initial approximations are supplied by
the user to aA7th degree polynomial. After these approximations  are

used the cirele of radius 15 will be searched for the remaining roots.

_ 7 6 71 17 7l |8
12 45 |78 4 0] 12 8j |0
N
0 N
P N I XSTART XEND
0 A
L. P
Y
1 7 2 1.5D+01
Example A.6

By defining XSTART between 0. -and 15. an annulus instead of the

circle will be searched {(Exhibit A.3).
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WEWTONS WMETHMOD YO FIND ZERDS OF POLYNOMIALS
POLYNOMEAL MUMBER 2 OF DEGREE 3

THE COEFFICIENTS OF PiXY 4RE

Pl 1) = 0.10000000DDCQOCDD0 H1 « 0.0000Q00000DOCODOD OO 1
#l 2 = 0.20000600000000000 01 ¢ O.ODDDOCGOOOOO00000D OO I
P{ 31 = ~0.100000000000000C0 0L + ~0.000D0O0CCC000D00O0OD DO I
PU &) = =0.20000000000400000 01 ¢ =0.D0D0OCGROO00DODDD &0 7

RUMBER OF INITIAL APPROXIMATIONS GIVEN. o
MAXTMUM NUMBER OF PTERATIONS. 3

TEST FDOR TONVERGENCE. 0.10D-03
TEST FOR MULTIPLIC!ITIES. D.l00-D1
RAQTUS YO START SEARCH. 0.00D DD
RADIUS TO ENO SEARCH. C.00D DO

NO CONVERGENCE FDR THE FOLLOWING APPROXIMATIONS AFTER 3 IVERATIONS.

0.68296291156562790 00 + 0.17940952 BA43BI1RTD 00 | INITTAL APPROX[MATION
~0.4B 2962911565062 790 00 + —0.12940952044301670 00 ) AL TERED aPPROXINMATION
0. [29609049300846860 00 + Q.48296252103906440 80 I ALTERED APPROXIMATION
-0.129409493 00645860 00 + -~D.4R296292 102506450 00 1} ALTERED afPRDKIMAYION
~0.35355342941614020 00 + ©.25355335]177040300 00-1 ALTERED APPROXIMATEION
0,35355342941614020 00 + -D.35355335177040300 ©O 1 ALTERED APPROZIMATION
B.TOTI0A 755304634460 00 + 0.70TE060 80706845950 00 | INITIAL APPROXIMATION
=0, 70710675530463460 DO + ~D.TO7LOSBD7D6845%5D DO I ALYERED APPROXIMATION
=0.25BR1912 759633590 OO0 + Q.96592508041843774D 00 T ALTERED APPROXIMATION
D.2566191Z2T596833590 00 ¢ =0.965925600184377040 00 1 ALTERED APFROXIMATION
-0.9659258610249966D 0C 4 O.Z5P61689]1546823570 00 | ALTERED APPROX [MATION
D,96592508510249968D D0 + =0.258518%1546023570 00 | ALTERED APPROXIMATIDN
0, 300274 7926540560 Q0 + D [&4B88B76311T71930 0L 1 INTTTAL APPROKIMATION
rD.3BA22B4 1926540560 00 + ~0.144B888876311TL930 01 I ALTERED aprPRDXIMATION
=0.10606602802484210 01 + O0.106066005531E209D D1 1 ALTERED APPROXIMATIDN
0,106066028082%84210 01 » —0.10606600535311209D 01 § ALTERED APPRACK IMATION
-0.14%BEBE6TTAS6 2400 O} + ~0.380822379746355020 00 | ALTERED APPROXIMATION
D.144BRBBLTTASL240D ©1 ¢ Q.3EB228T9748355020 00 1 ALTERED APPROXIMAT]ON

LOREFFTCIENTS OF DEFLATED POLYNOMIAL FOR kﬂltﬂ KO ZERDS WERE- FOUND

0.10000000000000000 D1 ©.0800000000000000D GO

ot 1) = * 1
ol 21 = ©.205000CCO00CDDC0D 21 + C.D0OODZODOOOLDODELD OD ) -
Dl 3) = =D.100C000OL000000BD O v =0.000004H00Q0000000 00 1

= «0,20030000000C0000D D1 & 1

Dl &F ~3.00000000000000000 OO

Exhibit |

g
H

},..J
o
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MEwTONS mETHOD YO FIND ZEROS OF POLYNONMIALS
POLYROMI &L nWUMBER t OF DECRFE 7

THE COEFFICIENTS OF PiX) ARE

#L 1) = £.10000C000CO0UOD00 €1 ¢ O.00000000000000OD00 OO
PL 21 = =0.100000C00D0000DDD 81 +  O.110000000C0000000D 02 1
PL 3w ~0.5900000650C0C01LD 02 + —0.2900Q00C0020N0000 02 1
PL 43 = 0.1950000000C00CR00 B3 # =~0.16%00009000008C00 A3
P{ S) » 0.TODDODOOODOODOGLD 02 &  ©.T2300000000000000 £33 1
Pl 6} = ~B.le2a0s3000000000D0 06 ¢ —0.69600000000000C10 03 1
LT v CLE9Z2000000000C000 04 + =0.1832000000Q0000000 o0& |
PL 81 = D.15%9e000000D0CC0000 O4 + 0.16520000000000000D O4 1

NUWBFR DF InJTIAL APPRORIMATTIORS GIVEM. 3

MAXEMUM nymBER OF [TERATIONS. . 200
TEST FOR CONVERGENCE. 0. §0D~D9
TEAT FOR ML TIPLICIVIES. 0. 100-0%
RADIUS TD SYART SEARCH. 0.000 BO
RADIUS TO ERD SEARCH. £.000 00

REFIRE THE ATYEMPT TO IAPROVE ACCUMACY. THE ZERDS OF Plx) ARE

AguTS OF Prxl 7 MULTIPLICITIES INITEAL APPROXIMATION
AJITE 11 = «Q.ZYN9UVV99999999TD 0] + ~D.300008030000300020 01 1 X =0. 35000000000000000 D) + —0.35000000000D000CE Q1 1
AJOTL 2) = G.20000000000020040 0F + 0.200000000GOG0000D0 D1 Y i G.25000000000000000 0L +  0.25000000030000000 @1
ROOTL 3} = ~0.9999999999959962D I0 + —0.IVF99P99999994940 QI | H =0, 15000000004000000 OF + -D.4500CD00000000CED O I
AFTEX Twf ATTEWMPT IO IRPROVE ACCURACY. THE ZERDS OF PiX) ARE
ROOTS OF PIX} MATIMICITIES INITEAL APPROKIRATION
RODTE 1) = —§,.299999999999%9900 DI + —0.3D0OCOGQO000Q00IDL D1 l. 1 ~0.3500000000C000000 D) + -0.3500000000000G00D OL |
%3270 2 =  D0.7000QC00CODR3D00 €1 +  Q.200000020300000400 O1 -1 i 0.250000C0000020000 01 ¢ 0.2%0060000DCOOODCD OL 1
1

RODTE 3) = =0. 9999999999999 9740 U0 + ~0.399999999999%9940 0} I i =0.1300000000C000000 O1 = ~0.450D00C0000L000ID 61

COEFFICIENTS DF DEFLATED POLYNORIAL FOR MHICw MO ZERDS MERE FOURD

01 1) = D.10000000CD00RA000 BL ¢ O.DDO0O0LD0QOODO0GD OO 1
DI 21 = ~Q.Z9999999994999930 £F +  0.sDL0L000D0C000005D 01 U
Ot 3} = =0.20000000000000050 02 & =0,]189990999999999%0 02 I
ot &1 » 0.4)1000080000000030 B2 + =0.22000C00CC000008D0 02 1
DI %) =  0.2300000000C0000S0 B2 + D.ALOOMR0000C000E90 02 T

'Exhibit A.z. Roots Are: -1 - 41, -2 - 34, -3 - 31, -1 — 4, 2 + 2i, 4 - i, 2 - 4.
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WEWTONS METHOD 'TO FIND IERDS OF POLYNDMEALS
L

PULYNGM] AL NUMBER

THE CDEFFILIENTS UF PIX) ARE

(IR
Py 2}
B 3t
Pe 41

Pi &b
LA

>
-
-
oL Sk =
-
-
=

Py oB)

0. 1000000000000 00D
=0.1000000000000700D
-0.590000000000DD0LD

0.19500000000600000

C.7000000000C0D001D
=0+ 162400000006000000

0.1922000000000000D

ai
13
az
o3
0z
0%
[+13

1 OF DEGREE

0.06000C000000000000
6.110000000C00CD00D
=0.29000¢0000000000OD
-0 10900050000000000

= 0. 896000000000000LD
=D. 183200000400 000000

o0
o2
oz
&3
03
D2
23

0.15940000000000000 04

*
*
.
*
+  0.7230000000000000D
-
.
L d

0.16%20C0DCO0DODAND D4

MUMBER OF INITIAL APPROXIMATIONS GEVEN. z
wAX MU NUMHER OF ITERATIDNS.
FEST FOR (ONVERGENCE.

TESY FOR WA TIPLICITIES.
QADIUS TO START SEARCH.
RADIUS TD END SEARCH.

BEFORE THE ATTEMPT TD IMFROVE ACCURALY,

ROOTS OF P4{X)

RO2TI
L&IA R
RODT(
RIDT(
BE3TE
ROOTH
RODTI

AFTER

13
2t
3
L3
S5
(3
T

1HE

-0.7999599997F39997D
. 23000800000D0DCAD
0.4060000R0JC0T001LD
£.1%29999999999%970

=-Q.9909R9R99¢UR9998D

= 0. GYITHDONIITRG9TLD

-0.Z2000000000000D 042

200

0.10b-09
0. 10001
D.70D O1
9.15D0 92

o1
[:H
1
L'}
o
o
o1

LR S ]

-0 .30000000050000020

Q. 20000000000000000
=0 100000GRE000D0001D
~0. 9999993999999 Ta0
- D. 1000000000 00ERO4D
=0 .3999999999 0999950
~0. 30000000C00000010

-t P o -

THE FERDS OF #ix! ARE

MULT IPLICITLES

ATTEMPT TO IMPROVE ACCUAALY, THE ZERDL DF PLI} ARE

‘mOOTS OF Pay

Lith by
RODTE
RaQT1
ROOTE
®OOTE
®001 1
ROSTY

Exhibit

LI I N A ]

=~0a 2FTFIVIIVGRUIQRLD
D-z DGO O0ODOO000000D
0. &DCOCDCCOT0RDEN LD
p.20000000000L20000
—D. 99979 9INTTERITD
-G #9995 %99990R20
=8 2000 PDODODDD00RD

ol
g1
21
ol
Ll
oo
&1

LI SRR S

~0.300080000000CDD1D

4.20000000000000000
~0.10000020000000010
=0.999995999959995%8D
=0 10C0000000 0000000
~ 0. 40000000 00000060D
=1, 300D GU0000OGORELTD

AJB Roots Are: -1 =-4i, -2

.,

b1 1 1
01 1 1
oL 1 1
oo 1 1
or I 1
er 1 i
oL I ]
MULTIPLICITIES
o1 1 3
011 i
01 1 1
ap § 1
a1 1
a1 1 I
ai 1 .

-~ 31, -3 - 3

INTTIAL APPROXINATION

=D0<35000000000000000 O) #
- 6.25000000000000000 0L

-
D.676l&80761918TY9ID D1 +
0.53033306464T784T60D DL +
0.20T05518B94154970 OL +
SDLYED By QERECY METHOD
SOLVED BY DIRECT METHOD

=0.%5000000000000000 01
2.2500C0000G00C0000D D1
D.6THIL85TLELETILD QI
05303300664 784TH0D O
0.207T05518894158970 Q1

~4.350000G00000000000
0.25000000C00000000
G.1811T33398213442D
0. 53033010530) 34470
0.TT2T406 7366250320

IMITIAL APPROXINATION

LI IR

SOLvED BY DERELY METHOD

Ly

SOLYEQ BY GIRELT METHOD

=~0.35000000000000000
D.2%000000C00000000
0. 18E1T7333582134620
0.530330ID53D1344TD
0.TT274067306250320

-1 -4, 2420, 4-1, 2

o
ol
131
ol
o1

ol
o1
a1
ol
ol

t g ey e
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APPENDIX B
NEWTON'S METHOD
1. Use of the Program

A double precision FORTRAN IV program using Newton's method is
presented here. Flow charts for this program are given in Figure B.6
while Table B.VIII glves a FORTRAN 1V listing of this program. Single
precision variablgs are listed in some of the tables. The single
precision variables are used in the flow charts and the corresponding
double ﬁrecision-variables can be obtained from the appropriate tables.

The pfogram is designed to sclve polynomials of degree 25 or less.
Both the coefficient of the highest degree term and the constant
coefficient should be non—-zero. In order te solve‘polynomials of
degree N, where N > 25, certain array dimensions must be changed.

These are listed in .Table B.I for the main ﬁroéram.and subprograms in

double precision.

100
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TABLE B.I
PROGRAM CHANGES FOR SOLVING POLYNOMIALS:

OF DEGREE GREATER THAN 25
BY NEWTON'S METHOD

Double Precision

Main Program

RA(N+1), VAQH1)
RB(N+1), VB(N+1)
RC(N+1), VC(N+1).
RD(N+1), VD(N+1)

RCOEF (N+1), VCOEF(N+1)
MULT (N)

RXZERO(N), VXZERO(N)
RX(N), VX(N)
RXINIT (N), VXINIT(N)

Subroutine HORNER
RA(N-+1), VA(N+L)
RB(N+1), VB(N+1)
RC(N+1), VC(N+1)

Subroutine BETTER
RXZERO (N}, VXZERO(N)
RX(N), VX(N)
RA(N+1), VA(N+L)
RCOEF (N+1), VCOEF{N+1)
RC(N+1), VC(N+1)
RB(N+1), VB(N+1)

Subroutine GENAPP
APPR(N), APPI(N)

Subroutine QUAD
UA(N+1), VA(N+1)

UROOT (N) , VROOT(N)
MULTI (N)

Table -B.LL lists the system functions used in the program of Newton's

method., In the table "d" denctes a double precision variable name.
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TABLE B.II -

SYSTEM FUNCTIONS USED IN NEWTON'S METHOD

Double Precision

DARS(d) - obtain absolute wvalue-. .
DCOS(d) - - obtain cosine of angle .
DSIN(d) - obtain sine of angle .
DATANZ(dl,dZ) - arctangent of dl/d2
DSQRT(d) - square root

2. Input Data for Newton's Method

Tﬁe_input data for Newton's method ig grouped .into polynomial data
sets. Each polynomial data set consists of the.data for one and only
one . polynomial. As many polynomials as the user desires may be solved
by. placing the polynemial data sets one behind the other. Each poly-
nomial daté set consists of three kinds of information placed in the .

following order:

1. Control information.
2. Coefficients of the polynomial.
3. 1Initlal approximations. These may be omitted as

described in Appendix A, § 1.

An end card follows the entire collection of data sets. It indicates
that there is no more.data to follow and terminates execution of the
program. This information is displayed in Figure B.l and described

below. - For the double precision dafé, the D-type specification should
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be used. All data -should be right justified. The recommendations
given.in Table B.III are those found to give best.results on the IBM

360/50 computer which has a 32 bit word.

Contrel Information

The control card is the first card ef the polynomial data set and

contains the information given in Table B.III. See Figure B.Z.

TABLE B.III

CONTROL -DATA FOR NEWION'S METHOD

Variable Name Card Columns. Degcription
NOPOLY c.c., 1-2 Number of..the polynomial.
' Integer.

Right justified.

N c.c. 4=5 Degree of the polynomial.
Integer.
Right .justified.

NIAP c.c. 7-8 Number of initial approxi-

mations to-he-raad.
Integer. .. .7

If no approximations are
given, this should be left
blank. P

MAX c.c. 19-21 Maximum number of iterations.
Integer. ="
Right .justified,
200 is recommended.

EPSCHNV c.c. 30-35 Convergence requirement.
Double precision.
1.D-10 is recommended.
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TABLE B.IIT (Continued)

Variable‘Name Card Columns
EPSQ- c.c. 37-42

EPSMUL c.c. 44-49

XSTART c.c. 64-70"
XEND c.c. 72-78

KCHECK c.c., 80

Coefficients of the Polynomial

Description- -

Tolerance check for zero
{0) in subroutine QUAD.
Double precision.

Right -justify.

1.D=20 is recommended.

Multiplicity .requirement.
Double precisions

Right justify.
1,D-02 iz recommended.

Magnitude at which to begin
generating initial approxi-
mations.

Double precision.

Right  justify.

This 1is a special feature
of the program and may be
omitted.

Magnitude at which to end
the generating of initial
approximations.

Double precision.

Right justify.

This is a special feature
of the program and may be
onitted.

This should be left blank.

The coefficient cards follow the -control card. For an Nth.degree

polynomial, N+l coefficients must be entered one per card. ' The

coefficient of the highest degree term is eptered first. For example,

if the polynomial X5_+ 3X4

. +:2X.+ 5 were to be solved, the order in

which -the coefficients would be entered is: 1, 3, 0, 0, 2, 5. EFEach
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coafficient is entered, one per card, as described in Table B.IV and

illustrated in Figure B.3.

TABLE B.IV

COEFFICIENT DATA FOR NEWTON'S METHOD

Variable Name Card Columns. Description
RA (A in single precision) c¢c.c. 1-30 Real part of complex
coefficient.

Double precision.

Right justify.

If none, leave blank or
enter 0.0D00.

VA (A in single precision) e.c. 31-60 Imaginary part of complex
coefficient.
Double precisiom.
Right justify.
If none, leave blank or
enter (.0DOQ,

Initial Approximations

The initial approximation cards follow the set of coefficient cards.
The number of initial approximations read must be the number specified
on the control card and are entered, one per card, as given in Table

B.V and illustrated in Figure B.4.
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TABLE B.V

INITIAL APPROXIMATION DATA FOR NEWTON'S METHOD

Variable Name Card Colums . Description
RXZERO (¥ZERO in single c.c. 1-30 Real part.of.cbmpleX'numbera
precision) Double precision.

Right .justify.
If none, leave blank or
enter 0.0D0O0.
VEZZERO (¥XZERO in single c.c. 31-60 Imaginary part of complex
precision) number,
Double precision.
Right justify.
If none, leave blank or
enter 0.0D00.

EndVCard

The end card is the last card of the input data to the program. It
indicates that there is no more data to be read. When this card is
read, program execution is terminated. This card is described in

Table B.VI and illustrated in Figure B.5.

TABLE B.VI

DATA TO END EXECUTION OF NEWTON'S METHOD

Variable Name Card Columms Description

KCHECK c.c. 80 Must contain the number 1.
Integer.
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3. Variables Used in Newton's Method

The definitions of the major variables used in Newton's method are

given in Table B.VII. The symbols used to indicate type are:

R - real variable

I ~ integer variable
C ~ complex variable
D - double preclsion
L - logical variable

A - alphanumeric variable

When two variables are listed, the one on the left is the real part of
the corresponding single precision complex variable; the one on the right

ig the imaginary part. The symbols used to indicate disposition are:

E - entered
R - returned
ECR - entered, changed, and returned

C -~ wariable in common

4, Description of Program Output

The output from Newton's method programs consist of the following
information.

The number and degree of the polynomial are printed in the heading
(Exhibit 6.1).

The coefficients are printed under the heading "THE COEFFICIENTS
OF P(X) ARE." The coefficient of the highest degree term is listed

firse (Exhibit 6.1).
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As an aid to ensure the control information is corvect, the number
‘of initial approximations.given, maximum number of iterations, test . for
convergence, test for multiplicities, radius to start search, and radius
to end search are printed as read from the control card. (Exhibit 6.1).

The zeros found before and after the attempt to improve :accuracy
are printed. See Appendix A, § 4 for further explanation. (Exhibit 6.1).

If not all zeros of the polynomial are found, the coefficients of
the remaining unscolved polynomial will be printed, with coefficilent of
highest degree term first, under the heading "COEFFICIENTS OF DEFLATED
POLYNOMIAL FOR WHICH NO ZEROS WERE FOUND." See Appendix A, § 6. This
is 1llustrated in Exhibit A.2.

The multiplicity of each zero is given.under the title "MULTIPLI-
CITIES" (Exhibit . 6.1).

The initial approximation producing convergence to a root is
printed to the right of the corresponding root and headed by "INITIAL
APPROXIMATION." The initial approximations may be those supplied by the
user, or generated by the program, or a combination of both (Exhibit
A.3). See Appendix A, § 1 and § 2 for discussion of abproxi—mationse
The message ''SOLVED BY DIRECT METHOD" indicates that the corresponding
root or roots was obtained by Subroutine QUAD. See Appendix A, § 5.

If an approximatioen does not produce. convergence within the maxi-
num number of iterations, it is printed under the heading "NO CONVER-
GENCE FOR THE FOLLOWING APPROXIMATIONS AFTER XXX ITERATIONS." XXX is
replaced by the maximum number of iterations. The type of the approxi-
mation, that is, initial approximation or altered approximations is
given (Exhibit A.1). See Appendix A, § 1 and § 2 for discussion of

approximations.
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5. Informative and Error Messages

The output may contain informative or error messages. These are

intended as an. aid to the user and are described as follows:

"IN THE ATTEMPT -TO IMPROVE ACCURACY, ROOT(X) =-YYY DID NOT CONVERGE

THE PRESENT APPROXIMATION AFTER ZZZ ITERATIONS IS PRINTED BELOW." X is
the number of the zero, YYY is  the value of the zero before the attempt
to improve-accuracy, ZZZ is the maximum number of iFerations, This
message indicates that a zero found before attempting te improve
accuracy did net converge sufficiently when being used as an initial
approximation on the full (undeflated) polynomial. The current approxi-
mation is printed in the list of improved zeros. In many cases, this
failure to converge is a result of an ill-conditioned polynomial and
this current approximation of the root may be better than its approxi- 7
mation before the attempt to improve accuracy. In most cases, the
pelynomial from which this root was first extracted had fewer multiple

roots, due to deflations, than the original polynomial.
"THE VALUE OF THE DERIVATIVE AT X0 = XXX IS ZERO.'"

This message is printed as a result of the value of the derivative
of the original polynomial at an approximation, XXX, being zero (0).
It occurred in the attempt to improve the accuracy of a zero. The

previous message is then printed.
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Variable Name

Card Columns

121314 5167800123456 78901123456 789

0OC0G0000111113111112222222222333333
012345

B333444
6|789012

3456789,

012345678901234567890

44444 45555555555666606666667(77777777

2345678

iNn]

[=]=)

N

N oo
ot

EPSCNV]

ESPQ

EPSMUL

XSTART

XEND

(ol ;]

=T AT 200

1.D-20

1.0-10

1.00+01

lc D_Dz

5.0D+02

'_——-Eﬁémple

Figure B.2,

Control Card for Newton's Method
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123456789012345678901234567890

b000000001111lllll122222222223333333333444444444455555555556

12345678901234567890123456 7890

66666666677777777778

A (RA)

A (VA)

12345678901234567890

0.621735D+01

~0.132714D-02

Flgure-B.3. i-Coefficient Card for Newton's Method
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D00000000111111111122222222223333333333444444444455555555550066666666677777777778

XZERO (RXZERO) XZERO (VXZERO)

1234567890123456789012345678900123456789012345678901234567890(123456 78901234567890

0.15D4+01 ‘ . =0.25D~00

e

Figure B,4,Initial Approximation Card for Newton's Method

00000000011111111112222222222333333333344444444445555555555666666666677777777?33

123456789012345678901234567890123456789012345678901234567890123456789012345678

Figure B.5. End Card for Newton's Metheod
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TABLE. B. VII

VARTABLES USED IN NEWTON'S METHOD

Single Precision Double Precision Disposition . ,
Variable Type Variable Type of Argument - Description

Main Program

NOPOLY I NOPOLY T Number of the polynomial
N ‘ I N I Degree of the polynomial
NIAP I NIAP L Number of initial approximations to be read
MAX I MAX b Maximum number of iterations to be performed
EFSCHV R EPSCNV ) Tolerance check for convergence
EPSMUL R EPSMUL D Tolerance check for multiplicities
EPSQ R EPSQ D' Tolerance check for zero in subroutine QUAD
XSTART R XSTART D Magnitude from which to begin the search for zeros
XEND R XEND D ‘Magnitude to end the search for zercs
KCHECK I KCHECK i T Program Control. . When KCHECK = 1, program will
terminate execution.
NA I NA ST Number of coefficients or original polynomial
A C RA,VA - Array containing the coefficients of original
o polynomial P(X)
NDEF I NDEF C I Degree of current deflated polynomlal
L I L ’ L Counter for number of initial approximations used
ITER I ITER ©I Counter for number of iterations '
NROOT 1 NROOT 1 Counter for number of roots fOund (counting .
multiplicities)
IALTER 1 "TALTER I Counter for number of alterations‘of each initial
' approximation
ITIME I ITIME I Program control
K I K 1 ‘ Counter for number of distinect roots found _
ND I ND I _ Program control & number of coefficient of deflated

polynomial for which no zeros were found

YTl



TABLE B. VII {(Continued)

Single Precision Double Precision Disposition _ :
Variable Type Variable Type of Argument Description

X0 C RX0, VX0 D . ' Current approximation (X,) to root :
COEF C RCOEF,VCOEF D - Working array containing coefficients of current

deflated polynomial

DPX c RDPX,VDPX D - Derivative of P(X) at some value X
PX c RPX,VPX D Value of P(X) at some point X
¥ZERQO C RXZERO, D Array containing the initial approximations
VAZERO : R ' ,
XNEW c RXNEW,VXNEW D -~ New approximation (X,41) obtained from old approximation
: - (X,) by Newton's Algorithm :
KANS I KANS - I ' KANS = 1 implies convergence, KANS = implies no
: : - S : convergence 4
OMULT -0 o .. I . MOLT LT ' Array containing the number of multiplicities of each
- . ’ L : . . oot
X - . €  RXVX D~ o Array containing the zeros of P(X)
XINIT C RXINIT, - D - Array containing the initial or altered approximations
. S VXINIT : _ ‘ which produced convergence to each root
N - -1 NUM L Number of coefficients of current deflated polynomial
B C - C RB,VB ‘Do Array containing the coefficients of newly deflated
P polynomial : :
TROQT I IROOT - 1 Number of distinct roots found by Newton's method, i.e.
S ; i not solved for directly by subroutine QUAD
D ' C RD,VD Do Array containing the coefficients of deflated polynomial
_ ' for which no zeros were found
101 I 101 I ‘ Unit number of input device
102 I 102 I ' Unit number of output device
C C RC,VC D Array containing sequence of values leading to the ,
_ derivative :
EPSCHK R EPSCHK B Current tolerance for checking convergence or

multiplicity

PO

STT
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TABLE B. VII  i(Continued)

Disposition
of Argument

~ Subroutine HORNER

"Double Precision
Variable Type

Single Precision
Variable Type

Descrigtion

A c RA,VA D E Array of coefficients of polynomial
B c RBR,VE D R Array of coefficients of deflated polynomial
NDEF I NDEF I E Degree of polynomial
NUM I NUM T Number of coefficients of polynomial
%0 C RX0, VX0 D E Point (X,) at which to evaluate the polynomial and its

~ derivative. Also current approximation (Xn+1) used

, to deflate the polynomial
PX C RPX,VPX D R Value of polynomial at X,
DPX C RDPX, VDPX D R Value of the derivative of polynomial at X,
C c RC,VC D R Array of containing sequence of values leading to the
derivative
Subroutine NEWTON
PX c RPX,VPX D 'E Value of polynomial at X,
DPX C RDPX,VDPX D E Derivative of polynomial at Xp
X0 C RX0,VX0 D E Current approximation (X,) to root
XNEW C RXNEW, VXNEW | p° R New approximation (Xh+1) to root
C Subroutine CHECK
EPSLON R EFS "D C Tolerance for convergence or multlplicity check
PX C RPX,VPX D E Value of P(X) at X,
DPX C RDPX,VDPX D E Derivative of P(X) at X,
X0 C RX0,VX0 D E - Current approximations (Xp+1) to root
102 I 102 I . C Unit number of output device :
I KANS I R KANS = 1 implies convergence, KANS = 0 implies no

KANS

convergence

9tT .



TABLﬁiB; V$I (Continued) -

- Single Precision Double Precision . Disposition
Variable Type Variable Iype of Argument : Description

Subroutine. BETTER

- Unit number of output device

I02 I 102 1 C
XZERO C RXZEROC, | D E Array of approximations
VXZERC i i :
X c RX,VX ' D ECR Array of roots
A c RA,VA ©.D - E Coefficients of original (undeflated) polynomial, P(X)
COEF c RCOEF,VCOEF D . "E Working array for coefficients of polynomial
NA I NA I E Number of coefficients of original polyncmial
X0 C RX0,VXD . D Current approximation (X;) to root
DPX c RDFPX,VDPX D Derivative of P(X) at X,
PX C RPX,VPX D Value of P(X) at Xp |
KANS I KANS I KANS = ] implies convergence; KANS = 0 implies no
convergence
ITER I ITER -1 Counter for number of iterations
XNEW c ' RXNEW,VXNEW D New approximation (Xp+1) to root
NN I NN I Degree of polynomial
C C RC,VC D E - _Array containing the sequence of values leading to the
' G derivative
K I K I E Number of distinet roots of P(X) found
N 1 N I E Degree of polynomial P(X)
B C RB,VB . D E Array of coefficients of deflated polynomial
MAX I MAX [ C Maximum number of iterations permitted
EPSCHK R EPS D C Tolerance for checking convergence
| .
Subroutine GENAPP
APP C APPR,APFT D R Array containing initial approximations
I E Number of initial approximations to be generated

NAPP 1 NAPP -

LTT



Single Precision

TABLE B. VIT

Double Precision = Disposition

‘(Continued)

Description

Magnitude at which to Begin generating approximations;
also magnitude of the approximation being generated

Argument of the complex approximation being generated
‘Real part of complex approximation '

Imaginary part. of complex approximation

Subroutine ALTER

0ld approximatiom to be altered to new approximation

Number of alterations performed on an initial
approximation ‘ ‘

Program control

Maximum number of iterations permitted .

Imaginary part of original initial approximation
(unaltered) L

Real part of original unaltered initlal approximation

Magnitude of original unaltered initial approximation

. Argument of new approximation

Real part of new approximation
Imaginary part of new approximation
Unit number of output device

g : _Subroutine QUAD

Variable Type Variable Type . of Argument
XSTART R~ XSTART ‘D - ECR
BETA R BETA . D

U R APPR(I) . D

v R APPI(I) LD

X0LD C XOLDR,XOLDI D ECR
NALTER 1 NALTER 1 ECR
ITIME I ITIME 1 E

- MAX I MAX I c

Y R XOLDI D

X R XOLDR b

R R R D

BETA R BETA D

XOLDR R XOLDR D|

XOLDX R. X0LDI D

102 I 102 T C

A c UA,VA ‘D, E
NA I NA LT E
ROOT c UROOT,VROOT | D. ECR
NROOT I |

NROOT ECR

Coefficients of polynomial to be solved

Degree of polynomial

Array of roots of P(X) (or1gina1 poelynomial)

Number of distinet roots of P(X) (the origlnal
polynomlal)

8TT



Single Precision

TABLE B. VII (Continued)

Double Precision Disposition

Variable

MULTI
EPST
DISC

Iype

I
R
c

Variable Type of Argument _ + Description

MULTI I ECR "Array céntaining multipliéities of eaéh root
EPST. D E Tolerance check for the number zero

UDISC,VDISC 1 , ' - ‘Value of the discriminate (b2 - 4ac) of Quadratic
Subroutine COMSQT |

"E .. - Complex number for which the square root is desired
Square root of the complex number

RS
=

6TT
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TABLE B. VIII

PROGRAM FOR NEWTON'S METHOD
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DOUBLE PRECISION PROGRAM FOR NEWTON®'S METHOD

NEWTONS METHOD EXTRACTS THE ZERDS AND THEIR MULTIPLICITIES OF A
POLYNDMIAL OF MAXIMUM DEGREE 25 BY COMPUTING A SEQUENCE OF APPROXN-~

FORMULA
XiN#1) = XINI-PIXIN)DI/PUIXIND L,

L B I I B N

DOUBLE PRECISION RA,VAAXIEAD,VXIERD,RByVB,RCOEF, VCOEF,RX:VX+RXENI

LT, VXINIT yRE o YC RO+ VD ¢ RPX ¢ VP ROPX o VOPX ¢ RXNEW ¢ VXNEW o RXDy VX0, EPSCHK , -

ZEPSCNVEPSQ e EPSMUL s XSTARTy XENDy ABPX yABDPX
DIMENSION RAI26) ,VAC26) yRB1261,VB(26)4RCL2ZE)}:VCL26)RUI261,V0126),
IRCDEFI26).VEGEFI26).HULTlZSi.RlZEROIZSi.VKZERDIZSD.RKGZEi.VKIZSI.R
ZXINIYL25),WXINIT(25)
COMMON EPSCHK.MAX, [0Z
101=5
102=6
1 READL{IOL 10000 NDPDLY.N-NIAP,HAX.EPSCNVgEPSQ.EPSHUL;:ST&RI.XEND.KC
IHECK
IF{KCHECK LEQ.1) STOP
NA=N+]
READIIDI,1010) (RALTD.VA{I} I2],NA)
WRITECIO2,1032) NOPOLY N
WRITELIOZ2,1040) {1 RALT)yVALT) D=1, NA)
WRITELI02,2060])
WRITEL(1O2,2000) NIAP
WRITE{IQ2,2Q10) MAK
WRITEN102,2020) EPSCNY
WAITE{ID2,2030} EPSMUL
WRITEII02,2040) ASTART
WRITEL10Z,2050) XEND
IF(NIAP.NELO} GO TO 3
NIAP=N
CALL GENAPP{RXZERD,VXZERD:NIAPXSTART)
G4 TO 4
3 READ(10OL,1020) (RXZERQ{I}VXZERD{{)yl=1 NIAP}
4 NDEF=N
L=1
ITER=0
NROOT=0
IRDOT=0
ITIME=0
NO=0
TALTER=0
K=0
RXO=RX ZEROIL])
VXO=VX2ERDILI
DO 5 §=LsNA
RCOEFI L )=RALT)
5 VCOEF{I}=VAl])

L0 CALL HOANER(RCOEF yVCOEF ,RXOy¥X Qe NDEFyRB,VByRC4VE s RPK-VPI:RDPK.VGPK

1}
ABPX=DSQRT(APXERPX+VPX:YP X}
ABDPX=DSORT[RDPAERDPN+VOPX*YDPY )

IMATIDNS CONVERGING TO A ZERD DF THE PODLYNOMIAL USING THE ITERATION
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112
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130
132

152
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004l
0042
0043
0044
DD45
0046
0047
a048
0049
0050
0os1
0052
0053
0054
0055
0056
00S87
0058
a0s59
0060
006l
Q0&2
0043
0064
0045
0064
0067
0046A
0069
0070
0071

0072
6073
aore
RIS
0076
ooTY
o078

0079
0080
[11:0:0 1
008z
00a3
o084
00Bs
eJoX: 1%
0087
oL+ 1-1.

0089

a099
0091
0092
0093
0094
0095
0094

TABLE B. VIILI (Continued)

. IECABDPXJNE.C.O) GO TO 20

20

40

60

65
70

80

1035

107

1i0

113

IFLABPX.EQ.D.D} GO TO T0O

GD TO 110

CALL NEWTONIRPX s VPX ROPX,VOPX (RXOy VXD RXNEW,VXNEW )

ITER=JTER+] '

RXO=RANEW

VXD=YXNEW

EPSCHK=EPSCNY

CALL CHECKIRPX,VPX,RDPX, VDPX,RXD, VXD ,KANS}

IFLKANS.EQ.1} GO TD 70

IFLITERLGE.MAX) GO TO 40

GO TO 10

CALL ALTERC(RXZEROIL) +VXZERQ(L) s [ALTER,ITINE}

IFIIALTER.GT45} GO TO 110

RXO=RX ZEROIL}

VXD=VXZERGIL)

1TER=0

GO TO 10

ND=NDEF+1

DO 65 J=1yND

RDLJ¥=RCDEF{J)

vO{ ¥ =VCOEF L J}

GO TO 140

NROOY=NRGOT+1

K=K+l

MULT(K)=])

RX{K) =RXO

VXIK}=VXD

REINITIK)=RXZEROLL}

VXINITLK)=VXZEROIL) :

CALL HORNERIRCOEF,YCOEF,RX0, VXQeNDEF1RB VB +RCIVC 4 RPX VP Xy RDPX VDPX
i ) .

IFENRDOT.GE.N} GO TO 147

NDEF=NDEF-1

NUM=NDEF+1

DO 105 I=1,NUNM

RCOEFL T )=RBLI)

VCOEFL L =vBI{T] .

CALL MOANER{RCOEF ,VCOEFRX0y VX0 NDEF ¢ RBy VB RCoVC, RPK, VPR ROPX, VOPX
1) . -
ABPX=DSQRT{RPXSRPX+VPXXVPX)

ABDPX=DSORT{ROPX*ROP X+VDPX*VDPX)

IFVABDPX.NE.O.0) GO TO 107
{FLABPX.EQ.0.0) GO YO 130
GO Y0 110
CONTINUE
EPSCHK=EPSMUL )

CALL CHECKIRPX,VPX,ROPX,VDPX,RX0:VXD4KANS)
IF(KANSEQ.1) GO TO 130
IFINDEF.GT.2) GO TO 113
1ROOT=K . o
CALL QUADIRCOEF s VCOEF yNDEF oRX VX Ky MULT EPSQY
6o 1O 150
IFIL.LT.NIAP) GO YD 115
IF{XEND.EQ.C.0) GO TO &0
[FUIXSTART.GT.XENDY GO TO &0 -

NIAP=N :
CALL GENAPP(RXZERQ,VXIERO,NIAP,XSTART)
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200
204
205

194 .

T 208

244
248

266
272
276
280
281
288
28%

294
296
297

300



00eT .

0098
0099
0100
oL01
o102
0103
o104
0105
0106
0107
0108
0109
o110
0111

o112
oLi3
0114
0115

ol1sé
oLr7
o118
0119

0120
o121
oLz2
0123
al24
0125
olz2e
0127
o128

0129
0130
0131

013z
oL33
0134
0135
0136

oL37T
oL3ag
oi3g
0140
DL4l
0142
DLad
Ol4a
DL4S

TABLE B. VIII (Continued)

L=0
119 L=L+1
RAD=RXAZERCIL)
VXO=VXZEROIL)
1TER=0
IALTER=0
GO TG 10
130 WMULT(KI=MULTI{K]+L
NROOT=NROOT+1L
GO TO 80
L40 IF(K.EQ.D) GO TO 140
147 {RBOT=K
150 WRETE{102,102%)
WRITEL y02,10501

10T)
KKK=[ROOT ¢}
IFCTROOT.LT.K) WRITE{IO2,41062) (1T RKIII-VK([].HULT([I'[=KKK.KI
EPSCHK=EPSCNY
CALL BETTER{K,RXZERD, V!IERO RX VX, NA:RA-VAiRCOEF VCOEF¢NyRC,VC 4RB,
1va}
160 JFIK.EQ.0) GO TO 170
WRITELID2,1065)
WRITELI02Z2,1050)
WRITEL1D02,10562} lI.RKIIerXII!:HULI(l’sRllNlTll':VllNlTll)'l =1, 1RO
16T}
KKK=1ROOT+1
IFCIRDOT AT K) WRITECIOZ2,1062) (T RXULI, VROTHyMULTE L) s T=KKK K]
170 IFIKD.EG.O0) GO TO 1
WRITELIDZ2,1070)
WRITELLOZ2,1078) (JeRDUII o VD J) o J= o NI
G0 TD 1
1000 FORMATI3UIZ LX) 39K e 1398Xe3ID60+1X) 2 13X02(07.0e1%)y[1)
1010 FORMAT(2D30,0)
1030 FORMAT{1H1.8X,43HNEWTONS METHOD TO FINU ZEROS OF PDLVNQHIALSIQK.IB
1HPOLYNOMIAL MNUMBER #12,11H OF DEGREE 2124 ////1%9428HTHE COEFFIC IENT
25 DF PUX) ARE/)
1040 FORMAT (3X,2HP{  12,4H) = ,D23,1643H + 4023,1642H [}
1020 FORMAT(2D30.01
1025 FORMATU(///1X+61HBEFORE THE ATTEMPT TO IMPROVE ACCURACY, THE ZEROS
LOF P{X} ARE}

1050 FORMAT(///2X,13HROOTS OF PUX) 52X 14HMULTIPLICITEES 17X 2 LHINITIAL |

L APPROX[MATION//) - .

1060 FORMAT {3X(SHROOT L, 12,4H) = (D23.8643H ¢ (D23.1642H T4TX, 12,7X,023,
L16,3H & ,D23.1642H 1)

1062 FORMAT (3X,SHROOTU,1244H) = 4D23.1643H ¢ 4023.16¢2H [,TX,12,8%,23HS
10LVED BY DIRECT METHOD) .

1065 FORMATI///LX.61HAFTER THE ATTEMPT TO IMPADVE ACCURACY, THE ZEROS
10F PIX) ARE)

1070 FORMAT{///1X,65HCOEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO Z
LEROS WERE FOUND/ )

LOTS FORMATU3X,2HDC, [2,4H) = 4D23.1643H + 4023.5642H 1)

2000 FORMAY (LX,4LHNUMBER OF (NLTIAL APPROXIMATIONS GIVEN. [2)

2010 FORMAT{LXs2FHMAX IMUM NUMBER OF ITERATIONS. o 11Xy13)

2020 FORMATILK,2LHTEST FOR CONVERGENCE,,L3X,09.2}

2020 FORMATELX,;24HTEST FOR MULTIPLICITIES.LOX,D9.2)

20640 FORMAT{1X,23HRADIUS TO START SEARCH.,11X,09.2)

2050 FORMATULX,21HRADIUS TO END SEARCH.¢L13X,09.2)

2060 FORMAT(//21X)
END

WRITECID2,41060) VI4RXUID VXL E) MULTCD )Y yRXINITL{L R VXINITUIN =1, IRO

128

312
313
3il6
320
324
328
332
336
328

39

444

450
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TABLE B. VIII (Continued)

0001 SUBROUTINE GENAPP{APPRyAPPI,NAPP XSTART)
C [ TR 2T PR LSRN 32N 1SR R PRI 202203 E2 PR P22 R 2T S22 L2 1]
[ » - . »
c * SUBROUTINE GENAPP GENERATES N INITIAL APPROXIMATIONS, WHERE N 15 THE a
L * DEGREE OF THE ORIGINAL POLYNOMIAL . ’ *
c * *
¢ ttt‘ﬂt.*#tttt*ttttlst#!#tt##t*tttt**t‘cttttttittttttittlt‘ttttt#t'tttttitttt-
0002 DOUBLE PREGCISION APPR,APPI,XSTART,DUMMY,BETA
o003 DIMENSION APPRIE2S5),APPIL25])
0004 COMMON DUMMY 4MAX,[D2
oons IFIXSTART.EQ.D.0) XSTART=0.5
0008 BETA=0.261799%
oonT DO 10 T=1+NAPP
0008 APPRUI I=XSTARY*DCOS (BETA)
o009 APPILI)I=XSTART*DSINIBETA)
- Q010 BETA=BETA+0.5235988
001t 186 XSTARTaXSTART+0,.5
Qo012 REYURN
0013 END
o001l SUSROUTINE ALTER (XOLDRXOLDU,NALTER,ITIME)
c L T T L T T P T T T E TP T e
G * *
C * SUBROUTINE ALTER ALTERS THE INITIAL APPAOXIMATJONS WHICH PRODUCE NO *
G & CONVERGENCE YD A ZERC. THIS IS DONE A MAXIMUM OF 5 TIMES FOR EACH RODY, *
c * . *
C ER LI TR AR R R Y L R Y AL e iV I LY IR E AT R R YT 22 233 L2202 2]
0002 DOUBLE PRECISIGN XOLODR,XOLDI,DUMMY ,ARXOLD.BETA
0003 COMMON DUMMY 4MAX, 102
0004 IF{ITIME.NE.O)} GO TO S
- 0R0s ITIME =1
[#]e111.3 WRITELLOZ2,10100 MAX
0007 5 IFLHALTER.EQ.0} GO TO 1O
o008 WRITELID2,1000) XOLOR,xOLOE
Qo009 G0 TO 20 )
Q010 10 ABXOLD=DSQRY{XDLDR*XOLDR+X0LOI*X0LD1)
aoll BETA=DATANZ{XOLD,4X0LDR)
aQlz2 HWRITELIDZ,1020G1 XOLOR,XOLDI
ooL3 20 NAETER=NALTER+L
0014 IFINALTER.GT.5) RETURN
00ls GO TO (30440.30,%0,30),NALTER
001é 30 XOLOR=-XOLDR
oLy XOLOD1=—X0L01
0018 Gl TO 50
0019 40 BETA=BETA+1.C47197&
0020 XOLDR=ABXOLD*DCOSIBETAL
0021 XOLOI=ABXDLD*DS EN(BETA)
0622 50 RETURN
0023 1000 FORMAT{LX4D23,16,3H + ,023.1642H 1,10X,21HALTERED APPRAXIMATION)
0024 LOE0D FORMAT{///1X,54HND CONVERGENCE FOR THE FOLLDWING APPROXIMATIONS AF
. LTER +13+12H ITERATIONS.//)
0025 1020 FORMATI{/1X%,023,016,3H ¢ ,023.16,2H 1,.10X,Z1HINITIAL APPROXIMATION)

0026 END
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TABLE B. VIII (Continued)

a001 “SUBRAUT I NE QUAD(UAVANAURDOT , VROOT , NROOT » MUL T EPST)

[+ [ EX LIRS L2 I 22 R R 2T TR i T PR YRR 222 T 23 20 S TR 21222 ]
[ L] ’ o .
C - * SUBRDUTINE QUAD SDLVES DIRECTLY FOR THE ZEROS AND THEIR MULTEIPLICITIES *
4 * OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR. SOLUTION OF THE *
c * QUADRAYTIC IS DONE USING THE QUADRATIC FORMULA, *
C * : *
c L Y T T P T T e T PR RE R L S Ty T T Ty e TP T T T D T T Py T T

o002 DOURLE PRECISION UA,VA,URQOT,VROOTyBBB, UAAA; VAAALUDISC, VOLSC 4UDUMM -

LY, VOUMMY s ROUMHY 4 SOUMMY .EP5T,UBBE,. VBB

0003 DIMENSION UA(Z6E 4 VA{26),URUDTIZ25), VROOTI 251 4 HULTI{25)

0004 IFINALEG.2) GD TO ¥

s L+ L B IFINA.EQ.1) GO YO 5

0006 UROOTINROQT+# 1) =0 .0

0007 YROOTINROOT#11=0.0

0008 MULTI{NROOT*#1)=]

0009 NROOT=NROOQT +1

0010 GO TO 50

[:113 B ) 5 8BB=UALL)#UALYY+VALL }#VALL)

0012 UROGT(NRnuttlI-l-uAtzl*uAllh—vnlzl*VAlll)fBBB

0013 VROOTENROQT+L)={~VAC2}*UACLI+UALI2)%VALL) ) /BBE

aole MULTT(NROQT+1)=]

Q015 NROOT=NROODT+1

aole GO TD 50

0017 T UDISC={UAL2I%UALZ)-VALZ)®VAL2 ) (4. 0%{UALL)RPALIV-VAIL)®=VA[3Y )}

onia VDISC=(VA(Z)RUA(Z)+UAI2DOVALZ ) I =14. 0% IVALL)*UALI ) ¢UALLE®VAL3)))

0019 BBB=DSQRT{UDISCHUDISC+YDISC#YDISC)

0020 1FLBBB.LT.EPST) GO TO 10

naz1 CALL COMSQTIUDISC,YDISC  UDUMHY ( VOUMMY)

0022 UBBB=~UA [ 2 ) +UDUMMY

0023 VBBB=-VA{ 2 ) +VDUMMY

0024 ROUMMY=~UAL 2 ) =UDUMMY

0025 SDUMMY=~VA[2)-VDUMMY

0026 . UAAA=2.0%0A()}

0a27 VARA=Z2.0%VA{ 1)

0028 BBE=UAAASUAARFVAAASYAAA

0029 UROOTINROOT+ L= URBB*UAAA+VBOR*VAAR)Y/BBA

Dol VRADDTINRDDY+1 )=t VBBB*UAAA~UBBE*VAAA) F/BBE

0031l UHDOY (NRDOT +2 )1 ={ RDUMMY *UAAA+SOUMNY ¥VAAA) /BBA

0032 VRDOT{NROOT#2) = { SOUMMY*LUAAA-ROUMMY «VAAA) 7 BBE

0033 HULTIINROAT+# D=L

0034 MULTI{NRODT+2)=1

003s NROOF=NROOT+ 2

0038 GO TO S0

Q017 10 UAAA=2.0%VA{L)

003a VAAA=2.D%VALL)

0039 BEB=UAAA*UAAALVAAARVAAL

0040 UROOT{NROGY+ 13} ={-UA(2}*UAAA-VAI 21 %VAAA) /BBD

0041 VROOVINROOTF+1}={=yAl 2} #UAAA+UAL 2)*VAAA) /BBB

0042 HULT] (NROOT#]1) =2

Q043 NRGOT=NROOT+]

0044 50 RETURN

0045 END



000l

Q002
0003
0004
0o00s
Q00s
aoa?
oooe
0009
0010
0011
0012
0013
0014
0015
0olé
2017
00l8
Q019
0020
0021
0022
0023
Q024
0025

[sAzNaNakal

TABLE B. VIII (Continued)

SUBROUTINE COMSQTIUX yWXsUY4¥Y}

131
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*# THIS SUBROUTINE COMPUTES THE SQUARE RDDT OF A CONPLEN NUMBER.
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10

20
30

40

50

60

100

DOUBLE PRECISION UX,V¥XoUY VY DUMMY R AAA, BBD
R=DSORTUX*UXe VXEVX ]

. AAA=DSOQORT(DABSEIR+UXI/2.0))

BRB=DSARTIDABS L4R~UXD/2.0))

IFIVX) 10,20,30
UY=AAA
V¥s«1.Q0%BBB

GO TD 160
LFLUX} 40,.50,60
UY=AAA

vY=BBB

G0 1O 140
DUMMY=0ABS UKL
UY=Q,0
VY=DSQRT { DUMMY )
GO TD 100
uY=0.0

vY=0.0

G0 TO 100
DUMMY=DABS (UX]
UY=DSQRT (DUMNY
VY=0.0

RETURN

END



0001

0002
0003
0004
0005
0006
0007
0008
0009
colo
ooll
002
0013
0014
0015
0016
oolL?
ool8
0019
0020
oozl

000l

oon2
0003
0004
0005
0006
0007
0008
0009
oD10

2 akatatakats)

[sXaNaXeNolalal

132

TABLE B. VIIT (Continued)

SUBROUT I NE “HORNER (RA ¢ VA yRX Dy VX0, NOEF y R8s VB1RT o VC o RPX oY P X, ROPX, VDPX
“‘*#..**.*"‘*t*“*.t***““*‘t‘**.“*..'*.‘t.““..t"t“**‘.““".‘t'*.t

* ’ .
* HDRNER'S METHDD COMPUTES THE YALUE OF A POLYNOMIAL P{X} AT & POINY D AND *
* ITS DERIVATIVE AT D. SYNVHETIC DIVISION IS USED TO DEFLATE THE ®
' POLYHOML AL BY DIVIDING OUT THE FACTOR {X-Di. &
s
tsttt'tttutt#tttvat*uyttttttcotttttatt&#tttt*tttttttottttttttttttt-tt'mttont
1}

DOUBLE PRECISION VDP!.RXO,VXO RB, VB RC,VE s RPX VPR, RDPXaRA, VA
DIMENSION RAI26),VAL26),RALZ6E, VBL26)RCEI26),VCL26)

RBL1)=RAL1} . 516
yBilY=vAail} . : 517
NUM=NDEF +1 520

DO 10 1=2:NUM 524
RBLIV=RA(EF+(RBAE-1)*RXO-VBI [-1)eVXD) :

10 VBULI=VALLI+{VBAI~1 ) #RXDRBLTI-1) *VHD}
RPX=RE{NUM) - 532

VPR=YRINUM) . 533
AC(1)=RBLL) 540

vetl)=vB(1}) ' ’ 541 -

IF{NDEF.LT.2] GO TO 25 :
00 20 J=2+NDEF 544
RCOJI=RELSI+IRCII-1)*RX0-VCLI-1) *VX0)

20 YCLI=VBL D) +IVCLI-1 ) *RXD+RCII-1 ) VXD )

25 RDPX=RL(NDEF}

VOPX=V{ | NDEF } 553
RETURN 572
END 580
SUBROUTINE NEWTONI{RP X, VPX,RDPK.VDP!.RKD:VXD-K!NEH.VXNEHI 600
D T W T T T T
" *

® THIS SUBROUTINE CALCULATES A NEW APPRONIMATION FRON THE OLD APPROX- ®
* [MATION BY USLNG THE LTERATION FORMULA L
* XIN+#1) = XENI=PUXANT}/PYININ}), *
L] *
t.l‘ttit#****tttt#t*ti*t*tttltttttt‘tt#titﬁttttttt#..ﬁlt‘!tt#ltttlttt‘lttt.l

DOUBLE PRECISION RPX4VPX4+ROPX,VDPX,RXD: VXD RXNEMW ) VXNEW: ARG

DOUBLE PRECISION DDD

ARG=RDPX®ROPX+VDP X VOPX

DDD=DSQRT {ARG)

IF{DDD.EQ.0.0) RETURN

RXHEW=RXO- | { RPX*RDPX+VPX*YDPX) JARG)

VANEW=VXD-| I VPX#RDPA-RPX*VIPX) 7ARG)

RETURN 616

END- - 620



0001

qop2

0003
000 %
00045
agosb
Q007
Qaosa
0009
0010
0011
0012
0013
0014
ool
DOle
0017
oole
goi9
0oz0
o021
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TARLE BE. VIII (Continued)

SUBROUTINE 'CHECK [RPX oW PN, ROPX y VOPX ¢ RXG VXD 1 KANS )
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*
L]
*
*
&
*

10

25

*
THIS SUBROUTINE CHECKS FOR CONYERGENCE OF THE SEQUENCE OF APPROX-

IMATIONS BY TESTING THE EXPRESSION

ABSOLUTE VALUE OF (P{X{IN))/POLKINII}/ARSOLUTE VALUE OF X(h+l).
WHEN [T 1S AS SMALL AS DESTRED, CONVERGENCE IS5 OBTAINED.

1MMY, EPS

DOUBLE PRECISION ARG

DOUBLE PRECISION ODD

COMMON EPS,MAX,.ID2
ABSXO=DSORT{AXQERXO+YRO*¥VXO)
IF{ABSXD.EQ.0.} GO YO 25
ARG=ROPX€ROPX+YDPRFYOPX
QDD=0SQRTIARG)

IFI0DD.EQ.C.0) GU TO 25

ADUMMY = ( RPXSRDP X +YPX*VOP X ) JARG
VOUMMY=( YPXSRDPX~RPX*VOPX) FARG
ABSQUD=DSORTIRDUMMY*RDUMHY +VOUMMY *VDUKNY }
LF{ABSQUO/ABSXO.LT.EPS) GO TO 10
KANS=0

RETURN

KANS=1

RETURN

KANS#O

RETURN

END

LA B X BN J

Pppppepeappape e s DT ST TR I TR L L SR RS ST R Lt LA L i bbbl bl Lo d iy
DOUBLE PRECISION RPX,VPXoRDPXs VDPXRXD,VX0 ,ABSXOsABS QUT, RDUMMY , VDU

49
750

T60
T64
Te8

112

1do



slelo 3 |

goo2
00032

Q004
0005
0004
0007
o008
Q009
0010
aaLl
G012
0013
0014
0015
0Q1é
oo1T
0018
0019
0020
0021
onz22
0023
0024
0025
0026
o027
oobze
a029
0030
0031
0032
on33
0034
0035
0036
0037
0038

a03q
D040

004}

TABLE B, VIII (Continued)

SUBRDUTINE BETTERIKRUZEROs VXIERD RXa VEINASRA, VA, RCOEF ; VCOEF, N, RC
1VC,RB, VB

134

&.i‘ttt!'#.*#"tit‘tiittti*lt’t*‘*‘t*.t‘it#.‘tt‘*#ltttt*#‘#tt‘l*‘*“tt**#’t*

c
c * L]
C * SUBROUTINE BEYTER ATTEMPYS T IMPROVE THE ACCURACY OF YHE ZERDS FOUND L
c ® BY USING THEM AS INITIAL APPROXIMATIONS WITH NEWTON'S METHOD APPLIED TO »
C * THE FULL, UNDEFLATED POLYNOMIAL. L 3
t » *
C L2 T P P T T P T LA Y T T P I 2 P T s L 2T S T T R
DOUBLE PRECISION RXIERD VXIERD:+RKyVXsAA,VAJRCOEF VCOEF,RC,VC,RB, VB B80S
LeRXOe VXD RPX VP X yRDP X VOPX yRAXNEW , VANEM ¢ EPS
DIMENSION RXZEROGUZ25) VXLEROI 259 RXL25) o VAIZ5) sRAL20) 4 VALZ4) JRCOEFY
L26) 4 VCORF (26 ), AC1256) 4VC{26),RBL26),VBI(26)
ODUBLE PRECISION ABPX,ABDPX
COMMDON EPS.MAX, 102
DO 10 I=1,4K 812
RAZERDCI Y =RRLT) 815
10 WYXZERODLTII=vXII} a16
DO 20 [=1,.NA
RCOEFILI=RAI I} 824
20 VCOEFITI=vALL) 825
D0 50 J=1.K 824
RXD=RXZEROL 4} 832
VEO=V¥XZERDIJ) 833
NN=N 834
ITER=0 836
30 CALt HORNER(RCOEFR,VCOEFRXO+VXO NN, RB VB RC, VO ,RPX, VPXRDPX,VDP XD
ABPX=DSQRT{RPXMRPX+VPX*VPL)
ABDPX=DSQRT{RDP X*RADP X+VDPX*VDPX}
IFLABOPX .NE.Q.O) GO TO 33
IFLABPR.EQ.O0.0) GO TO 40
GO TD 34
33 CALL NEWTON{RPX VPX ROPX, VDPX s RXO, YXOoRXNEW, VXNEW)
ITER=]TERe] B5e
RXO=RXNEW B&0
YXO=VYXNEW a6l
CALL CHECK{RPX,VPX RDPX, VOPX JRXO:VAOKANS)
[FLKANS.EQ.1) GO TO 40 B4ty
IF({ITER.GE.MAX)Y GO TQ 35 -
GG TO 30 LS
34 WRITE(IOZ41112) RXO.VXO
3% WRITELLD2,1000 J,RXZEROLJY WXZEROL )
WRITE(ID2,200) MAX
40 RX{JI=RAD 870
VR JY=VXD a7l
50 CONTINUE B72
RETURN B7&
11k2 FORMATUIHC+36HTHE VALUE OF YHE DERIVATIVE AT X0 = ,D23,l6,3H + .02
L3.06y2H 1410H [S ZEROL} X
100 FORMAT (4 2HOIN THE ATTENPT TO IMPROVE ACCURACY, ROOT{+L2,4H) = ,023
lelég3H = ,D23,16,2H 1,184 DIO NOT CONVERGE.)
. 200 FORMAY{33H THE PRESENY APPADXIMATION AFYER ,13,29H [TERATIONS !5 P
LRENTED BELOW.)
END 880



APPENDIX C
MULLER'S METHOD
2. Use of the Program

A double precision FORTRAN IV program using Muller's method is
presented in this appendix. Flow charts for this program are given in
Figure C.l while Table C.V gives a FORTRAN IV listing of this program.
Single precision variables are listed in some of the tables. The
single precision variables are used in the flow charts and the
corresponding double precision variables can be obtained from the
appropriate tables.

The program is designed to solve polynomials of degree 25 or
less. Both the coefficient of the highest degree term and the constant
coef ficient should be non-zerc. In order to solve polynomials of
degree N, where N » 25, certain array dimensions must be changed.
These are listed in Table C.I for the main program and subprograms in

double precisiomn.
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PROGRAM CHANGES FOR SOLVING POLYNOMIALS OF
DEGREE GREATER THAN 25
BY MULLER'S METHOD

Table C.II lists the system functions used in the program of

Muller's method.

name.

TABLE C.I

Double Precision

Main Program

UROOT{N) , VROOT (N)
MULT (M)

UAPP (N, 3) ,VAPP (N, 3)
UWORK (N+1) , VWORK (N+1)
UB (N+1) ,VB (N+1)
UA(N+1) ,VA(N+L)

URAFP (N,3) ,VRAPP (N, 3)

Subroutine BETTER

URQOT (N) , VROOT (N)
UA(N+1) , VA (N+1)

UBAPP (N, 3) , VBAPP (N, 3)
UB (N+1) ,VB(N+1)
UROOTS (N) , VROOTS (N)
URAPP (N, 3) , VRAPP (N, 3)
MULT (N)

Subroutine GENAPP
APPR (N, 3) ,APPI(N, 3}
Subroutine HORNER

UA{N+1) ,VA(N+L)
UB (N+1) , VB (N+1)

Subroutine QUAD
UA(N+1) ,VA(N+1)

UROOT (N} , VROOT (N}
MULTI(N)

136

In the table "d" denotes a double precision variable
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TABLE C.II

SYSTEM FUNCTIONS USED IN MULLER'S METHOD

Double Precision

DABS(d) - obtain absolute value
DATAN2(d, ,d,) ~ arctangent of -d,/d,
DSQRT(d) - sgquare root

DCOS (d) - cosine of angle
DSIN{d) - sine of angle

DSQRT (4) - square root

2. 1Input Data for Muller's Method

The input data for Muller's method is identical to the input data
for Newton's method as described in Appendix B, § 2 except for the
variable names. The corfespondence of input variable names is given
in Table C.III. Only one (not three) initial approximation, XO’ is
given for each root. The other two required by Muller's method are

constructed within the program and are .QXO and l.lxo.

3. Variables Used in Muller's Method

The definitions of the major variables used in Muller's method are
given in Table C.IV. For definitions of variables not listed in this
table see the definitions of wvariables for the corresponding subroutine
in Table B.VII. The notation and symbols used here are the same as

for Table B.VII and are described in Appendix B, § 3.



138

TABLE C.III

CORRESPONDENCE OF NEWTON'S AND MULLER'S
INPUT DATA VARTABLES

Newton's Method Muller's Method

Control Card

NOPOLY | NOPOLY

N NP
NIAP NAPP
MAX MAX
EPSCNV EPS
EPSQ EPSQ
EPSMUL EPSM
XSTART XSTART
XEND XEND
KCHECK KCHECK

Coefficient Card

A (RA) A (UA)
A (VA) A (VA)

Initcial Approximation Card

XZERO (RXZERO) APP (UAPP)

XZERO (VXZERO) APP (VAPP)
End Card

KCHECK KCHECK

4, Description of Program Output

The output from Muller's method is the same as that for Newton's
method as described in Apptendix B, § 4., Only one initial approximation,
Z, (not three) is printed for each root. It is either that supplied by
the user or generated by the program. The other two approximations

used were 0.9Z and 1.1Z.
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5. Informative and Error Messages

The output may contain informative messages printed as an aid to

the user. These are:
"NO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER XX."

XX is the number of the polynomial. This message is printed if no roots

of the polynomial were found.

"IN THE ATTEMPT TO IMPROVE ACCURACY, ROOT(X) = YYY
DID NOT CONVERGE AFTER ZZZ ITERATIONS

THE PRESENT APPROXIMATION IS AAA"

X 1s the number of the root before the attempt to improve accuracy, YYY
is the value of the root before attempt to improve accuracy, ZZZ is the
maximum number of iterations, and AAA is the current approximation
after the maximum number of iterations. This message has the same

meaning as the corresponding message in Appendixz R, § 5.



TABLE C. IV

VARIABLES USED IN MULLER"'S METHOD

v

‘Single Precision Double Precision Disposition

Variable Type Variable  Type of Argument

Description

NP

. PX4

102

Main Program

-1 NP I Degree of polynomial P(X)}
NROOT I NROOT I Number of distinct roots found
NOMULT I NOMULT T Number of roots {(counting multiplicities)
RQOT C - UROOT,VROOT D Array containing the roots
- NAPP . I NAPP I Number of initial approximations to be read in
APP C UAPP,VAPP D Array of initial approximations
WORK C  UWORK,VWORK T Working array containing coefficients of current

. P polynomial

-C UB,VB ‘D Array containing coefficients of deflated polynomial
A - C UA,VA . D Array containing coefficients of original polynomial

, P(X)
. RAPP c URAFP,VRAPP D “Array of initial or altered approximations for which

' - convergence was obtained ‘
%1 C UXi,vi1 D One of three current approximations to a root
X2 - C UX2,VX2 . D One of three current approximations to a root
X3 - C UX3,vX3 D One of three current approximations to a root |
PX1 . C UPX1,VPXL. D Value of polynomial P(X) at X1 '
PX2 c UPX2,VPX2 D Value of polynomial P(X) at X2
PX3 C UPX3,VPX3 D Value of polynomial P(X) at X3
X4 . C UX4, V4 D Newest approximation (Xp4j) to root

- C UPX4,VPX4 D Value of polynomial P(X) at X4
MULT .. - I MULT I ‘Array containing the multiplicities of each root Ffound
ITER I ITER T Counter for iterations h
101 I I01 T Unit number of input device

I 102 hi Unit number of output device .

ovT



TABLE C.IV, (Continued)

Single Precision Double Precision Disbosition

Variable Type  Variable Type of Argument Description
EPSRT R EPSRT D Number used in subroutine BETTER to generate two

approximations from the one given

NOPOLY I NOPOLY I Number of the polynomial

MAX 1 MAX T Maximum number of iteratioms

EPS R EPS D Tolerance check for convergence

EPS0 R EPSO D Tolerance check for zero {(0)

EPSM R EPSM D " Tolerance check for multiplicities

KCHECK 1 KCHECK I Program control, KCHECK = 1 stops execution of program -
XSTART - R XSTART D Magnitude at whlch to start generating 1nitia1

: approximations

XEND R XEND D Magnitude at which to end generating inifial -
. ) ) approximations
' NWORK I NWORK 1 Degree of current deflated polynomial whose coefflcients

E are in WORK
ITIME - I ITIME T Program control
NALTER - I NALTER I. ~ Number of alterations which have been performed on an
) initial approximation

"IAPP I IAPP T Counter for number of initial approximations used

CONV L CONV L When CONV is true, convergence has been obtained

IROOT 1 IROQT I Number of distinct roots solved by Muller's method, i.e,

o not solved directly by subroutine QUAD
Subroutine HORNER

A c UA,VA o ? E Array of current polynomial coefficients (to be deflated

' : or evaluated) :
NA I NA - E. Degree of polynomial to be deflated or evaluated

X C UX, VX D E} Approximation at which to -evaluate or deflate: the

. B . polynomial : :

Iyt



Single Precision

Variable

B

PX
NUM

X3
| X4
CONV
EPS
. EPSO
DEROM

MULT
ROOT -
NROOT
. BAPP
 IROOT -
ROOTS
 EPSRT

ITER

EIEE .

C

oy

HOMOHOH -

H o,

AR HOoO

Iﬁ(Continued)

Descrigtiou

Array contalnlng the coefficients of the deflated
polynomial

Value of the polynomial at X

Number of coefficients of polynomial to be deflated

Subroutine TEST

Approximation to Root (old) (X))

New approximatiom to root (X,¢j)

CONV = “true implies convergence has been obtained
Tolerance for convergence test

Tolerance check for zero (0)

Magnitude of new approximation, (X

n+1)

Subroutine BETTER

TABLE ¢,
Double Precision '.DiSPQSition '
Variable ‘Type of Argument
UB, VB - D R
UPX,VPX R
NUM 1
.
UX3,VX3 p E
UX4 VX4 Do E
CONV L. R
EPS D c
EPSO D o
DENOM D
MULT 1 ECR
UA,VA “D. " E
NP I. E .
UROOT,VROOT D ECR
NROOT I ECR
UBAPP,VBAPP D E
IROOT I ECR
UROOTS,VROOTS D
L . _
EPSRT D c
ITER . . I ¢

Array of multlplicitles of each root

Array of coefficients of original undeflated polynomlal

Degree of original polynomial

Array of roots

Number of roots stored in root

Array of initial approximations (old roots)

Number of roots solved by the iterative process (Not
QUAD)

Temporary storage for mew (better) roots

Number of roots found by BETTER

A small number used to generate two of the three
approximations when given one. ‘

Counter for number of iterations

eyt



TARLE CV . '[V (Continued)

Single Precision Double Precision Disposition |
Variable Type  Variable Type of Argument

Description

"B

- PX3

- J

Array containing coefficients of deflated polynomial

C UB,VB D
X1 ¢ . UX1,vl D One of three approximations to the root
X2 C Ux2,Vx2 D One of three approximations to the roo?
X3 c UX3,VX3 D One of three approximations to the reot
PX1l . C . UPX1,VPXl D Value of polynomial (BP(X)) at X1
Px2 - C  UPX2,VPX2 D Value of polynomial (P(X)) at X2
C UPX3,VPX3 ‘D Value of polynomial (P(X)) at X3
CONV L CONV L CONV = true implies convergence has been obtained
X4 €. UX4,VX4 iD Newest approximation to root
B T Program control - counts the number of roots used as
: - b initial approximations
- MAX I - MAX . C Maximum number of iterations permitted
102 -1 102 - c Unit number of output device
B BN Subroutine ALTER
X1 c XIR,X11 B ECR One of the three approximations to be altered
X2 - . C X2R,X%21 i ECR One of the three approximations to be altered
X3 .C - X3R,X31 D ECR One of the three approximations to be altered
. X2R R 2R %D Real part of complex approximation
- X21 R X21 D Imaginary part of complex approximation
Ll _ Subroutine QUAD
EPST “R. . EPST - " E Tolerance check for zero (0)

Subroutine CALC--

These variables are dummy variables used for temporary storage and thus, are not defined.

evT
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TABLE C.V.

PROGRAM FOR MULLER'S METHOD

Tt T Tt e P RN TP N R RS TR RS R SRS RS S RE L S eSS il bl 2l) )

*
DOUBLE PRECISION PROGRAM FOR MULLER'S METHOD

*
* Y
* *
. ‘ "
® MULLER'S METHOD EXTRALTS THE IERO5 AND THELR MULTIPLICITIES OF A *
* POLYNOMLAL OF MAX IMUM DEGREE 25. THROUGH THREE GIVEN POINTS THE *
& POLYNOMIAL IS APPRDXIMATED BY A QUADRATIC. THE ZERD OF THE QUADRATIC ]
*x CLOSEST TO THE OLD APPROXIMATION IS TAKEN AS THE NEW APPRUKIHAF[DN- *
* IN THIS MANNER A SEQUENCE 15 QBYAINED CONVERGING TO A ZERO. "
» *
. *

BESEREESRENKESPEE RN EEFRRLE RN A AR AR ST RS SRR IR R Qb KL e ad NNk kRO R
OOUBLE PRECISION UPX3,VPX3,UPX2,YPX2,URDOT,VRODT 4UX1,¥X1 UAPP, VAPP
LsUX2 ¢ VX2 s UWORK p VWORK pLIX3 3 VX3 4 UB ¢ VB ¢ UX4 3 VRG ¢y UA VALUPX Ly WPX Ly URAPP,V
2RAPP 4UP X4, VPX4EPSRTEPSO,EPS,CCC EPSM,UHI | VHIUQ4 YV Q4, ABP XS, ABPX3
3,0004XSTART (XEND
DIMENSIDN URDDTIZ25) VRODT{25),MULT(25) , UAPP{25,3), VAPP(25,3),UNORK
10260 VHORK{26) s UBL266.VBL{26)4UAL26) VAL 26) JURAPPI25,3) ,VRAPP{25,3)
DATA PNAME s ONAME/ 2ZHP(,2HD{/
LOGECAL CONY
COMMON EPSRT,EPSO,EPS,102,Ma%
10i=5
102=6
EFSRT=0,999
10 NRAGT=0
1RDOT=0
{PATH=1
NOMULT =0
NALTER=0
ITIME=D
149P=1
ITER=1
READ{IGL 1000} NDPDLY.NP.NAPP.MAx.EPs.EPsu.EPSH XSTART, KEND KCHECK
[F(XKCHECK.EQ.1} STQP
KKK=NP+L
READ(IQL,1010) (UACL) 4VAIT}¢I=1eKKK)
WAITEC[02,10200 NOPOLY NP
WRITE(102,1035) (PNAME, I UALTI,VALI}, 121 KKK}
WRETECID2 2060}
WRITECEO2,2000) NAPP
WRITEL[DZ2,2010) MAX
WRITEL§02,20201 €PS
WRITELID2,2030 ) EPSM
WRITE{ID2,2040) XSTART
WRITE(IO2,2050) XEND
IF({NP.GT.2) GO TO 15
CALL QUADTUA VA NP ,URDDT { VRAOT s NRQOT o MULT 4 EPSDI
WRITEL1D2,1037}
WRITEL102,108&) (1,URDOT(L),VRODTOL),MULTEL ), I=1,NROQOT)
GO 1D 10
15 IF{NAPP.NE.O) GO TO 20
NAPP=NP
CALL GEMAPP{UAPP,VAPP NAPP,XSTART)
G0 TQ 27 ’
20 READ(IOL,10300 (UAPPIL,2) VAPPET 2}, I=1.NAPP}
00 25 1=1.NAPP .
UAPPLL 4 1)=0.9%UAPP L, 2]
VAPPIL41)=0, 9% VAPP(],2]



0043
0044
a045
0046
0047
0048
a049
0050
0051
0052
0053
0054
0055
0056
0057
0058
0059

QD&D
atsl
ops2
0063
0064
[+117:%-1
20173
0dsT
0da68
0069
DOTO
o7l
0a7T2
ooT3
0074

0075
cavs
0017
0o0va
0019
0080
ooel
0082
0083
0084
0045
0086
cos?t
0088
0089
0090
a9l
0092
0093
0094
0095
0095
0097

o098’

25
27

30

40

50

50

T0

5

1

80

a1

a2

55
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TABLE C.V (Continued)

UAPPLE+3)=l. 1%UAPP{],2)

VAPPIT +3)=1, LEVAPPIL,2)

KKK=NP+1

DO 30 J=1,KKK

UWORK [ ) =UAl L)

VHORK (1) =VALL}

NWOR K=HP

UX1=UAPP{ [APP, LI

VX1=VAPPLITAPP, L)

UXZ=UAPPILAPP,2)

VYNZ=YAPPI IAPP,2)

UX3=UAPPLTAPP,3)

¥X3=VAPP{TAPP,3} .

CALL HORNER{NWORK , UWORK , VWORK s UX L VX1 :UB VB PX1, VPXL)
CALL HORMER{NWORK s UNDRX s VNORK yUX 2, VA2 yUB VB, UPX2,VPX2}
CALL HORNER{NWORK o UWDRK ¢ VWDRK ;LIX3, VX3 UB VB, UPX3,VPX3)
CALL CALCAUXYy VX EUX2 VX253 UKI VX UPXE, VPXLsUPX2 4 VPX2 4UPX3 VP A3, UK
Lb e ¥ XGeUQ4  ¥Qha UH3 ,VHI

CALL HDRNEGR{NNWORK sUWNORK ; VWORK s UX4 ¢ VA4 UB G VB s UPX4: VPX4)
ABPX4=0SORTIUPKRL ¥UPXEHVPXGEV DKL)
ABPXI=DSQRTIUPXI¥UPX I+ VPXI*VPX)

FFLABPX3.EN.0.0) GO TO 70O

QAQ=ABPX4 FABPXKD

IF{QOQ.LE.10.} GO TO 70

UD4=0,5%Q4

VQ4=0, 55VQ4

UXa=UX 3+ { UHIBUQ 4=~ VHI*VQ4)

VR4 =V X3 {VHIMIQL FUHI*VD4L)

GO TQ &0

CALL TESTIUX3, ¥x3,Ud4,VX4,00NV)

LELCONYY GO TO 120

IF(ITERLLTLMAX) GO TO 110

CALL ALTER(UAPP{TAPP 11, VAPPITAPP, L1, UAPPETAPP 12} s VAPP{IAPP,21 UAP
1PLIAPP 30 VAPPLIAPP,3 ) yNALTER,ITINE) :
IFINALTERLGT.51 G0 YO 75

I1TER=1

G0 10 40

IF{IAPP(LT.RAPP) GO TO 100

IFIXEND.EQ.0.0) GO TO 77

IF(XSTART.GTXEND) GO TO 17

NAPPaNP

CALL GENAPP{UAPP . VAPP,NAPP,XSTART}

LAPP=0

GO TO 100

WRETELINZ,1090}

KK¥=NWORK+1

WRITEC102,1035) {ONAME, JyUWORKE J} (VHORKE D) g d=1yKKK)
IF{KRDOT.EQ. 0} GO TO 90

WRITEL102,1060)

IFLIPATH,.EQ.1} GO TO 82

IPATH=2 -

CALL BETTER(UA,VA, NP URDQT,YROOT ,NROOT, URAFP ¢ VRAPP ; LROCT ; MUL T}
WRITELIOZ,12001

IF(NROOTLEQ.OIGO YO 90

IF{1RDOOT.EQ.0) GO TO 85

WRITYELID2,1080)

DO 55 I=1,1RQ0T

WRITE(I02,1085) 1,UR00TL1) VRODT UL} MULT LT ) URAPPLE, 2} VRAPP(1,2)



0039
aLo9
0101
0102

0103

aj 0%
0108
aloe
o107
0108
0109
0110
0311
gL12
0113
0ll4
0115
0118
oLl?
oLia
oLle
0120
o121
0122
0123
0124
0l2s
. 0l26
0127
o128
olze
0130
o131
0132
0133
0134
0135
1l3s
aL3ir
D138
0139
0140
0l4l
0142
G143
Glas
Q145
0146
Ol&7?
OL48
0149
0150
0151
o152
0153
0154
0155
o154

85
ar
%0

100

120

TABLE C.V, {Continued)

TFAIRO0T LT NROGTY GO TO 85
G0 TD ar

KKK=[RODT+1

WRITE{102,1086) CI,URDOTUI),VROOTAL) MULTL L}, I=KKK,NROOT}
IF{IPATH.EQ.E) GO TD B1L

GO TO 10

HRITE(IO2,10T70) NGPULV

GO TD 10

1APP=TAPP*]

ITER=L

NAL TER=0

GO TD 40

NROOT=HROOT+1

1ROQT=NROODT

MUL TU(NRGOT =1

C NDMULT=NOMULT+]

125

130

140

150

110

1010

1020 FORMAT (1HL, 1%, 52 HMULLERS METHOD FOR FINDING THE IERQS DOF A POLYNOM

UROOTINARDGTI=UX4
VROOT(NROOT b =¥ X4
URAPP{NRODT,L}=UAPP{IAPP,1)
VRAPPINROOT, Li=VAPPLIAPP,1)
URAPPINRDOT y 2} aUAPPLTIAPP,2)
VRAPPINROOY 2)=VAPPLIAPP, 2}
URAPPINROQYT  3)sUAPPITARP,3)
VRAPP(NROOT 31 =VAPP(TARP,3}
IFINOMULTLLT.NP) GO TO 130
GO TO B0

CALL HORNER(NWORK s UWORK o VWORK jUXG e V&4 UB, VB, UPXS, VP K4}
NWORK=NWDRK~1

KKK =NWORK+]1

00 140 I=1,KKK
UWORKIE)=UB{T}
VRORK I =VB( 1}

CALL HORNERINHDRK:UHORK.VHDRK UXA e ¥ X4 UB VBsUPK& VP XS]
CCC=DSQRTIUPX4SUPX4G+VPX4*YPX &}
IFICCC.LTLEPSHY GO TO 150
[FINWORK.GT,.2) GO TO 7%
1ROGT=NROOT

CALL QUADTUMDRE, VWORK (NWORK URQOT ¢ ¥ROOT NROOT.MULT EPSD)
GO T4 40

MUL T{NROOGT) =MULT {NRCGOT) +L
NOMULT=NDMULT+ 1

GO TO 125

Uxl=ux2

VX1=VX2

Ux2=ux3

WRZ=VA]

UX3=UX%

VX3=VXa

UPRAL=UPX2

VRXL=VPX2

uUpPx2=UuPx3

VPRKZ=VPX3

UPX3=UPX 4

VPXI=VP X4

ITER=ITER+]

GO TO 50

FORMAT [ 2030.01
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aLsT
0158

o159

ols0
21561

0182
Gle3
Olb64

Ol&s
Glab
0167
0ls68

0189

o170
0171
eLT2
4173
0174
01vs

TABLE C.V. {Continued)

LIALZLIW o 1X,1BHROLYNOMTIAL NUMBER »12.11H OF DEGREE +12///1H +1X,28H
2THE COEFFICIENTS OF PIX) ARE//)

1030 FORMATI2030.0)

1090 FORMAT U/ /7, 1%, 6SHCOEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO
LZERDS WERE FOUND/S /)

LOBO FORMATL//71X,13HRDOTS OF PLX) 452X e 14HMULTIPLICITEIES s LTX 21 HINITIAL
1 APPROATMATION/ZY :

1070 FORMATI/ /43K ND ZEROS WERE FOUND FDR POLYNDMIAL NUMBER ,12)

1086 FORMATIZ2X,SHRIOTE 12,4H) = 4D23.1643H + 4023, 1642H 148X, 1229Xe2IHS
IDLVED BY DIRECT METHOD)

LO3T FORMATIZ/7 1Xe13HZEROS OF PUXISIX,14HMULTIPLICITIES//)

1035 FORMAT(IX, A2,012,4H} = «02341643H + 4023,16,2H T} ..

1085 FORMATIZA,SHRODTL,12,4%) = ,D023.16¢3H + +D23,16:2H 1,8X,12,8X,D23.
Ll&6+3H + ,023.18.2H ()

LO0O FORMATII(I241X1, 9% 138X 2I06.0,1%)y13%X2107,041X0,11)

1060 FORMATL///35H BEFORE ATTEMPT TO IMPROVE ACCURACYI

1200 FORMAT L/ //EXy3THAFYER THE ATTEMPT TO IMPROVE ACCURACY!)

2000 FORMATILX,41HNUMBER OF INITIAL APPROXIMATIONS GIVEN. +12)

2010 FORMAT{LX,29HMAX IMUM NUMBER OF ITERATIONS.,11%X,.I3}

2020 FORMAT[1X,21HTEST FOR CONVERGEMCE..13X.D9.2}

2030 FORMAT(1IX.24HTEST FOR MULTIPLICITIES. (LOX,D9.21

2040 FORMAT(IX423HRADIUS TO START SEARCH. 11X,09.2)

2050 FORMAT(1X,21HRADIUS YO END SEARCH., 13X,09.21

2060 FORMAT{//1X)
- END
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© o001

opoz
0003
0004
6005
Qo006
0o0a7
Doos
0009
0010
0011
o012
0013
001%
0015
0016
o017
ools
0019
0020
gozl
po22
0023
0024
0025
0026
0027

0028

0oz2zg9
0030

SodOoon

*

10

20

30

40

50

TABLE C.V (Continued)

SUBROUTINE ALTERTALIR,X11,X2R,X21, %3R4 X3 1, NALTER, ITINE)

P e T T Y P P P PSSR RIIE LR ST LEE RS L LS Ll s el Bl L L L L

* SUBROUTINE ALTER ALTERS THE INITIAL APPROXIMATIONS WHICH PROOUCE NO
* CONVERGENCE TO A ZERG, THIS IS DONE A MAXIMUK OF 5 TIMES FOR EACH RDOT.
*

DOUBLE PRECISIOM XIR,X1TeX2RyX2I,X3R,X31,EPSL,EPS2,EP53R,BETA
COMMON EPSL,EPS2+EPS3, 102, MAX
IFUITIME.NE.Q) GO TO §

ITIME=1
WRITE([02Z,1010)

WRITEI102,1000)
GO TO 20

Max
IFINALTER.EQ.Q) GO TGO 10
KLRe X119 X2Re X284 IR X3I

R=DSORTIXZR*X2R+X2T*X21}
BETA=DAVANZIAZI,X2R}

WRITELIOD2+0020)
MALTER=NALTER+L

X

ERyXLI ¢ X2R¢X2T ¢ X3R4 N3T

IFINALTER.GT .5) RETURN
GO TD {30¢40,30+40,300,NALTER

X2R==X2R
X2l==X21
GG TO 80

BETA=BETA+1.047197¢

X2R=ReDCOS(BETA)
X21=RA*DSINIBETA)
X1R=0.3%X28
K1l=0,9¢X2 1
NAft=1.1%%2R
X3f=1.1%X21[
RETURN

1000 FORMATI1X%,5HXL = 4D23.1643H # ,D23.16,2H [+10X.22HALTERED APPROXIM

1020

LATIONS/ LX 51 K2 =
2¢023,1642H 1/}
FORMAT (1HG ,5HX1
IHATIONS /L X SHN2Z
2 Db23.16,2H 1)

2 023.16,3H ¢ ,D23.1642H D/LN,5HX3 =

D23, 16,3H +

f123.164+3H ¢ 023,16, 2H 1, 10X, 22ZHINITIAL APPROX]

1023.16,3H # 4D23,1442H £/1X,5H43

023,164 3H +

LOI0 FORMAT(///71X,54HNG CONVERGENCE FOR THE FOLLOWING APPROXIMATIONS AF
LTER ,13,12H ITERATIDNS.Z/)

END
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0601

o002
0003
0004
0005
0006
0007
0ooa

0009

0010
o011
o012
o013
004
. 0018
o016
Q017
o018

onanoo

TABLE C.V (Continued)

SUBROUT LNE GEMAPP(APPR.APP[.NAPP.XSTARTI

155

‘tt"'tti.#tt.ttttl‘*‘tt#““ttllttlt.tt.‘t't*“*“.*'0‘4.#"#“““‘####‘Ot

>

* SUBRDUTINE GEMAPP GENERATES N INITIAL APPROXEMATEONS, WHERE ‘N [5 THE

*
L]

DEGREE OF THE ORIGINAL POLYNOMIAL.

*
be
L]

‘it#'it.#‘.ttt‘l‘t!#tttt#.t't“l‘#0t.#..#O#t‘ﬂ.l‘t‘#t‘t“tt‘t'#..t#t..‘!‘&tt

X

20

DDUBLE PRECISION APPR, APPI-XSTART.EPSI.EPSZ'EP83|BETA
DIMENSION APPR{254 3} ,APPI{25,3)
COMMON EPSE EPSZ,EPS53,102,MAX
IFIXSTART.EQ.0.0) XSTART=D.5
BETA=0.2617994%

DO 10 I=1.NAPP
APPRIT,2I=XSTART*OCOS(BETA)
APPE{L+2)aXSTART*DSINIBETA)
BETA=BETA+0.5215984
KSTART=KSTART+0.5

00 20 {=l.NAPP
APPRIL,11=0,9*%APPRL[,2)
APPI{L+1)=0,9%APPL{1,2) "

APPRII 31 1¥%APPRIL,2D
AFPIII.!D*I.l*APPllI.zl

RETURN

END



ool

aoo2

0003
0004

0005
0006
oga?
- 0008
G009
6010
o011
o00l2
0o13
0014
QoLs
0o01é
0ot7
aoLs
oo19

Q020

[+1VF-9
0oz2
0az3
aQzé
0025
Q026

o027
0028
Q029
0030
0031
Q032
0033
Q034
- 0035
D036
0037
0038
0039
0040
004l
aos2
0043
0044
Qo045

Nalatalatalala)

TABLE C.V

SUBRDUTINE‘BETTER1U&.VA-NP.UROOY.VROOT.NRDDT.URAP#.VRAPP.[RODT.HUL

i7)

(Continued)
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XN BERER KRN R RS R FF RN t-‘"“-‘.‘t-‘.t“‘#t*tt"tt‘tt##t#’ttt!t###t.l‘.ttlt.ttllt

* SUBROUTINE DETTER ATTEMPTS TO IMPROVE THE ACCURACY OF THE IEROS FOUND
* BY USING THEM AS ENITIAL APPROXIMATIONS WITH MULLER'S HETHUD APPLIED TO

* THE FULL+ UNDEFLATED POL YNON1AL .

**ttt'ttttt.tttttttttt#Utitttttt.##ntlttttt‘tt.t#lt‘ttt#‘ttttttttttttt#tttt
DOUBLE PRECISION UROOT,YRAOT,UA,VA,UBAPP VBAPP (UXL, VXLsUKZ,VX24URS .
Lo VX3,UPK1yVPXY ,UPX2, VPX2 yUPX3 ,VPX3,UB, VB, URDOYS, VROOTS-EPSRT.UI#.V

10

20

2X4p URAPP o YRAPP 4 EPSO s EPS sUQ% s V34 yUH3  VH3

LOGICAL CONY

DIMENSTON URDDT(ZS)pVRODYIZS)uUAlEbI.VAIZ&l UBAPP{25,3) ,VBAPP(25,3
13:UBI26),VBI261,URDDTSE25) VROOTSE25) JURAPPL25,3) 4VRAPPIL2Z5, 3!|HULT

3125}

COMMON EPSRT,EPSD,ERS,102,HAX

[F{NROOT.LE.1} RETURN
L=0
00 10 [=1,NROOT

UBAPPT Lo 1 )=URCDT L[ ) =EPSRY
VBAPP(I+1)=YRODT( 1) *EPSRT

UBAPPLLy 2)=URDOT(T}
VBAPPI 142 )=VYROOTLT)

UBAPPII,3)=URDDT{[)*{2.0~-EPSRT]
VBAPPI1,3)=VROOTITI*L2.0~EPSRT)

DO 100 J=1,NROQOT
UX1=UBAPP( .y 1)
WHL=VEAPP{ S, 1)
UXZ2=UBAPPL J,2)
VAZ=VBAPP{ },2)
UX3=UBAPPI{L, 2
VEI=VOAPPLJ,30
ITER=1

CALL HORNERNP LA VA UXE VX1, UB, VBoUPKXL,WPX1]

CALL HORNERINP qUAVA UX2 (VN24UB,¥YB,UPXZ,¥YPX2}

CALL HURNERINPyUA.V‘|UK3,V“3|UB‘VB|UPX3|VP1]| .

CALL CALCIUIItVXl-UKZ.VKZ.ul3.V!B.UPKI.UF!I.UPK2.VPXZ.UPK3 VPX3 , UX

L4y VX4 UDG e VA4, UHD (VH3E

30 CALL TESTlUXB.VIS;Ux&.VIQ-CDNV!

33

34
35

40

TF{CONY) GO TO 50

IF{ITER,LT.MAX} GD TO 40

WRITELI02,1000) J.URUUT(JI'VRDDTIleﬂil

HWRITE{102,10101 UX4,VXs
IF{J.LT.IROOT) GO TO 33
{F{J.EQ.IROOTE GO TO 3%
GO TD 100

KKK=IROOT-1

DO 3% K=JsKKK.
URAPPLK e LI=URAPP{K+1, 1)
VRAPP K, LI=VRAPP(K+L1, 1)
URAPP{K, 21 =URAPP (K +L +2)
VRAPP K, 2) =VRAPP(K+142)
URAPP (K 3E=URAPPIK+14+3]

VRAPP(K,31= VRAPP(K+1.3)
IRODT=TROQT-1

GO ¥O 100

uxl=ux2

-
»
»
[
»
»



0046
0047
D048
0049
0050
0051
0052
G053
0054
0055
0056
. 0osY
0058
0059
0060
0061
0062
0063
QD&%
0065
0066
Qo067
(e 1]
0669

Q070

6071
0072

50

100

110

120

1000 FORMATI///742H

TABLE C.V (Continued)

¥X1aVX2
UXZ=UX3
VX2=VX3
UX3=ux4
VXI=VX4
UPK1=UPX2
VPX1=VPXZ
UPX2=UPK3
VAX2=YPX3
ITER=ITER+]
6D TO 20
L=L+l
URGOTSCLI=UX4
VROGTS(LI=VX4
MULT (L) =RULT{J)
CONTINUE
1F{L.EQ.0) GO TO 120
DO 110 I=1,L
URODT {11 =URBOTS(I)
VROOT(11=VROOTSE )
NRODT=L
RETURN
NROOT=0
RETURN

210NS

1010 FORMATI30H THE PRESENT APPROXIMATION 15 (D23.16,3H + ¢D23,16,2H 1/

L)
END

IN THE ATTEMPT TO IMPROVE ACCURACY, ROOT(,12.4H) = -
1023,1633H & 4D23.16,2H L/24H DID NOT CONVERGE AFTER ,[3,11H ITERAT
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oaol

0002
0003

0D04
0005
0008
Leliliyg
0008
0009
0010
0oLl
0o0l2
0013
0014
Q015
00lé
no1?
0ol
ooL9
0020
o021
0g22
0023
a0z4

0025

0026
p0z7
0028
0029
0030
0031
0032
0033
0034
0035
. 8036
0037
0038
0039
0040
D4l
0042
0043
Q0%

ooaanoan
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TABLE C.V (Continued)

SUBROUTINE CALC{UXL 4 VXL 4UXZ V2 sUNI1VRI pUPXL 4 VPRL,UPX2 VPXZ PR3V

P X3, UX4, VX4 4 UQ% VA4 UH3, VHI)
PRASAEEREREESERR R RN KRR EESRIASE AR RS EE AT ER AR R RN R R R CAEER LR LSRR U 2R ’

-
GIVEN THREE APPROXIMATIONS X(N-2), X{N=1)y AND X{N}, SUBROUTINE CALC L
APPROXIMATES THE POLYNOMIAL BY A QUADRAYTIC AND SOLVES FOR THE ZERD oF @
THE QUADRATIC CLOSESTY TO X(N}. THIS ZERD 15 THE NEW APPROX[MATLON L :
KiN+1) YO THE ZERO GF THE POLYNONIAL. R

¥
L}

L NN K )

ERERENBR RN RSO RN KRR EXIEEREE REFSEPEEER RN RARERN RS itt!tit!tt*ltt#t‘.itt
DOUBLE PRECISION ARGL,ARGZ ’
DOUBLE PRECISION UPX3,VPX3 L UPXZ 4 VPK2 UKL WXL oUXZ YKZ,UX3, VNI, UPKL,y
LVP AL s UN3 s VH3 JUHZ ¢ VH2 4 U3, ¥Q3 4UD 4 VO ,UB , VB, UC , VCUDESL,VDISCo UCLCC, VE

2CCoUDENL , VOENL ¢ UDEN2 o VDENZ yUQ4 ¢ VQ &) UXG VXG4 EPSRT, EPSO.EPS.UDDD.VDD

3D, AAA,BBB,RAD,UAAA,VAAA,UBDB,VBER .

DDUELE PRECISIDON THETA-ANGLE.UTEST.VTEST

COMMDN EPSRT \EPSD4EPS, [02,MAX

UHI=UX3-UN2

VHI=VX3-VyX2

UHZ=UX2-UX1

VYH2=VYX2-VX1

BBB=UH2 $UHZ + VH2 ¥VH2

UQ3=(UH3*UHZ+VHI®YH2 ) /BBSE

V3= [VHI*UMZ~UHI*VHZ) /BBB

uopD=1 .0 +u03

voDD=YQ3

D= (UPX 3= 1uoun~upxz—vnuotvpx2|s+tu03tu9x1 -¥Q3I*YPK])
VO= 1 VAX3 - {VDDODSUPX2+UDDD*VPXZ}) + (VQISUP XL +UQI*VPN L}
UAAA=Z. B5UD3 -

VAAA=2,0¥VQ3

VAAA=UAAA+].D ]

UBBA=UDOD*UNDD-VD DO *VDOD

VB8B=YDOD*UDDD +UDDD*VODD

UCCC=UQ3*UQ3I-vaI+V a3

VCCC=VQ3*U03+UG3*VQ

UB= ({UAAASUPXI—VAAA®YPX3 )~ [UBBASUPX2-VBBB®EYPX2) I + (UCLC SUPX1~VLCLHY
1PXL}

va= l(VAAA*UPK3+UnnAtVPx3)~IVBBB'UPK2+UBBB*VPKZII*(VCCC‘UPKIGUCCC*V
1PX1)

UC=URDDEUPX3-VDDD* VP XD

VC=VDODEUPX 3 +UDODEVP XD
UDLSC={UBSUB-Y8*VB}— {4, 0% |UD*UC-VDEVC) D
VOISC={2,0F(VB*UB} ) ~(4%,0%{ VDEUC+UD*VC) ]
AAA=DSQAT(UOTISCHUDISC+VDLISCHYDISC)

IF{AAALEQ.D.0) GO TO ©

GO TO 7
5 THETA=0.0

G0 10 9
7 THETA=OATANZLVOISC,UDISCY

9 RAD=DSQRV{AAA)

ANGLE=THETA/ 2.0
UTEST=RAD*DCOS (ANGLE)
YTEST=RAD*DS IN{ANGLE)
UDEN1=UB*UTESY
VOENL=VB+VTEST
UDENZ=UB~UTEST
VOEN2=YB~YTEST
ARGL=UDENL*UDENL+VDEN1*VIENL



0045
0046
0047
0048
0049
0050
o051
0052
00353
0054
0055
0056
0057
0058
0059

0060,
D061’

0062
0063
0064
0065
0066
00s7

10

50

&0

TABLE C.V (Continued)

“ARGZUOEN2*UDEN2 +VDEN2#VDEN2

AAA=DSQRT{ARGL )

BAB=DSART{ARG2Y

T1FLAAA,LT.BBB) GD TO 10
IFLAAALEQ.O0.0} GO TO &0
UARA=-2,03UC

VAAA=-2,G%YC
U04={UAAA®UDENL+ VAAA®YDE N1} 7ARGL
VO4={VAAA®UDENL-UAAA®*YDENL ) /ARG)
GQ YD 50 .
IFLBRB.EQ.0.Q1 GO TO &0
UAAA=—-2 . 0%UC

VAAA=-Z,0%V(

UQ4={UAAA*UDENZ2 +VAAARVDENZ } FARG2
vd4=‘VAAA*UDENZ-UAAA‘VDENZ'/ARGZ
GO TD 50 .

UX4=UX 3+ (UHISUQL~VHIZVE4S )

VX4u¥X 3¢ { VHI®UQ4+UHI VT4 )

RETURN

Ugs=3.0

VQ4=0.0"

GO TO 50

END
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o001

l 0002

0pa3
0004
- 0D0S

© 0006
0007
0008
0009
0010
0011
0012
0013
0014
0015
0016
0017
o018

060l

0002
0003
0004
0005
0006
0607
0008
0009
0010

o011

0012
0013

oot nDd

(3 EaRzNakalnky Nl
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TABLE C.V (Continued)

SUBROUTINE TESTIUXI (VX3 ,UX4, X4 CONV) .
*t*‘t*it!ittt‘tlttttttttltttt*#tl#ttt##i‘t#tt‘tttttttttt#.t#‘ttt‘.tti##‘lt#t
‘. *
* SUBROUTINE TESYT CHECKS FOR CONVERGENCE OF THE SEQUENLE 0F - APPROX~ .
* JMATIONS BY TESTING THE EXPRESSION X .
* ABSOLUTE VALUE OF (X{N+#1}-XIN))}/ABSOLUTE VALUE OF X{N+1). . B
* WHEN [T IS AS SMALL AS DESIRED, CONVERGENCE 1S OBTAINED. »
* ‘ . »
T L L L L Ty Ty T T Y e e T Y R

OOUBLE PRECISIDN UX3, VK3.UK#.VX&.EPSRT-EPSD-EPS.AQ&:UDUHH?gVDUHHY'

10ENOM

LOGICAL CONV

COMMON EPSRTnEPSUoEPS|IGZuHAK

UOUMMY =UX4=UX3
" VDUMMY =V X4-VX3

AAAHDSQRTCUDUHMY*UDUMMV+VDUHHV‘VDUHHV!

DENDM=DSQRTIUX4* UXe ¥ VXaZVX4}

IF{DENDMLLTLEPSO} GO TO 20

IFLAAA/DENDMLLT,L,EPS) GO TO 19

5 LONV=,FALSE, :

GO TD 100

10 CONV=,TRUE,
GO TO 100

20 IF{AAALLTLERPSO) GD T0 10
GO 7O 5

100 RETUAN

’ END

SUBROUT INE HORNERINA . UA ¢ VA UX, VX, U8, VB, UPI.VPK)
ttt**#ttt#ttttt*#t!t'l#!tt#t#!tt*tt*##tt**.tt.l*tltttttt.ttt#tttt*tt‘t*ltttt
*

* HORNER'S METHOD COMPUTES THE VALUE OF THE POLYNOMIAL #IX)} AT A POINT D, #
* SYNTHETIC OIVISION IS USED T0 DEFLATE THE POLYHOMIAL BY DIVIDING our THE *
* FACTOR (X=Dj. *
- ’ ' L]
t*tttttt#t#lttttt#Otlt!tt#tttiit‘tt*#tt##‘ttttttttt*ltil*ttttlittt##tttltttt

DOUBLE PRECISION UX VX UPX¢VPX  UB,VBUASVA

DIMENSIGN UAI26) 4¥A(26),UBL261,VB126)

UB(1l¥=VALL)

VBIL}=vAC L)

NUM=NA+1

00 10 [=2,NUM

UBEI)=UAL L+ (UBR{ =1} %UX=VB{I<«1)#VX)

10 VBUII=VALLI+{VBL [-1 I %UX+UBLI-1 1*yX ]}

UPX=UB LNUM}

VPX=VBI{NUM}

RETURN -

END



0001

o002

0003
0004
000%
0006
00aT
0008
0009
0alaQ
001l
a0ti2
00113
aol4
o915
o0lé
0oLy
o014
019
0020
0gzl
an22
0023
anze
0025
0028
Q027
onzs
0029
003o
0031
0032
o33
0034
00135
Q036
0037
0033
0039
0040
004l
0042
0043
0044
0045

L GLLYE]

TABLE C.V (Continued)

SUBROUT INE QUADIUA,VA, NA.UROOT-VRUOT;NRDOTvNULT!cEPSTl

16l

AREABNCRRNEERERE S SRR ED IR ""tt.ttt*‘i‘t‘tﬂO‘tl“OC‘#tt*it'.ttt*t.t'#‘iillt-t .

* SUBRDUTINE QUAD SOLVES DIRECTLV FOR THE 2ERQS AND THEIR MULTIPLICITIES
OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR. SOLUTION DF THE

| ]
*
»

- 10

QUADRATIC IS DONE USING THE QUADRATIC FORMULA.

SESEE MR REER SRR AR R AP RE RN R R R R RSB FEBER IR RR AR SRR RR R EE AR IR EDRE SR
DOUBLE PRECISION UA,VA,URDOT,VROOT8B8:UAAA,VAAA,UDISC,YDESC, UDUHH

LY s VDUMMY s ROUMMY ;S DUMMY  EPST, UBBB, VBB
DIMENSION UA{26),VAL26),URDDT{25),VROOTI25) 4 MULTII 25}
[FINALEQ.2) GD TO 7
IFINALEQ.L) GO TO §

URDOTI{NRQOT#1) =0, 0
VROOT {NRDOT +] }=0.0
MULTI{NROOT+1) =1
NRDOT=NROOT+]

GO TC 50
8BB= UA(II*UAI}I*VA(II*VAIII
URDOT{NRODT+1}=(~- unl!)-UAlll-vnlzltVAliilfaaa
VROOT(NROOT+1)={~VA{2)2UALL}+UAL2)*VALL}}/BBA
MULTIINROOT#1) =)

MRODT=NROOT*1

G0 Y0 50
UDESC={UAT2Y*UAL2)-VAL2I*VAL2) ) -4 4. 0*(UATL)*VALII-VALL)eVAL3) |}
VDISC=(VAIZ I RDA{Z )+UAL2ZISVAL2) 1 -4, 0% (VALL}*UA{3)+UAL L) *VA(3) )]
RBA=DSARTIUNISCH*UDISCH+VDISC*VDISC)
IF{BB8.LT.EPST) GO TO 10
CALL £OMSQTLUDISC,vDISC, uoumnv.vnuunvl
UBDBB=-DAT 2} +LDUMMY
VEBB=~VAL2) ¢VOUMMY
ROUMMY ==UA (2 }=UDUMMY
SOUMMY=-YA[2)-VOUMMY
UAAA=2,.0%UA{1)

VAAA=2,0%VAIL)

BBB=UAAARUAAA+VARAFVAAA
URDOTINRDOOT+1) = (USBB*UAAA+VPEBB*YAAA)/BBB
VRODTINROOT+ 1) ={ VBRB*UWAAA-UBBB+YVAAAL /BBE

URGOT{NROGOT #2 1= {ROUMMY¥UAAA+SOUMMY &VAAA ) /B AR
VROOTENROOT+2) = ([ SOUMMY#*UAAA-RDUKMY ¥V AAA)}/BBRB
MULTTINRDQT+1)=1
MULTT(NRODT#2)=1
NRUOT=NROOT+2

"GO TO 50
UAAA=2,.0UALLY
VAAA=2.0%VALL)

BAB=UAAARUAAATVAAAXVAAA

L URDATINRODT+1 ) =(—UA{ 2)2DAAA-VAL 2)*VAAA}/RBA

50

VRGOT(NRDDT*1I=I-VA1ZI‘UAAAOUAIZl*VAAﬂllﬂﬁﬂ
MULTECHROOT+ 1)1 =2

NROGT=NROOQT +1

RETURN

END

L
L
*
*
*
.



‘0001

0002
0003
0004
0005
0006
0007
0008
0009
0010
0011
0012
0013
0014
ools
Gola
oolr
aola
0019
0020
0021
0022
o023
0024
06025

[aXzXalaRal

*

* THIS SURROUTINE COMPUTES THE SQUARE ROOT OF A COMPLEX NUHMBER.

-

TABLE C.V- {Continued)

SUBROUT [NE CDHSQT(UK'VX.UY.VVl
tttt*tt..tt#ttttt*tlt*tttt‘ttt!.ttlt#iitt‘.ttttt.“#itit##titt.tt.#'.‘#t#ttt
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*

*
*
*

PPt ST TP LT YT PR L LA A L S LI TR TR TSI E T Ll b e h
DOUBLE PRECISION UX VWX, UY VY, DUMNY,R,AAR, DBE
RsDSORTLUKSUN+VX*V L)

AAA=DSQRT (DABS{{R+UX1/2.001]
BBB=DSQRT{DABS{{R-UX}/2.0}]

10

20
30

40

50

&0

100

IFIVX) 10420,30
UY=AAA
VY=-1.0+888

GO 7O 100
FFLUX] 40,50.,:60
UY=AAA

vy=B8B

GO 7D 100
DUNMY=DABS{UX)
Ur=0.0

VY=DSQRT (DUMNY }
GO TO 100
uy=0,0

¥Y=0.0

GO TO 100
DUMMY=0ABS (UX]
UY=DSQRT (DUMKY ]
vY=0.0
RETURN
END



APPENDIX D

SPECIAL FEATURES OF THE G.C.D. AND
THE REPEATED G.C.D. PROGRAMS

Several special features have been provided in each program as an
aid to the user and to improve accuracy of the results. These are

*
explained and 1llustrated below.
1. Generating Approximations

If the user does not have initial approximatiens available, sub-
routine GENAPP can systematically generate, for an Nth degree polynomial,
N initial approximations of increasing magnitude, beginning with the
magnitude .specified by XSTART. If XSTART is 0., XSTART is automatically
initialized to 0.5 to avoid the appreoximation 0. + 0.i. The approxima-

tions are generated according to the formula:
xK = (XSTART + 0.5K) (Cos B + i Sin B)
where

8 =~——-+K% , K =0,1,2,...

To accomplish this, the user defines the number of imitial approximations

to be read (NAPP) on the control card to be zero (0) or these columns

*These illustrations are representative of G.C.D.-Newton's method
in double precision. Control cards for other methods should be prepared
accordingly,

163
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(7-8) may be left blank. If XSTART is left blank, it is interpreted as

0.

For example, a portion of a control ¢ard which generates initial
approximations beginning at the origin for a seventh degree polynomial -

is shown in Example D.1.

—Variable Name

Card Columns
6 7 7 7 teS
12 4 5 78 ' 4 0 2 8 4
N
0 N
P N A X5TART
0 P P
L P
Y
[: 1 7
Example .
Example D.1

The approximations are generated in a spiral configuration as illustrated
in Figure A.l.

Example D.2 shows a portion of a control card which generates
initial approximations beginning at .a magnitude of 25,0 for a sixth

degree polynomial.
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6 7 7 7 8

12 4 5 7 8 4 0| {2° 8 g

N .

0 N

P N A XSTART

g 4 P

L P

Y

2 6 2,5D4+01

Example D.2

Note that if the approximations are generated beginning at the
origin, the order in which the roots are found will probably be of
increasing magnitude. Roots obtained in this way are usually more

accurate.
2, Altering Approximatidns

If an initial approximation, XO’ does not produce convergentce to a
root within the maximum number of iteratioms, it is systematically
altered a maximum of five times until convergence is possibly obtained

according to the following formulas:
If the number of the alteration is odd: (i = 1,3)

X = |x

41 OI (Cos B + i Sin R) where

Im XO

Re XO

B = Tan

+K3 K=
K =

(WA
M Hh
e L
"

If the number of the alteration is even: (j = 0,2,4)
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Each 2ltered approximation is then taken as a startipg approximation.
If none of the six starting approximations produce convergence, the
next initial approximation is taken, and the process repeated. The
six approximations are spaced 60 degrees apart on a circle of radius

IX centered at the origin as illustrated in Flgure A.2.

ol

3. Searching the Complex Plane

By use of . dnitial approximations and the altering technique, any.
region of the complex plane in the form of an annulus centered at the
origin can be searched for roots. This procedure can be accomplished
in two ways.

The first way is more versatile but requires more effort on the
part of the user. Specifically selected initial approximation can be
used to define particular regions to be searched. For example, if the
roots of a particular polynomial are known to have magnitudes between
20 and 40 an annulus of inner radius 20 and outer radius 40 could be
searched by using the initlal approximations 20. + 1, 23. + i, 26. + i,
29, + 4, 32, + i, 35. + i, 38, + 1, 40. + 4.

By generating initial approximations internally, the program canx
search an annulus centered at the origin of inner radius XSTART and
outer radius XEND. Values for XSTART and XEND are supplied on the
control card by the user. Example D.3 shows a portion of a comntrol
card to search the above annulus of inner radius 20.0 and outer radius

40.0.
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6 7 7 7 8

12 4 5 7 8 4 o 12 81 10

N

0 N

P N A XSTART XEND

0 P P

L P

Y

1l 7 2.0D+01 4.0D+01

Example D.3

Note that since not less than N initial approximations can be
generated at one time, the outer radius of the annulus actually searched
may be greater than XEND but not greater than XEND + .5N.

Example D.4 shows a control card to search a circle of radius 15.

6 T 17 T 18

120 sl 178 4 ol [z gl lo

N

0 N

P N A XSTART XEND

0 P P

L P

Y

1 7 1,5D401

Example D.4
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Figure A.3. shows the distribution of initial and altered approxi-

mations for an annulus of width 2 and inner radius a.
4, Improving Zeros Found

After the zeros of a polynomial are found, they are printed under
the heading "Roots of Q(X)." They are then used as initial approxima-
tions with Newton's (Muller's) method applied each time to the full
(undeflated) polynomial Q(X), which contains only distinct roots. In
most cases, zeros that have lost . accuracy due to roundoff error in the
deflation process are Improved. The improved zeros are then printed
under the heading "Roots of P(X)." Since each root is used as an
approximation to theroriginal‘(undeflated) polynomial Q(X), it is
possible that the root may converge to an entirely different root.
This 1s especlally true where several zeros are close together.
Therefore, the user should check both lists of zeros to determine

whether or not this has occurred.
5. Solving Quadratic Polynomial

t
After N-2 roots of an N h degree polynomial have been extracted,
s . 2 .
the remaining quadratic, aX™ + bX + c, is solved using the quadratic

formula

for the two remaining roots. These are indicated by the words '"Results
of Subroutine QUAD" in the initial approximation column. If only a
polynomial of degree 1 is to be solved, the solution is found directly

as (X - C) = 0 implies X = C.
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6. Missing Roots

If not all N roots of an Nth degree polynomial are found, the
ceefficients of the remaining deflated polynomial are printed under the
heading ""Coefficilents of Deflated Polynomial For Which No Zeros Were
Found." The user may then work with this polynomial in an attempt to
find the remaining roots. . The leading coefficient (coefficient of the

highest degree term) will be printed first (Exhibit 6.11)
7. Miscellaneous

By using varlous combinations of values for NAPP, XSTART, and-
XEND, the user has several options available as illustrated below.

Example D.5 shows the control card for a seventh degree polynomial.
Three initial approximations are supplied by the user. At most ;hree
roots will be found and the coefficients of the remaining deflated.

polynomial will be printed.

6 71 7 AE

12 sl lrs 4 ol 12 gl _lo

Ni

0 N

P N A XSTART XEND

0 P P

L P

Y

1 7 3

Example D.5
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Note that if several roots are known te the user, they may be.

"divided out" of the original polynomial by using this procedure.

Example D.6 indicates that 2 initial approximations are supplied

by the user to a 7th degree polynomial. After these approximations

are used the circle of radlus 15 will be searched for the remaining

TOOts.
6 7 71 {8
12 |45 178 4 v g 10
N
0 N
P N A XSTART XEND
0 P P
L P
Y
1 7 2 1.50+01
Example D.6

By defining XSTART between 0. and 15. an annulus instead of the

circle will be searched.




APPENDIX E
G.C.D. ~ NEWTON'S METHOD
1. Use 6f the Program

A double precision FORTRAN IV program using the G.C.D. method
with Newton's method as a supporting:method is presented here. Flow
charts for this program are given 4n Figure E.6 while Table E.VII gives
a FORTIRAN IV listing of this program. Single precision wvariables are
listed in some of the tables, The simple precision variables are used
in the flow charts and the corresponding double precision variables can
be obtained from the appropriate tables.

This program is designed to solve polynomials having degree less
than or equal to 25. In order to solve polynomials of degres N where
N > 25, the data statement and array dimensions given in Talbe E.I must
be changed.

In this program both -the leading coefficient and the constant

coefficient are assumed to be non-~zero,

171
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TABLEE.L~

PROGRAM CHANGES NECESSARY T(O SOLVE POLYNOMIALS OF DEGREE
GREATER THAN 25 BY.G.C.D. - NEWTON'S METHOD

Main Program

Data Entry/1H1,1H2,...,1H9,2H10,2H11,...,2HXX/where XX = N+1L
UP (N+1), VP(N+L)
UAPP(N), VAPP(N)
UROOT(N), VROOT (N)
MULT(N)

UDP (N+1) , VDP (N+1)
UD(N+L), VD (1)
UQ(N+1), VQ(N+1)
UQQ(N+1), VQQ(N+1)
UAP(N), VAP(N)
UQD(N+1), . VQD(N+1)
ENTRY (N+1)

UROOTS (N), VROOTS(N)

Subroutine GENAPP

APPR(N), APPI(N)
Subroutine GCD

UR(N+1), VR(N+1)
US(N+1), VS(N+1)
UsSsS{N+1), VSS(N+1)
URR(N+1), VRR(N+L)
UT{N+1), VT(N+1)

Subroutine QUAD
UA(N+1), VA(N+L)
UROCOT(N), VROOT(N)
MULT (N}

Subroutine NEWTON

UP(N+1}, VP(N+1)
UB(N+1), VB(N+1)

Subroutine DIVIDE
UP (N+1), VP(N+1)

UD(N+1), VD(N+1)
UQ(N+HL), VQ(N+1)
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TABLE E.I {(Continued)

Subroutine HORNER

UP (N+1) , VP(N+1)
UB(N+1), VB(N+1)

" Subroutine DERIV

UP (N+1), VP(N+1)
UA(N+L) , VA(N+L)

Subroutine MULTI
UP(N+1), VP(N+1l)
UROOT(N), VROOT(N)
UA(N+1), VA(N+1)

UB (M+1), VB(N+1)
MULT (N)

2. Input Data for G.C.D. - Newton's Method

The input data for G.C.D. - Newton's method is grouped into
polynomial data sets. Each polynomial data set consists of the data
for one and only one polynomizl, As many polynomials as the use£
desires may be solved by placing the polynomial data sets one behind
the other. Each polynomial data set consists of.three kinds of infor-

mation placed in the following order:

1. Control information.
2. Coefficients of the polynomial.
3. Initial approximations. These may be omitted as

described in Appendix D, § 1.

An end card follows the entire collection of data sets. It indicates

that there is no more data to follow and terminates execution of the
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program. This information is displayed in Figure E.1l and described
below. All data should be right justified and the D-type specification
‘should be used. The recommendations given in Table E.IL are those
found to give best results on the IBM 360/50 computer which has a 32

bit word.

Control Information

The control card is the first card of the polynemial data set and

containg . the information given in Table E.II. See Figure E.2.

TABLE E.II

CONTROL DATA FOR G,C.D. - NEWTON'S -METHOD

“ Variable Name Card Columns Description
NOPOLY c.c., 1-2 Number of the polynomial.
Integer.

Right justified.

NP c.c. 4-5 Degree of the polynomial,
Integer.
Right justified.

NAPP c.c. 7-8 Number of initial approximations
to be read.
Integer.
Right justified.
If no initial approximations are
given, leave blank.

MAX c.c. 19-21 Maximum number of iterations.
Integer.
Right justified.
200 is recommended.

EPS1 c.c. 23-28 Test for zero in subroutine GCD.
' Double precision.
Right justify,
1.D-03 is recommended.
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"TABLE E.II (Continued)

Variable Name Card Columns Description
EPS2 c.c. 30-35 Convergence requirement.

Double precision.
Right justify.
1.D-10 is recommended.

EPS3 c.c. 37-42 Test for zero in subroutine QUAD.
Double precision. -
Right justify.
1.0-20 is recommended.

EPS4 c.c. 44-49 Multiplieity requirement.
Double precision.
Right justify.
1.0~02 is recommended.

XSTART c.c. 64-70 Magnitude at which to begin
generating initial approximations.
Double precision.
Right justify.
This is a special feature of the
program and may be omitted.

XEND c.c., 72-78 Magnitude at which to end the
generating of initial
approximations.

Double precision.

Right justify.

This is a special feature of the
program and may be omitted.

KCHECK c.c. 80 ‘ This should be left blank.

Coefficients of the Polynomial

The coefficient cards follow the control card. For an Nth degree
polynomial, W+l coefficients must be entered one per card, The
‘coefficient of the highest degree term is entered first; that is, the
leading coefficient is entered first, For example, if the polynomial

XS + 3X4 + 2X + 5 were to be solved for its zeros, the order in which
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the coefficients would be entered is: 1, 3, 0, 0, 2, 5. Each real
or complex coefficient is entered, one per card, as described in

Table E.III and illustrated in Figure E.3.

TABLE E.III

COEFFICIENT DATA FOR G.C.D. - NEWTON'S METHOD

Variable Name Card Columns  Description
UP (P in single precision) c.c. 1-30 Real part of complex
coefficient.

Double precision.

Right justify.

If none, leave blank or enter
¢.0D0o.

VP (P in single precision) c.c. 31-60 Imaginary part of complex
coefficient.
Double precision.
Right justify.
If none, leave blank or enter
0.0D00.

Initial Approximations

The initial approximation cards follow the set of coefficient
cards. The number of initial approximations read must be the number
specified on the control card and are entered, one per card, as .given

in Table E.IV and i1llustrated in Figure E.4,
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TABLE E.IV

INITIAL APPROXIMATION DATA FOR G.C.D. - NEWTON'S METHOD

Variable Name Card Columms  Description
UAPP (APP in single c.c., 1~30 Real.part'of complex number.
precision) Double precision.

Right justify.
If none, leave blank or
enter 0,0D00.
VAPP (4PP in single c.c. 31-60 Imaginary part of complex
precision) ' number.
Double precision.
Right justify.
If none, leave blank or
enter 0.0D00.

End Ca;d

The end card is the last caxd of the input data to the program.
It indicates that there is no more data to be read. When this card is
read, program execution is terminated. This card is desecribed in

Table E.V and illustrated in Figure E.5.

TABLE E.V

DATA TOQ END EXECUTION OF G.C.D. - NEWTON'S METHOD

Variable Name Card Column Description

KCHECK c.c., 80 Must contain the number 1.
Integer.
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3. Variables Used in G.C.D. ~ Newton's Method

The definitions of the major variables used in G.C.D. - Newton{s
method are given in Table E.VI. The symbols used to indicate type

are:

R - real variable

I - integer variable
D - double precision
C - complex variable
L - logical variable

A - alphanumeric variable

" When two variables are listed, the one on the left is the real part of
the corresponding single precision complex variable; the one on the right

1s the Imaginary part. The symbols used to indicate disposition are:

E - entered
R - returned

ECR

[

entered, changed, and returned

C - wvariable -in common
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‘End Card

-
Init. Apprax, Conds\

CootPiciont Gardd\,

f(?qni—ml Gard | R
Init, Approx, Cﬂ\’da\ﬂ L

oefficient Govd?\ o

4
'(Coh‘i'ro'l Card

Figure E.1, Sequence of Iniaut Data for G.C.D.-Newton's Method



Variable Name

—Card Columns
[::00000000011111111 220R222220333333BR33444
123 6[7800123456780801213456788D12 34561789012

MAX] | EPS1 EPS2 | | EPS3

MO ™o
s I
e =

i 444445555555555666
3, 567890123456789012

EPS4

=
~1
-

jl.. D-=02

25666667
567890

KSTART

. 00401

777777
HQB&SG?S

XEND

5., 0D+02

S
o

=]

AT BT N

[j: pool 1003 ii.D-10] [L.D-20
Example

Figure E.2. Control Card for G.C.D. - Newton's Method

-Variable Name

r——Card Columns

L;JOG000000011111111112222222222333333333344444444445555555555&666666666777777777?8
11234567890123456789012345678901234567890123456?890123456789012345678901234567890

CP

VP

-0.37225D4+03 |, .

[j;- +0,1257680+01
Example

Figure E.3. Coefficient Card for G.C.D. - Newton's Method

08T



Variable Name

Card Columns

:

>

000000000131111111122222222223333333333444444444455555555556166666666677777777778
123456789012345678901234567890[12345678901234567890123456789001.2345678901234567890

UAPP VAPP

+0.15D0+01 -0.35D+0

Example

Figure E.4. Initial Approximation Card for G.C.D. - Newton's Method

Variable Name

Card Columns

00000000011111111112222222222333333333344444444445555555555666666666677777777778
123456789012345678901234567890123456789012345678901234567890123456789012345678

B

‘Example

Figure E.5. End Card for G.C,D. -”Newtonfsﬁﬁethod

18T



TABLE E.VI
VARIABLES USED IN G.C.D. - NEWTON'S METHOD

Single Precision Double Precision  Disposition
Variable Typ Variable Type  of Argument

Description

Main Program

J 1 J I Number of distinet roots found

ITIME 1 ITIME I Program control

NOPOLY I NOPOLY I Number of the polynomial

NP I NP 1 Degree of the original polynomial

P C UP,vP D Array of coefficients of original polynomial, P(X)

NAPP I NAPP I Number of initial approximation to be read

EPS1 R EPS1 D Tolerance check for zero (0) in Subroutine GCD

EPS2 R EPS2 D Tolerance check for convergence

EPS3 R EPS3 D Tolerance check for zerc (0) in Subroutine QUAD.

MAX I MAX I Maximum number of Iterations permitted

I01 I 101 I Unit number of input device

102 1 102 I Unit number of output device

KCHECK I KCHECK I Program control, KCHECK = 1 implies stop execution

APP C UAFP ,VAFP D Array of initial approximations

XSTART R XSTART D Magnitude at which to start search for roots

XEND R XEND D Magnitude at which to end search for roots

ANAME A ANAME A Contains name of method used "NEWTONS"

ROQT C UROQOT,VROOT D Array of roots found

MULT I MULT I Array of multiplicities ,

DP - C UDP,VDP D Array containing coefficients of the derivative, (P (X)),
of P(X)

NDP I NDP I Degree of the derivative of original polynomial

D C UD,vD D Array of coefficients of the greatest common divisor of
P(X) and P'(X)

ND I ND I Degree of g.c.d. of P(X) and P'(X)

Q C UQ,vQ D Array of coefficients of quotient polynomial P{(X)/g.c.d.

28T



Single Precision

Double Precision

Variabla

NQ

ZRO
DUMMY
QQ

NQQ
IALTER
CONV
EPS4
AP

QD
JAP

J1

ROOTS
NEWT

E"UZN

X
EPSLON

DPX0

ORMCOCHHOOM K

Iype

=~ H Oy

[l o

COOoORHOHEO

Varigble Type

TABLE E.VI (Continued)

Disposition
of Arsument

NQ

UZRO ,VZRO
UDUMMY , VDUMMY
UQQ,vQQ

NQQ.
IALTER

CONV
EPS4
UAP , VAP

UQD, vQD
JAP

J1

UROOTS VROOTS
NEWT

UX,VX

N

UP ,VP

MAX

EPSLON

U0, VX0
UB,VB
UDPX0 , VDPX0

Do HH DO

o

DoooHu9uHg

eI T N ol -

Description

Degree of quotient polynomial Q(X)

Value at which to evaluate or deflate polynomial

Dummy variable

Working array of coefficients of current polynomial

Degree of current polynomial, QQ(X)

Number of alterations of an initial approximatlon

CONV = TRUE implies convergence to a root

Tolerance for checking multiplicities

Array of approximations (initial or altered) producing
convergence

Array of coefficients of newly deflated polynomial

Number of distinet roots found by iterative process
i.e. not as a result of Subroutine QUAD

Number of distinct . roots found in the attempt to improve
roots

Array of improved roots :

Program control. NEWT = TRUE implies that Newton's
method was used instead of Subroutine QUAD

Subroutine NEWTON

Starting approximation (initial or altered)

Degree of current polynomial

Array of coefficients of current polynomial
Maximum number of iteratioms

Tolerance for checking convergence

Current approximation to root

Array of coefficients of newly deflated polynomial .
Derivative of the polynomial at X0

£87



Single Precision

TABLE E.VI (Continued)

Double Precision  Disposition

Variable

DIFF
PX0
CONV

O

o

N
A
J

ROOT
MULT
DISC
TEMP
EPSLON
D

Type

C
c
L

OO HO

[aa R Bl op)

OOWoOooHO

Variable "Type of Argument Descrigtion
UDIFF,VDIFF - D PX0/DPX0
UPX0,VPX0 D Value of polynomial at X0

COKV L R CONV = TRUE implies convergence te root

Subroutine HORNER

UX,VX D E Value at which to evaluate or deflate polynomial

N C I E Degree of polynomial

UP,VP . D Array of coefficients of polynomial

uc,ve "D R Updated at each iteration to yield derivative of poly-
- nomial at X

UB,VB D Array of coefficients of newly deflated polynomial

Subroutine QUAD

N I E Degree of polynomial to be solved

UA,VA 'D E Array of coefficients of polynomial to be solved

J 1 ECR Number of distinct roots found of original polynomial
. (J = -1 implies original polynomial is of degree 2 or 1)

URCOT,VROOT D ECR Array of roots found

MULT I ECR Array of multiplicities

UDISC,VDISC D Discriminate of quadratic

UTEMP ,VTEMP D ¥DISC

EPSLON D o Tolerance for zero (0)

uD,vD D Twice leading coefficilent of quadratic

w8T



TABLE E.VI (Continued)

Single Precision Double Precision Disposition
Varigble Type Vardiable- =~ Type of Argument Description

Subroutine GCD

R C UR,VR D E Array of coefficients of original polynomial, P(X

S C Us,vs D E Array of coeffictents of derivative polynomial, P (X)

N I N I E Degree of original polynomial, P(X)

M I M I E Degree of derivative polynomial, P'(X)

RR C URR,VRR D Array of coefficients of dividend’ polynomial -

58 C U85,V55 D R Array of coefficilents of divisor polynomial also array
of coefficients of g.c.d. of P(X) and P'(X) when
returned

N1 I N1 I Degree of dividend polynomial, RR(X)

M1 M1 I R Degree of divisor polynomial, §S(X), alsc degree of
g.c.d. of P(X) and P'(X) when returned

D C UD,VD D Quotient RRyy4q/SSM1+1

T C UT,VT D Array of coefficients of difference polynomial(RR - D{(58))

K I K- I Degree of difference polynomial T(X)

EPSLON R EPSLON D o Tolerance check for zero (0)

Subroutine MULTL

N I N I E Degree of original polynomial, P(X)

P C up,VP D E Array of coefficients of original polynomial, P(X)

J I J I E Number of distinct roots of P(X)

ROOT C UROOT,VROOT D E Array of distinct roots of P(X)

A C UA,VA D Working array of coefficients of current polynomial

M i M I Degree of current polynomial, A(X)

MULT I MULT I R Array of multiplicities of the roots

102 I 102 I C Unit number of output device

B C UB,VB D Array of coefficients of newly deflated polynomial

C C Uc,ve D Derivative of polymomial at ROOT;

EPSLON R EPSLON D C Tolerance for checking multiplicities

€eT



TABLE E.VI (Continued}

Single Precision Doubel Precision.. Disposition
Variable = Type Variable. Type of Argument Description

Subroutine DERIV

N 1 N I E Degree of pelynomial, P(X)
P C Uup,vp D E Array of coefficients of polynomial, P(X)
A C UA,VA D R Array of coefficients of derivative, P'(X)
M I M I R Degree of derivative polynomial, P'({X)
Subroutine DIVIDE
P cC UP,VEP D E Array of coefficients of dividend polynomial
N 1 I E Degree of dividend polynomial
D C UD,vD 3} E Array of coefficients of divisor polynomial
M i) M I E Degree of divisor polynomial
Q C UG, VvQ D R Array of coefficients of quotient polynomial P(X)/D(X)
K I K I R Degree of quotient polynomial, Q(X)
J I J I Counter
TERM C UTERM,VTERM D Dummy variable used for temperary storage of products
KK I KK I Number of coefficients of quotient polynomial, Q(X)
Subroutine GENAPP
APP C APPR,APPI D R Array containing initial approximations
NAPP I NAPP I E- Number of initial approximations to be generated
XSTART R XSTART D EC Magnitude at which to begin generating approximations;
also magnitude of the approximation being generated
BETA R BETA D Argument of complex approximatien being generated
U R APPR(I) D Real part of complex approximation '
v R APPI(I) D Imaginary part of complex approximation

98T



TABLE -E.VI (Continued)

Single Precision Double Precision Disposition
Variablé  Type.- Variable Type of Argument Description

Subroutine ALTER

XOLD C XOLDR,XOLDL- D ECR 0ld approximation tc be altered to new approximation
NALTER I NALTER I ECR Number of alterations performed on an initial approximation
ITIME I ITIME I E Program control
MAX 1 MAX I C Maximum number of iterations permitted
Y R XOLDI D Imaginary part of original initial approximation
{unaltered)
X R XOLDR D Real part of original, unaltered initial approximation
R R ABXOLD D Magnitude of original unaltered initial approx{mation
BETA R BETA D Argument of new approximation
XOLDR R XOLDR D Real part of new approximation
X0LDI R XOLDI D Imaginary part of new approximation
102 I 102 I C Unit number of output device
Subroutine COMSQT
UX,VX D E Complex number for which the square root is desired
uy,vy D R Square root of the complex number

£8T
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4. Description of Program Output

The output from G.C.D. -~ Newtonfs method consists of the following
information.

The heading is "GREATEST COMMON DIVISOR METHOD USED WITH NEWTON'S
METHOD TO FIND ZEROS OF POLYNOMIALS NUMBER XX." XX represents the number
of the polynomial.

As an aid to ensure that the contreol information is correct, the
number of initial approximations glven, maximum number of iteratioms,
test for zero in subroutine GCD, test for convergence, test for zero in
subroutine QUAD, test for multiplicities, radius to start search, and
radius to .end search are printed as read from the control card.

The coefficients of the polynomial are printed under the heading
"THE DEGREE OF P(X) IS XX THE COEFfICIENTS ARE." XX represents the
degree of the polynomial. The coefficient of the highest degree term
is printed first.

The polynomial obtained after dividing the original polynomial,
P(X), by the greatest common divisor of P(X) and its derivative, P'(¥),
is printed under the heading '"Q(X) IS THE POLYNOMIAL WHICH HAS AS ITS
ROOTS THE DISTINCT ROOTS OF P(X). THE DEGREE OF Q(X) IS XX THE
COEFFICIENTS ARE." XX represents the degree of this polynomial. This
polynomial contains all distinct roots and is solved by Newton's
method. The coefficient of the highest degree term is printed first;
that is, the leading coefficient is printed first,

The zeros found before the attempt to improve accuracy are printed
under the heading "ROOTS OF Q(X)."

The initial approximation producing convergence to a root is
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printed to the right of the corresponding root and headed by "INITIAL
"APPROXIMATION." The initial approximations may be those supplied by

the user, or generated by the program or & combination of both, The =
message "RESULTS OF SUBROUTINE QUAD" indicates that the corresponding

root was oBtained by subroutine QUAD. See Appendixz D, § 5.

The zeros found after the -attempt to improve accuracy are printed
under the -heading "ROOTS OF P(X)." The corresponding initial approxima-
tion producing convergence ig printed as described above.

The multiplicity of each zero is given under the title

"MULTIPLICITIES."
5. Informative Messages and Error Messages

The output may contain informative or error messages. These are
intended as an aid to the user and are described as follows.

If not all roots of a polynomial were found before the attempt
to improve accuracy; the remaining unsclved polynomial will be
printed, with the leading coefficient first, under the heading
"COEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHLCH NO ZEROS WERE FOUND."
See Appendix D, § 6.

"NO ROOTS FOR iNITIAL AFPPROXIMATION ROOT XX = YYY.'" This message
is printed if a root fails te produce convergence when trying to impreve
accuracy. XX represents the number of the root and YYY represents. the
value of the root before the attempt to improve accuracy.

"NO ROOTS FOR THE POLYNOMIAL Q(X) OF DEGREE XX WITH GENERATED
INITIAL APPROXIMATIONS." XX represents the degree of the polynomial
Q(X). This message is printed if none of the roots produce convergence

in the attempt. .to improve accuracy.
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"THE EPSILON (XXX) CHECK IN SUBROUTINE MULTI INDICATES THA']T"ROOT‘

"YY ='ZZZ 1S NOT CLOSE ENOUGH TO BE A TRUE ROOT. 1IT IS PRINTED BELOW
WITH MULTIPLICITY 0." XXX represents thé multiplicity requirement =~
(EPS4 on the control card), YY represents the number of the root, and
227 represents the value of the root after the attempt to improve
accuracy. The message indicates that this rooct does not meet the
requirement for multiplicities. It is, however, usually a good
approximation to the true root since convergence was obtained both

before and after the attempt to improve accuracy.
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0001

non2
0003
0004

0005
0004
00aT
0ooa

a0o9
0010
0011
0012
0013
0014

0015
0014
0017
Go18
[e10d )
0029
0021
0022
anz?
0024
Q025
0026
0027
o028
onz2g
0030
0031
0032
0G33
no34
0035
0036
003z
0038
00134

OO NACOaOD
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TABLE E.VII

PROGRAM FOR G.(C.D,-NEWTON'S METHOD

BEREESEEEEEREREEI R SRR RN R kb kR kSR d ke a R Rk kAR kR kAR Rk kR kR kR kAN

00UBLE PRECISION PROGRAM FOR GuC.Ds - NEWTON'S HETHOD

*

]

-

*®

* THE G.C.0. METHOD EXTRACTS THE ZEROS AND THEIR MULTIPLICITIES OF A

* POLYNOMTAL OF MAXIMUM DEGREE 25. ALL MULTIPLE ROOTS ARE REMOVED BY

* DIVIDING THE POLYNOMTAL BY THE GREATEST LOMMON DIVISDR OF THE PDLYNDMIAL
& AND ITS DERIVATIVE., THE ZERODS OF THE RESULTING POLYNUMIAL ARE EXTRACTED
® AND THEIR MULVIPLICITIES DETERMINED.

&
%

R EE N ER RN

Bk R vk by g ke Ao e B3 A A% ol 3 e e ol ol ol ok o sl o ol o T ol e o ol i e o okl
DOUBLE PRECISION UP,VP,UAPP,VAPP,URDOT,VROOT,UDP,VDP,UD,VD,UIRD, V2
LROUD, VO, UDUMMY , VDUMMY y UQ0, VRIQs UAP VAP 4 QD v QD UROODT S, VROOT S, EPSL,
2EPS2,EP5S3,EPSS
DOUBLE PRECISION XSTART
DOURLE PAECISIQN XEND
DIMENSION UPI26) y,VPI26},UAPPL25) ,VAPPI25} ,URDOTL25),VROOYI25),MULT
L{25)4UDPI26},VDP (26}, UDL26),VDI26),0Q026) ,V0{261,UDQL26),V0Q(26),U
2APL25) yVAPL2S) ,UNDI(26},VAD(26) (ANAME(2} ,ENTRY (26),UR00TS(25},YRODT
35¢25)
COMMON EPSL, EPS2 yEPS3,EPS4, 102, MAX
LOGECAL NEWT,CONV
DATA PNAME,INAME, DANAME/ 2HP [, 2HQ L, AHAQL /
DATA ENTRY/LH!I,1HZ +1H3,1H4: 1H5, 1 H6, LHT, LHB, 1HG, 2H10, 2HL 1, 2H12,2H13
Ly 2HLG 2 2H15, 2H1 6, 2H17 ¢ 2HL8 4 2HL9¢ 2H20, 2H2 1 42H22 42H23 4 2H24 , 2H25, 2H26/
OATA ANAME( L), ANAME 12} /4HNEWT, 4HONS /
101=5
i02=6
10 J=0
ITIME=D
READ(IDL431000) NOPOLY NP oNAPP yMAX EPSL4EPS2EPS3, EPS4 ,XSTART yXEND,
1KCHECK ‘
1FtKCHECK ,EQ.1) STOP
WRITELINZ2,1020) ANAME{l}.ANAME{2),NOQPOLY
WRITEE102,2000) HAPP
WRITELIDZ2,2010) MAX
WRITELIDZ,2070) EPSL
WRITELID2,2020) EPS2
WRITE{102,2080) EPS3
WRITELID2,2030) EPSS
WRITEL[02,2040) XSTART
WAITE{IDZ,2050) XEND
WRITELIO2,2060)
KKK=NPe L
MNN=KKK+1
DO 20 I=1,KKK
JJI=NNN-]
20 READIIDLLIDLC) UPLJISIYSvPLJID)
IFINAPPLNELD) GO TO 22
NAPPNP
CALL GENAPPLUAPP VAPP,NAPP,XSTART)
G0 TQ 23
22 READLIDL,LOLS) (UAPPLL),VAPPIL]41=1,NAPP)
23 WRITEL102,1030) NP
KKK=NP+|
NAN=KKK+ L
DO 25 [=1,KKK



‘De&0
0041
0042
0042
D044
0045
0046
0D0&T
0048
0049
0050
0051
0052
DoS3
0054
0056
0056
0057
0o0ss
0059
0060
0061
0062
00563
0064
006S
6066
0067
0068
0069
0070
0071
oat2
0073
0074
0075
0076

Qo077

o078
0079
0080
008)
0082
0083
0084
0085
0086
0087
0088
0089
0090
0091
0092
00923
009%
0095
0096
0097

25

30

-14)
65

b6

T0

80

a3

a5

0

tio

T 120

130

140

201

TABLE E.VII (Continued)

J3I=RNN-1
WRITE{LD2,1040) PNARE.ENTRYLJII} JURL{JIID o WPESLD D
IF(NP.GE+3) GO YO 30 :

J=-1

CALL QUADINP (UP VP, ,UROOT, VRODT, HULTS
WRITE{102,1070)

WRITELEO241165). (1URDAT(L)»VROOTAL) yMULTEID ¢ 2=1,Jd1 .
GO TO 10

CALL OERIVINPLUP,VPyNOPoUOP,YDP )

CALL GCOUNP,UP, VP ,NOP,UDP,VOP  ND,UD, VD) .
IFIND.GT.1) GO TO 70

IF{ND.EQ.Q} GO TO &5
UDUMMY=(UGL212UDC21) +(VDE2) VDL 2) }
UZRD=(~1UDI1ISUDLI2) I={VDE L 1&YDL 21 1) FUDUMMY
VIR0 (={UDL2)*VvD{L) b+ (UDLLIVDI 21 ) ) /UDUHNY '
CALL HORNER(UZRO4VIROJNP oUP VP UQsYd, uounnv.vounnrn
NQaNP-]

DO &0 I=1,NP

uacr)=ug(i+1}

VACII=VQITI+1)}

GO TO 80

KKK=NPe 1

DO 66 121 ,KKK

uatL=uri)

vatti=velll

NQ=NP

‘GD TO BD

CALL DIVIDEINPUP,VP KD UD: YD NQ UQ, VD)
WRITE{102,1120) NQ

KKK=NQ+1

NNN=KKK#1

DO B3 f=1,KRKK

Jd J=NNN~ |

WRITECIDZ2:1040) QNAME ENTRY{JJIS},UQ(JI3) o VEI JIJ L
IF{NQ.GE.3} GO TO 8BS

GO ¥Q 110

KKK=NQ+1

D0 90 I=14KKK

UQeeIy=uqQlr)

VAQ(II=¥Q(1}

NGQQ=NQ

G0 TO 120

CALL QUABINGQ UQeVQ,yd .usam fYROOT HULT }
NEWT=,FALSE.,

G0 TO 30

00 200 I=L:NAPP

[AL TER=D :
CALL NEHTDNlUAPPtlI.VAPPIll.NQQ'UQO:VDQ-UIRD-VZRU'CDNVI ) T
IFICONY) GD TO 140

CaLt ALTERLUAPPL 1) ,vARPI L), LALTYER,ITIME]

IF{IALTERLGT .51 G0 T0 200

G0 TO 130

J=J¢l

UBROAT{JI=UZRO

VRDOF{J}=VIRO

UAP{J)=UAPPLT)

VAR J) =VAPP(]}

CALL HORNER(UZRO, vzan.uao.uaa.vna.uno.von.ununnv.vnunnv:

)



‘B098
0099
0100
0101
0102
t103
0104
3108
0106
0107
0108
o109
0110
oL11
oL12
0113
oLl14
6115
o116
oLL7
o118
0119
0120
o121
0122

. 0123
0124
0125
0126
0127
0128
0129
a13e
0L3t
0122

o133

0134
0135
0136
0137
0138
o139
0140
014l
0142

0143
01 4%
0145
0146
0147
0L48
0149
oL50
o151
0152
0153
0156
0155

180

200

205

157
210

220

230

235
240

241
245
250

280

300

303
305

202

TABLE E.VII (Continued)

0O '180 Tl=1,N0Q
UQQLILY=UQDI[1+1}
VQQ{lllzvontllfll
KQQ=NQQ-1{
1FINDQ.LT,3) GO TD 220
CONT INUE
IFIJ.GE.NQ) GO TO 205
IF{XEND.EQ. 0D} GO TO 205
IFIXSTART.GTLXEND) GO TO 205
NAPP=NQ -
CALL GENAPPIUAPP, VAPP.NAPP.KSTARTI
GO TO 120
IF(NQG.LE.2) 60 TE 210
WRITEIIO24+1200) :
KKX=NQG+]
NNN=KKK+ L
DD 157 L=1,KKK
J4J0=NNN=1,
WRITE{102,1100]) QON!HE-ENTRY!JJJD-UQQIJJJl.VQQIJJJD
1F1J.EQ.0) GG TO 10
JaAR=J :
60 TN 230
JAP=J
CALL nuADINOQ|UQO-VQQ-J-URODT.VRDOT.HULTI
WRITECID2,1132)
WRITELIO2,1133) Il.URUUTII).VRDOT!II-UAPII)-VAP(I).lsl.JAP)
[F{JAP.LT,J) GO TO 23%
GO TO 240
KKKs JAP+]
WRITE{[02,11341} t!.UROUTl[l.VRnOTlll-I=KKK|JI
Ji=0
00 300 I=1,J
CALL NEWTONC(UROOTII) VROOT (L, NQyUQsVOyUZIRDV IR0, CONY)
TF{CONYY GO ¥O 280 N
WRITE{ID2,1140) l-URODfi[I-VRUDV(Ii
1FIt. LT.JAP) GO TO 24l .
IFUL.EQ.JAP) GO TO 250
GO YO 300
KKK=JAP~-1
DO 245 11=l¢KKK
UAP{IL)=UAP{EL+]) : .
VAPL§1)=vAP(ILeL) : : \
JAPTJAP-) ' :
GO To 300
J1=dli+l
UROOTS{J1i=U2RO
YRODTS{J11=VZRO
CONTINUE
IFLJL.EQ.0) GO TO 205
J=J1
0O 303 (=144
URODT (L ) =UROOTSH{I)
VRUOTIII=VRDOTStIl
GD 10 307
WRITELID2,1150) NQ
KKKshNQe]
NNN=KKK +1
00 3086 L=1l KKK



—0T1%6
0157
0158
0159

0160
Olét
0162
0163
0164
D165
1913

Ql&T

01648,

0169
0170
01Tl
o712
0173

0L7%
oLTS

0176 .

oLr?
o174
o179

0180

o181
o182

o183
o184
o188
o18e
0187
0188

0189
0190
0191
0192
o193
0194
0195
0196
0197
0198

TABLE E.VIT (Continued)

JII=NAN=L
306 WRITEI102,1040} QNAME.ENTRVIJJJ)-UQ(JJJ)-VOIJJJ!
GO TO 10
307 NEWT=.TRUE.
310 CALL NULTE{NP(UP,VP,Jd,URCOT, VROOT ¢HULT]
IF(NEWT} GO TD 330
WRETEL 102410701 N
WRITE(102,1165} (L,UROOTCL ko VROOTIL) JHULTELY jLo L d)
Ga 10 10 :
330 WRITE{102,1180)

1}
KKK=JAPs1
TF{JAP LT .0} HRITEI[DZsllﬁsl iL:UROGT(Ll-VRGOT(L)vHULTlLl|L=KKK.JD
GO TO 10

1000 FORMATU3HE2¢1X0 e 9% 1341 04(06.041X) 213X, 2007.041X),110

1010 FORMAT{2D30.0%

1015 FORMAT{2D3G.0)

1020 FORMATELHL;ION & IHGREATEST COMMON DIVYISOR METHOD USED MITH ,2{A4},
13SHMETHOD TO FIND ZEROS OF POLYNOMIALS/LEXs18HPOLYNDHIAL NUMBER ,f
22171

1030 FORMATLIX,22HTHE DEGREE OF PIXb} IS 124224 THE COEFFICIENTS ARE//
1}

1040 FORMATI2XoAZ2+A2¢4H) = D23,16,3H ¢ +023.1602H 1)

1070 FORMAT(///1%, L3HROOTS OF PUX},S52Xs L4HMULTIPLICITIES/ /)

1080 FORMATIZX SHROOTCoL2,4H) = 4D23,16:3H ¢ ;D23.16+2H 1,10X,32}

1100 FORMAT{2X,A3,A2,4H) = ,D23,16,3H + ,023.16,2H 1)

1120 FORMATU//7/1X,TIHQIX) 15 THE POLYNOMIAL WALICH HAS A5 ITS ROOTYS THE
LDISTINCT ROOTS DF PiX). flx,zzurus OEGREE OF QUX) IS 412,224 THE C

. ZO0EFFICIENTS ARE//}

1200 FORMAYL///1X,TOHCOEFFICIENTS OF THE DEFLATED POLYNOMIAL FOR WHICH
1NG 7EROS WERE FOUND.//)

1132 FORMATI///1X¢13HROOTS DF Q{X¥,84X,21HINITIAL APPROXIMATION//)

1133 Fnanarizx.suaoort.lz.éﬂl = yD23.16¢3H ¢ (D23, 0642H 1417%,023.1643H
1+ 4D23.16,2H 1) ' :

1134 FDRMATIZX.SHRDOT!.!Z.&H? = ¢D23.16+3H # J023,1642H J420M,26HRESULY

1$ OF SUBROUTINE QUAD)

1140 FORMATI///,1X:40HNQ ROOTS FOR INLTIAL APPRDIIHATIDN ROOTE, [244H) =

1 JD23.1643H + 4023,.16,42H [)

1150 FORMATI//77,1X¢45HNO RQOTS FOR THE POLVYNOMTAL QiX) BF DEGREE = ]2,
13BH WITH GENERATED INLITIAL APPROXIMATIONSZZ)

1145 FORHATIZKcEHRDUt(.i?.#HI = yD23.1693H + ¢D23,1642H llT‘llZDIUX'ZQH
IRESULTS OF SUBROUTINE QuUADI

LLBO FORMATI///LXE3HROOTS DOF Plll|EZXrlﬁﬂHULTIPLIC!IlESQl?ll?lﬂlﬂlrlll
1 APPROXI[MATION// )

1190 FORMATIZ2XSHROOT (4 1244H} = 4023,1643H + sD23.1642H [1,TXy12,7X,023.
115¢3H + D23.16,2H I}

2000 FORMATILX,4LHNUMBER OF INITIAL APPROXIMAT]ONS GIVEN. 12}

2010 FORMATL1X, 29HMAX[HUM NUMBER OF ITERATIONS.,11X,13)

2020 FORMATILX21HTEST FOR CONVERGENCE.»13X,09.2)

2030 FORMATC1X,24HTEST FOR MULYIPLICITIES.,10X,0%.2)

2040 FURHATIIK'23HRADlU5 TO START SEARCH. 11X«09.2)

2050 FORMAT(LX,21HRADIUS TO END SEARCH. »13X,09.2})

2060 FORMATL//LX)

2070 FORMATILX.34HTEST FOR PERG IN SUBROUTINE GCO. ,D9.2)

2080 FORMATELX,34HTEST FOR ZERD IN SUBROUTINE QuUAD. +D9,2)

END

WRITEL102o1190) (L, UROOTCL b+ VROOTIL) JMULTCL I UAPIL Y4 VAPIL) jL=l o JAP'

203
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TABLE E.VII {Continued)

0001 . SUBROUY]NE GENAPPUAPPR,APPI NAPP, XSTART)
S l#tt#t#"t*.*#.#*t."'tt'tt##‘i.t‘tt#t'.#i‘.%.t*‘t“.O.t.‘*.#t“‘.“tttt“..
c L .
" C * SUBROUTINE GENAPP GENERATES N INITIAL APPRD:[NAT[DNS- WHERE N ES THE .
[N ‘ DEGREE OF THE OREIGINAL PDLYNUNI‘L- *
c L
- R ‘.*“'*".‘*'.*‘..-,#."*‘*‘*t“‘*“'*"‘“""‘*..“““*‘.“‘..“"..“"'
pog2 N ' DDUBLE PRECISION ﬁPPl,APP[!*S"R‘IBE'A. - EPS1a EPSZ'EPS;USFS‘
o003 - DIMENSION APPR(ZEI'APPIIESD : - .
0004 T - COMMON EPS1,EPS2,EPS3IEPS4s[D24MAX "
ﬂ005_,- . P IF‘KSTARTQEQGOnU’ !STARt=00
000§ - BET““O 2617994
aoor - . DO 10 I=5; NAPP
0008 ' L ARPRIL l'XS'f&R“UCDS‘BETA’
0009 . APFII!ltXSThRT*DSINIBEFAl
0d10 S BETA=BETA#+).52359808
2011 . - 10 XSTART=XSTART+0. 9
0012 . RETURN

0013 . END:




0001

0002
0003
0004
0005
D006
0007
0008
0009
oolo
001l
0012
0013
004
0015
0016
0017
0018
0019
0020
0021

oo22

0023
0024

0025
0026

12 XeRaXaEaXal

TABLE E.VII {(Continued)

SUBROUTINE ALTER{XOLDR 4 XOLOL(NALTER,I1TINE)

205

SEREDRERAEERREREENBEIRTASEE RS R PRSI NEN ARk R ERRE TS S SRR RERRE AR RIE R RS

£

* SUBRODUTINE ALTER ALTERS THE INIVIAL APPROXIMATIONS WHICH PROODUCE NO

]
*

* CONVERGENCE TO A ZERO. THIS IS DONE A MAXINUM OF 5 TIMES FOR EACH RDOT. *®

*

SHERENSFEERET AR ER SRS U ANREREFRRORRRER AR R E N R EE RN EN AN B RSP SRR N TR RN Rk

10

20

0

%0

50
1000
1010

1020

DOUBLE PRECISION XOLODR,XOLDI,ABXOLDyBETALEPSL,EPS2,EPS3,EPSH
COMMON EPSLEPS24EPS3,EPS4,102,MAX
IF{ITIME.NE.O)} GO YO 5

1TIMNE =1

WRITE(ID2,10101 MAX

IF{NALTER .EQ.0Y GO TO 10

WRITE{I0Z2,1000) XOLDR,XOLDI

GO TO 20
ABXOLO=DSORTLIXOLDR®XOLDR I+ INDLOD*XOLOL) )
BETA=DATAN2{ XGLD] » XOLDR)

WRITE{IDZ2,1020) XODLOR,XQLDI
NALYER=NALTER+1

IFINALTER.GT.5}F RETURN

GO TO (30,+40430+40,30).NALTER

AOL DR =~ XOLDR

XOLDI=~XOLDI

GO 10 50

BETA=BETA+L.0&4TLOTE
XOLOR=ABXDLD*DCOS{BETA)
XOLDI1=ABXDL DSOS INIBETAID

RETURN ’

FORMATILX¢D23,16¢3H ¢ 4D23.1642H 1,10X,21HALTERED APPROXIMATION]
FORMATL/7/71%54HND CONVERGENCE FOR THE FOLLOWING APPROXIMATIONS AF
ITER ,13,12H ITERATIONS.//!

FORMAT(/1Xs023. 16, 3H ¢ +D23.1642H [,L0XK,21HINITIAL APPROXIMATION)
END .
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TABLE E.VII (Continued)

000l SUBROUTENE GCDINJUR YRy MoUS, VS, M1, USS,¥S5)
. i EE AR I E L LS LS SR R R 2 RS RIS T 2T 22T ER IR 231 273 11
C [ 3 - . - ®
C * GIVEN POLYNOMIALS PIXY AND OP{X) WHERE DEG. DPIX)} IS LESS THAN DEG. *
C * P{X}, SUBRDUTINE GCD COMPUTES THE GREATEST COMMON DIVISOR OF P{X) AND L
c * OP{X). *
C * -
C EA IR P I E RIS PR LIS L2 R AR I TR J I 22 PR TE IR 2T 2R E s 123 1Ry T13 ] ]
0002 ~ DDUBLE PRECISION U55555.V5555S
Doo3 DOUBLE PRECESION UR VR, USs¥S USS VSS URR VAR yUDyYDWUT VT4 EPSLON,EP
L1S2,EPS3,£P54,BBB .
0004% . DIMENSION URE25) WWRIZ261,US{Z0H,VS126) U55026),vS55(26),URRL26)+VYRRY .
126),UTI26), VI 2a)
0005 COMMON EPSLOMyEPS2y EPS3¢ EPS4, 102, MAX
0008 . Nl=N ’
0007 - Ml=M
0008 KKK=N+1
0009 DO 20 [=31,KKK
0010 URRLL)=UALT)
001l 20 VAR(I)=VR(I)
ootz " KKK=Mel
0013 DD 25 1=} KKK
0014 UsSL11=Uscr)
ooLs 25 Y5501 )=V501} .
0016 30 BBB=USSIMI¢LISUSSIMLFL) ¥VSS(MLeL)*VSSIMNLY]L)
0617 UD=IURRENL+LF#USSIM1+L}+VRRINLI+1)*#V55(HM1+1)} /8RB
oole VO=LUSSIMLELISVRRINL*LI-URRINL+L)*VS5(ML+]1 )1 /808
0019 KKK=Ni+i~M]
0020 ° DO 40 I=KKK,Nl
0021 UTLEI=URR(TII-IUD*USS (T-N1+ML)-VDHYSS{I-NL+ML1})
0n22 40 YTLI)=VRRIT}-(UDUVSSET-NI+ML}+VD*USSET-NL+MHL})
0023 tF{ML.EQ.N1} GO TO 70
0024 KEK=NI-M1
op2s DO 60 I=1,4KKK
aoz2e UT{TI=URRLT)
o027 &0 ¥TLII=VRRI{I)
0028 70 DO 90 1=1,N] .
0029 ' BRB=DSQRT{UTINL+L=TISUTINL 4 =L b eVTINLeI=I ) RVT{NL+1-1)0
003o : {FIBBB.GT,EPSLON} GO TO 100 . '
0031 90 CONTINUE
0032 DO 95 I=1.M}
0033, | BREB=USSIML#LIPUSSEME#L ) #VSS{ML+1)*V55THL1+]1)
0034 USSSSS=IUSS{ I3 vUSSIMI#LeVSS{II*YSS(ML+1)) 700D
0035 VSSSSS=l VSS{ T} USSEMI+LI-USS{] I*VSS{ML+1)}/BAB
0036 USS{I)1=US8558
0037 95 VSS{I)=V5555S
0038 USSIML+L)=1.0
0039 V55{M1+1)=0G,0
0040 GQ TO 200 !
004y 100 K=h1-L
0042 . 1IF{K.EQ.0F GO TO 170
0043 . IF(KGLT.HLY GO TO 140
0044 - AHK=K+] :
0045 DO 130 J4=1,KKK
0046 ~ URRLI)=UT ()
- 0047 130 VRRUII=¥TiJ]
0048 NleK

T 0049 G0 To 30



0050
0051
Q052
0053
0054
0055
0056
ons7Y
0058
0059
0060
0061
0062
0063
0064
0065
0066
0067
0068

140

150

160

170

200

TABLE E.VII (Continued)

KKK=K+1
DO 150 J=],KKK
YRR (3IuUSSLI)
YRR SI=VS55( )

TUSSTII=UTEY)

ViSLJI=VTiJd)

KKK=K+2

NNN=Mi+1

DO 160 J=KKK NNN )
URRLJI=USS(J} \
VRARLJI=V5S{ )

Nl=zMl

Hi=K

GO TO 30

U5siti=l.0

v5511)=0.0

Mi=0 '

RETURN

END

207



oool

o002

o003
Q004
4005
(1] 1]
Q007
0008
0009
0a10
0011
o012
0013
0014
Qo115
o0o1s
o017
o018
0019
a020
0021
Q022
on23
Q024
0025
0026
Dozt
0ozs
0029
0030
003l
Q032
0033
0a34
0035
0036
0037
0038
0039
Q0&0
G041

0042

Q043
0044

fals N laNaNaRnl

TABLE E.VII (Continued)

‘SUBROUTTINE QUAD N s UA+V A,y J2UROQT, YROOT ¢ MULT)

208

‘*tt.ttt“t#*ttt#t“t#l#ttt‘#tt#.t#.tt"‘.".t"tttt.tttt‘.ttttt..“l“l.“‘

*

* SUBROUTINE QUAD SOLVES DIRECTLY FOR THE ZEROS AND THEIR MULTIPLICITIES
OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR., SODLUTION UF THE

[ ]
L2
»

CRNEEEEESARAAREOR IS RFE IR ERAREESR AR SR E T EEF SR AR R EE RS VRU RS A ESR PR N AP E R 4 &
DOUBLE PRECISIDN UA,VA¢URGOTVROOT, UDESC,VDISC ,UTEMP s VTENPUDVDE |

40
50

&0

80

DUADRATIC 15 DONE USING THE QUADRATIC FORMULA.

LPSL4EP52 +EPS4 ,EPSLON,BBB
DIMENSTON UA{ZB!.VA(zb).URDOT!ZSI.VRDGT[ZSI.NULTIZS)
COMMON EPS1sEPS2, EPSLON,EPS4, 1024 HAX
1F(N.GY,1} GO TO 60
IF1J.LT.0) GO TO 40
J=gel
GO 10 50
NULTLL)=)
Jel
BBB=UALZ)PUA(Z) +VALZI*VA(2)
URDOTLJ)=—(UACL ) *UALZ)+VALLI#VAI2)) 7BBB
VRODT( I} =a={VAIL ) *UAI 21-UALLI#YACZ ) }/BEBE
GO TO 200
UDISC={UALZI*UA (2 )-VAL2)*VAL2) )= {4, GllUAIBJ*UA!ll—VAt3l*VAI!lll
VD1SC=(2.,0%UALZ I¥VAIZ) ) (4,00 LUATII*VALL) +VA L3I SUAT 1))
BBS=DSQRTIUDISC*UDISCHYDTSCEVOISC)
I£{BB8.LE.EPSLON) GO TO 100
[FIJJCE.D) GO TO 80
HULTELD=1
MWULT{Z2}e1
J=0
CALL COMSQT{UDISC ,VDISC,UTENPVTEMP)
UD=2 .0*UA(3 ]
VO=2.00VAL3)
BBB=UD*LID +VD*VD

'URDU?IJ*Il'll-UAlzl0UTEHPI*UD+l—VAI2I+VTEHPi'VDlIBBB

100

110
130

200

VROOT(J*#1)=( {~VALZ )+ VTEMP) SUD={ =UA{ 2 J+UTEMPI®VD} /BBR
UROOT(J#2)={(~UAL 2)=UTEMP }*UD+ (- VAL 2)1-VTEMP) *¥D} /BBB
YROODT(J+2)= ((”VA(Z! ~VTEMP } 8D~ -UAI2 )~UTEMPI*VD) /B BH
JuJe2

GO TO 200

[F{J.LT40) GD TO 110

Jajvl

GO T0 130

HMULTILI=2!

J=1

UD=2 JO*UAL3)

VD=2.0%VA(3)

BRA=UDID+VD*YD

URCOTEJ)I=(~UALI2) #UD-VA{Z } *VD) /BEB

VROOT{Ji=l~ Vhl?l‘UDfUﬂ(Zl*VDlIBBB

RETURN

END

=
*
]
L ]
]
L ]



focl

0002

0003
0004
0005
0008
0007
0008
opos
0010
0011
0012
o013
0014
0015
oola
o017
0018
ool19
0020
0021
0022
6023
0024
0025
0026
0021
0028
0029
0030
0031
0032
0033
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TABLE E.VII (Continued)

SUBROUTINE NEWTONIUX VX NyUP, VP s UXD: VXD, LONY)

SRR RN LR ERI DR AR EEREER IR A RN EE RS I FE NN KA NS AR RN SRR IR R ER BB kR EER LR DR &

]
»
t

t

10

15

20

AXSER NGRS RR Rk REERERETR SEPRRFERERERDERRDES ttt#l FRB AP EE RSP EEI NS I FE

THIS SUBRUUTINE CALCULATES A NEW APPRODXIMATION FROM THE OLD APPROX-
IMATION BY USING THE [TERATION FORMULA
TOXIN®LY = XINI-PUOXINDDZPUINI{NY ).

LE R B X N ]

ODUBLE PRECISION UXsVXUPy¥P, U*O|V*0.UB.VB|UDPXU|VDPXUIUPKD vPXO,u
VOIFFVDIFF,EPSL,EPSLON,EPS3,EPS4+AAA,BBR
DOUBLE PRECISION DDO

DOUBLE PRECISION ABPXD

DIMENSION UP{24) 4¥PL263,UB128),+VBI28)
COMMDN EPS1,EPSLON: EPSISEPS&, 102,MAX
LOGECAL CONY

UNo=1x )
VX0=VX

DO 10 1=1,MAX

CALL HDORNER{UXO, VXN UP¢¥P, LB, VA, UDPXO,VDPXQA}
upPxo=uBil}

YPXO=VBI(1)
DDO=OSQRT|UDPID*UDPKO*VDP:O‘VDPKOI
IF{ODD,.NE.O.O) GO TD S

ABP X0=DSQRT{UP XD UPXO+VPXO*VPXO}
IFCARPXD.EQ.0.0) GD TO 20

GO 7O 1%

Ba8= UDPKD#UOPKO*VDPKG'VDPKO
UDIFF=(UPXOSUDPXC+VPXOWWOPXD) /BB
VOIFF={ VPAXO*UDPXDO-UPXO*VDPX0O) /BBB
UXD=UX0~UDIFF

VXD=vxD~VDIFF

AAA= DSQRT‘UDIFF*UD[FFOVD[FF‘VO[FF‘
ABB*DSOAR T{UXO*UXO+VXO*YXO1
IF(BBRR.EQ.0.Q) 6O TG 10
IFLARA/BBB.LLT.EPSLON]I GO TO 24

CONT LNUE

CONV=.FALSE.

RETURN

CONV=, TRUE.

RETURN

END



. 000§

0002
000%
0004

00085

- aons
. ooor
oool
08009
6010
9011
o012
0013%
 AG1Ls
00Ls
8016
fo17
ools
ooLe
0030
o002l
0022
0023
D024
0025
0028
0027
o028

BT YT a0
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TABLE E.VII (Continued)

SUBROUTEINE OIVIGE (NyUPyVP M, ua.vu.x.uc.vea Co
t.t...tt.t“tttct‘tttttlvt.tttt.‘.ttttitt‘.t.-‘#tttt‘.t.‘ttttc‘tl.lttttilttt

K .
* GIVEN TWO FOLVNDHIA&S FLX) AND GiX), SUBRDUTlNE OIVIDE tOHPUTES TNE .
* QUOTIENY POL?NﬂHl!t HIXY) = FIXFZGIXD,. L
. e
tlttttttt.tc'tttttt‘t'tittt‘tttlttt'ttttti'ltitt!tt‘tttttlltttl‘ttitt.tt‘!t.
DOUBLE PRECISION UP VP,UD,¥D:UQs VQs UTERN, VTERN ; UDUNMNY . :
DIMENSION UP(ZG!.VPIZGIpUDIZbioVDlib'nUQIZGD|V0l25l
K=hN=N
uouanv-unlnolltuolntllovnlnol)'vnlutll
UKL b iUPINS L b RUDEME LD #VPINFL ) #VO{ H¥l ) ) JUDUNMNY
velnrll-lVPlutlI-UDIHOID-UPINOID-VDINolllluDunlv
IFtK,EQ. 0} GO TO LOD
Ja=}
00 50 Inl.X
Jujel -
UTERM=UP IN=J)
VFERM=VPIN=-J }
Kikake]
NNNu M=}
00 40 N)I=NMN.M
IEIKKLGT.1) GO TO 10
- GO TO 45
10 éF(Hl.GE.ll Go 10 20
’ [ B |
20 UTERM=UT ERN={UQ (KK} SUDIN] b=VQIKKI#VOLHLI)
VTERMAVTEAM= (UQIRK) SVDIML J ¢VOIKK b eUDINLY)
40 KK=KK~1
45 UDUNNV!UDIN*IIOUDIHil!ivDIHOIIOVOINtll
UQIKeL=1)m{UTEANSUDI He) b4 VTERNSYDIM+1) ) 7 UDUKNY
50 VQ{K+)=[)w{VIERMBUDI M+ 1i=UTERNSVDL M+ 1) ) JUDUNNY
100 RETURN

END



0B01

0002
0003
0004
000%
0006
0007
0068
Qoo9
0010
0011
noi2
0013
13
oolL5
0016
ooLT
o018
0019
Qo020

0001

0002

0oo3
0004
0005
0006
0007
0008
0009
0010
0011

Oonoaonn

[z XzNeleNa Nyl

Q!U“tt.t#.‘.‘!#lt‘tt‘.t"..t.it‘.tt*ttt‘t"it.l.‘tt‘.l‘*t"‘3““...Ot*‘.lt

E

* HORNER*S HETHOD COMPUTES THE VALUE OF THE POLYNOMIAL P{X} AT A
POINT D AND TS DERIVATIVE AT D. SYNTHETIC DIVISION 1S USED TO.
* DEFLATE THE POLYNOMIAL B8Y DIVIDING OUY THE FACTOR !! - D).

[ ]

10

TABLE E.VII (Continued)

“"SUBROUT INE -HORNER (UK (VX o N»UP o VP 3 UB, VB, UL 4 VC)

t##tt*ttt***lttt‘#ttlt..Ut#‘.‘".*‘.“.t‘..t#itt#‘l##tttlt.t#t‘t##“tt‘#ttt

OOUBLE PRECISION UXyVX,UP,VP,UB,VBsuC V¢

DOUBLE PRECISION UDUMMY, VDUMMY

DIMENSION UP{26) +VP(26b4UBL28),VBI26)

UBIN+L)=UP(N#1)

VBIN«L)=VP(NtL}

ualN1=tuxtuath1l-v:tVBlN+1ilouP|Nl
VEBINI=LUX#VA(NGL D eVIRUBINEL] F4VPIN]

UCoUB{N+1)

VC=VB{N+1)}

KKK=N=~]

DO 10 [=1,KKK

UBEKEK#L =1 )= (UXPUBIKRK$ 2= I-VX*#YDIKRKe2~ ll)iUFiKKKQI It
VBIKKK+L—-])= luxthlKKxoz-llrvx'UBleuoz-Illtv#tKKKol -1
UDUMHY =UX *UC-YX*V(

VDUMNY sUX #VE ¢y X*UC

UL =UDUMMY +UB (KKK +2- )

VC=VDUMNY +V8 (KKK +2~1|

RE TURN

END

SUBROUT INE DERIVENSUP o VP e MaUA,VA)
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¥
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GIVEN A POLYNOMIAL PIXYl, SUBROUTINE DEREV COMPUTES THE COEFFICIENTS OF

ITS DERIVATIVE PUIX),

*
[ ]
*

*tti‘t*it*lt#tt*tt##*t"."‘***'C"0"*."*.*#tt*‘i##.tt.*‘tttt‘tl‘i##tt“tt

10

DDUBLE PRECISION UP,V¥P,UA, VAL AAA
DIMENSION UP(256)+VP{26),UA(246),VAL26)
KKK=N¢ ]

00 10 1=2,¥KKK

AMA=T-1

UAL{T-11=AAA*Ur]])

VALI=1}=ARARYP(])

H=N-1

RETURN

END



06001

boo2
0003
D004

© 0005

0006
aco?
QnoA8
0009
og1o
Qoll
ao12

0013,

0ol

0o01%’

G014
0017
onis
ooLe
0a20

on21 .

o022
0023
0024
0025
0026
og2¥
ooze
Qez9

0030
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TABLE E.VII {(Continued)

SUBROUTINE MULTLUN,UP,VP,J,UROOT, VROOT,,MULT)

212

-tttttttut*tttvattttttt*ttttt:tlt#‘.ttttttt#ttttottttttlttttttttttl#ttttttl.

»
»
*
L

10

.20

40

50

60
70

too
1000

GIVEN N ZEROS DF A PDOLYNOMIAL, SUBRDUTINE MULTI COMPUTES THEIR
MULTIPLICITLIES.

FEFSRSEEEEN SRR REE RSB EE B AR RN NS XR R SEEO NN E RS ER R EI RN SRR A EFEF PRk R R AS S

DOUBLE PRECESIDN UP,VP,URDOT, VROOT UA VA UB, VB, UCYC,,EPSL,ERSZ,EPS
LLONLEP53,0B8

DIMENS ION UP(Zb)-VP(Z&):URDDTIZSI'VREDT(25'|UA(261:VAG26]:UB(ZBIov-

1BE26)  MULTE25)

COMMON EPS1,EPS2,EPSALEPSLON, LO2:MAX

D0 100 I=lsd

KEK=N+1

00 10 K=1l,KKK

UALKI=UPIKI

VA(K)wYP{K]

M=N

MULTL] )=0

CALL HQRNEﬂlunour(II.vRDnTltl.H.UA.UA.UB.VB.uc.vCJ
BEB=DSQRTIUBLLI*UBL L1 +VBI1)*vHI1))
IFIBBB.LT.EPSLON) GO TO 50

IFCMULT(I).EQ.0) GO TO &0

G0 1O 100

WRLTE(1D2,1000) EPSLDN.I.URUOI(II.vaonrtl!

60 10 100

MULTHI I=MULTHI)#]

[FIM.GCT.1) GO TA &0

GO TO 100

DO 70 K=14M

UALK)=UBIK+]L)

VAIK)=VB{K+1)

M=H-1

GO TO 20

CONT INUE

RETURN

FORMATL///15H THE EPSILUN 14D10.3,48H) CHECK IN SUBROUTIKE MULTI]
LINDICATES THAT ROOTI[244H) = ¢D23,.1643H + 023, 16¢2H {/80H 15 NO
2T CLOSE ENOUGH TO BE A TRUE nunr. 5T IS PRINTED BELOW WITH MULTIP
ILICITY O74)

END :

*
]
»
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TABLE E.VII (Continued)

0001 -SUBROUT-INE COMSQT.IUXy Y X yUYo VY )
T CHEREEER AN R ERAR R R RN R R RR AR NI RR R RN TR I RN RS R N TR NG R AR R AR Ry
C = ‘ 'Y
C « THIS SUBROUTINE COMPUTES THE SOUARE RODT DOF A COMPLEX NUMBER, .
o * L]
G PR AR LS AL ST S R LR L S Il Ty Y Y Y TPt i ]
0002 ‘ DOUBLE PRECISTON UX,VX,UY, V¥, 0UMMY,R,AAA;BBB
0003 R=DSQRT{UXMUX+YXSYX)
0004 © AAA=DSQRTIDABS{IR+UX}/2.0)}
0oos BAB=DSQRT(DABS ({R=-UX}I/2.0)}
0006 IFIVX) 10,20,30
000t 10 UY=AAA
0008 Vye-1,0#888
0009 GO 70 100
Qol0 20 1FIUXY 40,50,60
LrOO0LY o 30 UY=AAA
0012 vY=B88B
0013 GO TO 100
aolL4 40 OUMMY=DABSIUX)
0o01s- Uy=0,0
0016 VY=0SQRT { DUMMY }
0017 G0 TO 108
0018 50 UY=0.0
o019 ¥Y=0.0
0020 G0 TO 100
0021 60 DUMMY=DABS{UX}
0022 UY=D5ORT { DUMNY }
0023 Vr=0.0
0oz4 100 RETURN

0025 END
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APPENDIX F
G.C.D., - MULLER'S METHOD
1. TUse of the Prbgram

A double precision FORTRAN IV program using the G.C.D. method‘wifh
Muller's method as a éupporting method is presented here. Flow charts
for this program are given in'Figure F.1 while Table F.III glves-a
FORTRAN IV listing of this program, Single predisiqn variables are -
1isted-in Téble F.IT. The single precision variables are used in the
flow charts and the corresponding.double precision wvariables can be
obtained from Table F.II. |

This program is designed to solve polynomials having‘degree less
than or equal tﬁ 25. 1In order to solve polyﬁﬁmials of degree N where
N > 25, the data statement and array dimensions given in Taﬁle F.T
must ‘be changed.

Iﬁlfhis program both the leading coefficient and the constant

coefficient are assumed to be non-zero.
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TABLE F.I

PROGRAM CHANGES NECESSARY TO SOLVE POLYNOMIALS OF DEGREE
. GREATER THAN 25 BY G.C.D. - MULLER'S METHOD

Main Program

Data Entry/lHl,142,...,1H9,2H10,2H11,...,2HXX/where XX = N+l
URAPP (N, 3), VRAPP(N,3)
UAPP(N,3), VAPP(N,3)
UP (N+1), VP(N+1)
URCOT(N), VROOT(N)
MULT (N) :

UDP (N+1), VDP (N+1)
UD (1), VD(N+L)
UQ(N+1), VQ{N+1)
UQQ(N+1), VvQQ(N+1)
UB(N+L), VB(N+1)
ENTRY (N+1)

Subroutines MULTI, DIVIDE, DERIV, GCD, and QUAD
See corresponding subroutines in Table E.I.
Subroutine MULLER

UROOT(N), VROOT(K)
MULT (N)

UAPP(N,3), VAPP(n,3)
UWORK (N+1) , VWORK(N-+1)
UB(N+1), VB(N+1)
UA(N+1), VA(N+1)

URAPP (¥,3), VRAPP(N;3)

Subroutine BETTER

URDOT (N), VROOT(N)
UA(N+L1), VA(N+1)
UBAPP (N, 3), VBAPP(N,3)
UB(N+1), VB(N+1)
UROOTS (N), VROOTS (N)
URAPP(N,3), VRAPP(N,3)
MULT (N)

Subroutine GENAPP
APPR(N,3) APPI(N,3)
Subroutine HORNER

UA(N+1) , VA(N+1)
UB(N+1), VB(MN+1)
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2. Input Data for G,C.D. - Muller's Method

The input data for G.C.D. - Muller's method is prepared exactly as.

described in Appendix E, § 2 for G.C.D. - Newton's method.
- 3, Variables Used in G.C.D. - Muller's Method

The main variables used in G.C.D. - Muller's method are given in
Table F.II. The symbols used to indicate type and disposition are
described in Appendix E, § 3. For variables not listed in Table F.II,

see the main program or corresponding subprogram of Table E.VI.
4, Description of Program Output

The output from G.C.D. - Muller's method is identical to thdt for
G.C.D. ~ Newton's method as described in Apptendix E, § 4, keeping in
mind that Muller's instéad of Newton's method is used. The exﬁression
"SOLVED BY DIRECT METHOD& is equivalent to "RESULTS OF SUBROUTINE QUAD."

Only one.initial approximation, X , (not three) is printed.  The other

0,

two required by Muller's method were .QXD and l.lXD.

5. - Informative Messages and Error Messages .

The informativéﬁﬁeésages and error messages in this program are
described as follows. For other messages not.listed here, see Appendix
E, § 5. |

"THE EPSILON (XXX) CHECK IN SUBROUTINE MULTI INDICATES THATTRdOT'
YY = ZZZ IS NOT CLOSE ENOUGHT TO BE A TRUE ROQT: IT IS PRINTED BELOW
WITH MULTIPLICITY 0." This message is described.in -.Appendix E, .6,-5..

"COEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO ZEROS WERE

FOUND." This message is described in Apptendix E, § 5.
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"NO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER XX.'" XX represents the

number of the polynomial for which no zeros were extracted.

| "IN THE ATTEMPT TO IMPROVE ACCURACY, ROOT XX = YYY DID NOT CONVERGE
AFTER ZZZ ITERATIONS.”" This message indicates that a root did mot -
produce convergence-during the attempt to improve accuracy. XX
représents the number of the root before the attempt to improve
accuracy, YYY represents its value, and ZZZ represents the maximum.
number of iterations. The following message then follows. ''THE
PRESENT APPROXIMATION IS AAA." AAA represents the preéent.approximation

to the root after the maximum number of lterations.



TABLE F.II

VARIABLES USED IN G.C.D. — MULLER'S METHOD

Single Precigion Double-Precisibn Disposition

Variable - Type Variable Type of Argument Description

Subroutine MULLER

NP I NP I E Degree of polynomial P(X)

NROOT I  NROOT I R Number of distinst roots found

NOMUULT I NOMULT 1 Number of roots (counting multiplicities)

ROOT C UROOT,VROOT D R Array containing the roots

NAPP I NAFP I E Number of initial appreximations to be read in,

APT C UAPP, VAPP D E Array of initial approximations-

WORK - c UWORK,VWORK - D Working array containing coefficients of current polynomial .

B c UB,VB D Array containing coefficients of deflated polynomial

A C UA,VA D E - Array containing coefficients of original polynomial, B(X)

RAPF . C URAPP,VRAPP D R Array of initial or altered approximation for which

convergence was obtained _ _

X1 C U¥1,vi1 D One of three current approximations to a root

X2 C Ux2,vx2 D One of three current approximations te a roet-

X3 C UX3,VX3. D One of three current approximations to a root

PX1 C UPX1,vPX1 D Value of polynomial P(X) at X1

PX2 c UPX2,VPX2 D Value of polynomial P(X) at X2

PX3. C UPX3,VPX3 D Value of pelynomial P{X) at X3

X4 C UX4,VE4 - D Newest approximation (X,31) to root

PX4 C UPX4 ,VPX4 D Value of polynomial P(X) at X4

MULT I MULT 1 Array containing the multiplicities of each root found

ITER I ITER I Counter for iterations :

I01 I 101 I Unit number of input device

102 I 102 I C Unit number of output.device -

EPSRT R EPSRT D c ‘ Number used in subroutine BETTER to generate two approxi-
' mations from the one given i '

NOPOLY I NOPOLY I E ' Number of the polynomial - : ;

8T1e



TABLE F.II (Continued)

Single Precision Double Precision Disposition

Variable  Type Variable  'Type of Argument ' Description

MAX I MAX I C Maximum number of iterations

EPS R EPS D C Tolerance check for convergence

EPSO- R EPSO D c Tolerance check for zero (0)

EPSM R EPSM D C Tolerance check for multiplicities

KCHECK I KCHECK 1 Program control, KCHECK = ]l stops execution of program

XSTART "R XSTART D E- Magnitude at which to start generating initial
approximations

XEND R XEND D E Magnitude at which to end generating initial approximations

NWORK I NWORK I Degree of current deflated polynomial whose. coefficients
are in WORK

ITIME I ITIME - I Program control

NALTER 1 NALTER I Number of alterations which have been performed on an.
initial approximation

IAPP I LAPP I- Counter for number of initial approximations used

CONV L ConNv L When CONV is true, convergence has been obtained

IROOT - I IROOT I R Number of distinct roots selved by Muller's methed,
i.e. " not sdlved directly by subroutine QUAD

Subreutine HORNER

A C UA,VA D E Array of current pelynemial coefficients (to be deflated
or evaluated)

NA .- I HNA , I _ E. Degree of polynemial to be deflated or evaluated

X C UX, VX 3] E: Approximation at which to evaluate or deflate the

: . 7 polynomial
B C UB,VB D R - Array containing the coefficients of the deflated
- polynomial -
PX C UPX,VPX D R Value of the polynomial at X o
NUM- I  NOM- I Number of coefficients of polynomial to be deflated o

i



TABLE ‘F.II {Continued)

Double Precision ..
Variable - Type

-Disposition
of Argument

Single Precision
Variable Type

Description

Subroutine TEST

X3 C UX3,VX3 D E Approximation to root (old) (X,)
X4 c UX4,VXd D E New approximation to root (Xp41)
CONV L CONV L R CONV = True implies convergence has been obtained
EPS R EPS D C Tolerance for convergence test
EPSO R EPSO D C Tolerance check for zero (0)
DENOM R DENOM D Magnitude of new approximation, (X +1
Subroutine BETTER-
MULT 1 MULT I ECR Array of multiplicities of each root
A c UA,VA D E Array of .coefficients of original undeflated pelynomlal
NP I NP I- E Degree of original polynomial
ROOT C UROOT,VROOT D ECR Array of ROOTS
NROOT I NROOT 1 ECR Number of roots stored in ROOT
BAPP C UBAPP,VBAFP D E Array of initial approximations (eld roots)
IROOT I IROQT I ECR Number of roots solved by the iterative process (Not QUAD)
ROOTS c URQOTS ,VROOTS D Temporary storage for new (better) roots
L I L I Number of roots found by BETTER
EPSRT R EPSRT D C A small number used to generate two of the three
approximations when given one :
ITER I ITER 1 C Counter for number of iterations
B C UB,VB D Array containing coefficients of deflated polynmomial
X1 ¢ UXI,vX1 D One of three approximations to the root
X2 c- U%2,vx2 D One of three approximations to the reot
X3 € UX3,VX3 D One of three approximations to the root.
PX1 ¢ . UPXL,VPXl D Value of polynemial (P(X)) at X1-
PX2 C UPX2,VPX2 D Value of pelynomial (P(X)) at X2
PX3. C UPX3,VPX3 . D Value of polynemial (P(X)) at X3

0ze



Single Precision

~ Double Precision

TABLE F.1II (Continued)

- Disposition

Variable Type Variable Type -~ of Argument
CONV L CONV- L

X4 C  UX4,VX4 D

J I J I

MAX I MAX 1 C
102 I 102 I C
X1 C XIR,Xi1- D ECR
X2 C X2R,X21- D ECR
X3 c X3R,X3T D ECR
XZR R X2R D

X21 R X21 D

Description

CONV = true implies convergence has been obtained

Newest approximation to root

Program control - counts the number of roots used as
initial approximations

Maximum pumber of iterations permitted

Unit number of output device

Subroutine ALTER

One of the three approximations to be altered -
One of the three approximations to be altered -
One of the three approximations to be altered
Real part of complex approximation

Imaginary part of complex approximatien

Subroutine CALC

These variables are dummy variables used. for temporary storage and thus, are not defined.

TZC
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TABLE F.IIT

PROGRAM FOR G.C.D.-MULLER'S METHOD

EEPEEREEERRER RN SR ER RN RN ER R RSN A KA RN R R PSR IR REE TN RDRE Y ERF SR TRT D

DOUBLE PRECISION PROGRAM FOR G.C.D. = MULLER'S METHOD

%
* *
" *
* -
* THE G.C.D. METHDD EXTRACTS THE ZERDS AND THEIR MULTIPLICITIES OF A *
# POLYNOMIAL OF MAXIMUM DEGREE 25, ALL MULTIPLE ROOTS ARE REMOVED BY *
* DIVIDING THE POLYNOMIAL BY THE GREATEST CUGMMON DIVISOR OF THE POLYNOMIAL #=
* AND [TS DERIVATIVE. THE ZEHOS OF THE RESULTING POLYNOMLAL ARE E£XTRACTED *
* AND THEIR MULTIPLICITIES DETERMIMED. *
* *
* L 3

ttt#*##*!#*tm#t*rt**ttt#t*tttt#*t‘t'#ttﬁ!t‘tttﬂ*ttt*t#titttitttttttt*'**"

DOUBLE PRECESION URAPP,VRAPP :

DOUBLE PRECISION UP, VP, UAPP,VAPP ,URDOT,VRODT ,uDP, vOP L0, VD, U2ZR0O, V2
1RO, UQ,VQ  UDUMPY , VOUMHY ,UQ0,VOQ,UB, VB ,EPSL EPS24EPSALEPSS

OIMENSION URAPP[25,3) JVRAPPLI2S, 31, UAPP 25,31 4VAPP{25,3}

ODIKENSION UPFtzel yYP{26),URGOT(251 ,VROOT 25}, HULTL25) UOPI26),VEPL2
14),U01256)1,¥0[28),UQ1256),VQI26} (UQQE26)¥QQIZ5H) JUBI26) ,VBI25) ¢ ANAME
ZUZNSENTRY{26)

DOUBLE PRECISIDN XSTARY

ODUBLE PRECISION XEND

DOUBLE PRECISION EPRSRT

COMMON EPSRT,EPS1, EFS2,EPSIHEPS4H, 102 MAX

DATA PNAME,QNAME , QUNAME/ ZHP L, 2HG Ty IHQALY

DATA ENTRY/LHL 1 H2p 1HY; 1 LHS , LHG  L1HT7 , 1HB L HD 2H10, 2H11, 2H12,2H13
19 2H14y 2015 2HE 6, 2H1 T 2H1 8, 2H1 9y 2H20 4 2H21 s 2H22 ¢ 2H23 3 2H24 4 2H25,2H26/

DATA ANAME (13, ANAMEL2)/74HMULL &HERS 7

LOGICAL NEWT

101=5
- [02=6

Lo J=0

FTIME=0 .

READ{IDL, 1000} NOPDLY s NP NAPP 4MAX EPSL,EPS2,EPS3,EPS4y XSTART, XEND, .
1KCHECK

IFIKCHECKLEQ.1 ) STOP :

WHITE(102,10201 ANAME( L) s ANAME( 21 4ROPOLY
WRITEL102,2000) NAPP

WRITE[ID2+2010) MAX
WRITE( (02,2070} EPSI
WRITE[[02,20200 EPS2
WRITELIN2,2080} EPS3
WRITE(102,2030) EPS4

WRITELIO2,2040) KSTART

WRITELITDZ2,2050) XEND
WRITE({102.20601

KKK=NP+L
NNNTKKK* |
DO 20 K=k KKX

JJI=NNN-T

20 READ(IOL,10L10) UPIIJIY,¥PLUILY
IFINAPPLNELO) GO TO 22
NAPR=NP
CALL GENAPPIUAPP VAPP,NAPP  XSTART)
Ga Tn 23
22 READIIGL.LOLS) VUAPP{I,23,VAPPIL,2]1,41=1,NAPP}
23 WRIYE{IQ2,1030) NP

KKK=NP#)

NNN=KKK+ |



00462
0043
0044
Do45
Q0&6
004T
0048
0049
Q050
0051
0052
0053
0054
00S5
0056
cos7
cos8
0059
4101,%4]
0061
o062
00613
00b4
0065
0066
0067
0068
0069
0070
oerl
0072
Qo073
0oT4
DOT5
Q076
oott
oova
ooTg
cOB0
aosl
Qo8z
Q083
0084
acas
Jo1e:14)
Qaav
anag
0089
Q020
0091
0092
0093

D094
0095
0096
o097
0098

25

30

55

&0

65

&6

TC

80

83

85

90

LLG

120 CALL MULLERIUGQ, vOOQ.NQQUAPPVAPP  NAPP XA5TARY s XKENDUROOT , VROOT  J . J

TABLE F.III (Continued)

DO 2% I=14KKK
S d=NNN=-T
WRITE{TIDZ,1040)

PNAME,ENTRY{JJJ 1 2UPLIIIN W VPLISS)

IFANP.GE.3) GO TO 30

J==1

CaLl QUADINP UP VP JoURDOT, VRODT , MULT )

WRITEL[32,1070)
WRETEL102,1165)
GO 10 10

ClL,URDOTLL}, VRDOTOT i 4MULTEE ) o TI=1yJ

CALL DERIVINP,UP, VP {NOP,UDP,VOP}

CALL GCDINP,UP, VP NDP,UDPVDP +ND,UDy¥D)
IFIND.GT.1Y GO TO 70 '
IFIND.EQ.O) GO TO 65

UDUMMY =00 21 %001 2 ) +¥DL 2 2vDl2)
UZRO==1Q0(1 1 *UDI2 ) +VO(LI*VD{2]) ) /UDUMMY

VIRO=—-{uD(2)wvi(
KKK=NP+1
DO 55 I=14KKK

UQR{ I} =UP{KKK¢L-

11-UD{1) *VY0( 2} Z7UDUMMY

VOQ{Ih=VPiKKKe1-T)

NQQ=HP

CALL HDRNER{NOQ,UQO, VQQsUZRO, VIRDsUB, V8  UDUMMY , VDUMMNY}

NQ=NP-1

0D 60 f=l.NP

UVOI T}=URINPe]l-[)
VAL 1I=VBI{NP+1-1}
GDh TO a0
KKK=NP+1

DO &6 T=1,KKK
ugqiI=urii)

VLI h=vPIT)
NG=NP

GO ¥ a0

CALL DIVIDEINP ,UP VP ,NDsUD,VD s NG UD,VQ)
WRITE([D2,1120} NOD

KKK=HO+]1
NNAN=KKK +}

DO 83 I=1.+KKK
JJJ e NN~

WRITELIDZ2,10403 QNAMESENTRY{JJI UG IS} VQIIIS)
IFING.GE.3) GO .TO B5

GO TO 110

KK =N+ 1

00 90 T=lsKKK
UOQUIY =G IKKKSL~
VAQ(T 1= VQi KKK+ 1~
NOU=ND

GO 1a 120

CALL GUADINQ.UQ,
NEWT=.FALSE.

G TO 310

1
[ &}

Ve JyURGAT VROGT , MULT]

TAP URAPP ,VRAPP,NOPDLY)

NEWY=.YRUE.

310 CALL MULTI(NP,UP,VP, J,UR0UDT, YROOT ,MULT)
TFINEWTE GO TO 330

WRITEL[D2,1Q70)
WRITELLGZ2, 114650

(L UROOT(L Y, VAOOTEL ) yMULTEL) =14 d}
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TABLE F.III (Continued)

G0 10 10

330 WAITE{1D2,1180%
DO 350 L=1,JAP

350 WRITEL1D2,1190) L.URUOTILI.VRDDT(LI MULTIL 4 URAPP (L 21 . YRAPPIL 2}
KKK=JAP+1 -
TELJAP LT J) MRITE(IOZ:1165) lL.UROD!ILI.VRODI(LlnNULTtL!-L=KKK.JI
GD TD 10

1000 FORMAT{ICI2,1%) 49X 131X 9%(Db, DIl!'ll}!pZ'DTuO.lx’lll’

L1010 FDRMAT(2030.0)

LOLS FORMAT{2D30.0) .

1020 FORMATL1HL , 10N 41HGREATEST COMMON OJVISOR HETHOD USED WITH 2{A4),
135HMETHOD TO FIND 2ERQS OF POLYNOMIALS/Z11X, 18HPOLYNOMIAL NUMBER- +1
22414

1030 FORMATILX,22HTHE DEGREE OF PiX} IS .IZ'ZZH THE COEFFICIENTS ARE//
1}

1040 FORMAT{2XiA2,A2,44H} = ,D23.16,3H ¢ ,D23.16,2H 1)

1070 FORMATL///71X,13HRO0TS OF PIX),52%, L4HMUL TEPLICITIES/ /)

1080 FORMAY{ZX,SHROOT (412,4H} = ¢023.16.3H ¢ y023,1642H (410X, 12)

1100 FORMATI2X,A3,A2 ,4H) = ,D23,156,3H + ,D23.16,2H 1)

1120 FORMATEZZ71XN TIHOL XY 15 THE PDLYNUMIAL WHICH HAS AS ITS ROOTS THE
IDESTINCT ROOYS OF PIX)./1X,22HTHE DEGREE OF Qix} IS ,12,22H THE C
2O0EFFICIENTS AREZ/)

1165 FORMAT (12X ,SHRODT{,12,4H) = .DZB.[b.BH + ¢P23.16,2H I, TXe12410X,26H
YRESULTS OF SUBRNUTINE QUAD!

118D FORHATIZ/Z/1X,13HROOYS OF PIXD.SZx,IQHNULTIPLlt!TlES.lT!.ZIH!NlTIAL
T APPROXIMATIONSZ)

1190 FDRMATIZ2X SHRODTI o 12 44H) = sD23,16¢3H + D2301642H 137X, 12:9%X,D23.
11643H * 4023.16,2H T}

2000 FORMAY [1XN,41HNUMBER OF INITIAL APPROXIMATIONS GIVEN. 121

ROLO FORMAT(LX,29HMAXTIMUN NUMBER OF ITERATIONS.,11X,13)

2020 FORMATILX,2)1HTESTY FOR CONVERGENCE.s13X,09.2)

2030 FORMATU(LX,24HTEST FOR MULTIPLICITIES.+10X%,09.2)

2040 FORMATI1Xs23HTADIUS TO START SEARCH, »11X:09.2})

2050 FORMAT(1X,21HRADIUS TO END SEARCH.,13X,09.2)

2060 FORMAYULA/LX)

2070 FORMATL{LX,34MTEST FOR ZERD IN SUBRQUTINE GCD. 409.2}

2080 FORMAYU(1X,34RTEST FOR ZERO IN SUBROUTINE QUAD. +D%.2)

END .



ooel

0goz
ooo3

Q004
0005
Q005
0007
[eLa]e):]
0009
0010
0okl
0012
oota
a0l 4
nois
00l&
act7
nols
gol9
noz2o
0021
o022
0022

0024 -

2025
0026
o027
0028
0029
0030

0031

c
c
¢
c
<
¢

¥
*
’
*
*
»

10

20

237

TABLE F.III (Continued)

SUBRDUT INE MULTTIN.UP,VP . J,URDOT, VRDOT (MULT}
LR LN R PR R A T LR P L SR DS DRIE R R LA 2R L 1o St Rl e i S 2 Bt 2l L2

]

GIVEN N IERDS OF A POLYNOMEAL, SUBROUTINE MULTL COMPUTES THEIR *
MULTIPLICITLES . ' *
. *

EECKE RN ORI RS RER A AF R ARSI AR AN ER AR R AT RNN AR I E RO SE AR e RN RF R kb2 d

DOUALE PRECISION UP¥P,UR0ODT, VRODT :UA VA UB¥B,UC VL, EPSE,EPS2,EPS
1LON.EPS3, BBB

DIMENSION UP(Z6) VPL26YyUROOTIZS )y VROOTI 25 4UAL 261 4 VAL28),UBLI26) 4V
LB(26) + MULT{ 25}

DOUBLE PRECISION EPSRY

COMMDN EPSRT 4EPSLyEPS24EPSILEPSLON,IO02,MAX

ou 166 I=1,J

KKK=Ne]

00 10 K=1,KKK

VALK ) =UP KKK +1~K }

VAKI=VPIKER+1-K}

HM=N

HULTIL)=0

CALL HORNERIM,UA,VA,URDOT{1),VROOT{T},UuB,VB,UC,¥LC)

| BRB=0SQRT{UCEUCH VC*YC)

4Q

1

b0

10

100

1000

IF{UBR,LT.EPSLON) GO TO 50

TFIMULTOI1.EQ.0) GO TG 40

6O TG 100

WRITE{10Z,1000) EPSLON,|,URDOTII) ,VROOTLT)

GG TO 100

MULT{T}=MULTIL}%]

1F{M.GT. 1) GO YO &0

GO YO 100

DO TO K=L,H

UALK)Y=UBIKY

VATK}=VBIK)

MaM~1

G0 YO 20

CONTINUE

RETURN

FORMATL///15H THE EPSTILON 1, 010.3,48H) CHECK IN SUBROUTINE MULTI
LINDICATES THAT ROOTUL.12,4H) = ,023,16,3H + ,D23.16,2H 1,/80H 15 NO
2T CLOSE ENDUGH [0 BE A TRUE ROOT. IT IS PRINTED BELOW WITH MULTIP
TCITY 04/)

END
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TABLE F.III (Continued)

SUBRDUTINE DIVIDE Ny UPy VP oMy UD, VD4R ;UG VD

238

t##tlt#‘*tttttttt#ittU*t#tt‘#t*tttt'tt't‘#.“."tt'lt“*t.t*#‘tt*#“‘i##*'l*

.
L 3
*
-

GIVEN THU POLYNOMIALS F{X} AND GIX), SUBRQUTINE OIVIDE COMPUTES THE

QUOTIENT POLYNOMIAL HIXI = FIX)/GIX).

*
*
»

LEL RS F R R PR 2R 2 bt b R LR P R PR T YT R ST RS L RS A AL 22 dE Lt d ity ]

i0
20

40
45

50
i00

DOUBLE PRECISTON UP, VP UDVDsUQy VO, UTERM ,WTERM, LOUMMY
DIMENSION UPIZbl.VP(Z&'|UDl26!nVD(26)-UQ(261oVD!26|

KaN-M

UDUMMY=UD{M« 1 1 PUD{MeE I +VDIM*]L Y AVD{M+]L]

VQUK+1 1= UPEN+ LI *UD( M+ L) +YPIN+L ) =VO{ M+ 1) ) FUDUMMY
VO(K*I!'IVP(N*II*UD(M*II—UP(N‘[I*VO(HﬁlillUDUHHV
IFIK.EQ.Q) GO TO 100

=-1
oo 50 lﬂl.K
J=J+1

UTERM=UP(N-J]

VTERM=VP (N~-J)}

RE=K+#]

NNN=M-J :

DO 40 ML=NNN,M

IFEKK.GT.1) GO TO 10

GD TO 45

IFIML.GELL) GO TO 20

GO TO 40

UTERH=UTERM~ {UQTKK}F*UD{HL I-VIIKK]I&YDIMHEND
VTERM= VTERM—(UOIKK!*VD(HIifVQlKKI‘UD!NlI)
KK=KK~1

UOUMHV=UDIM*Il*UD(Mtl1+VDIM013*VDIH+1I
UQUK+L=1 )« (UTERMOUD(ME L) +VTERMEVD( M+ 1 )}/ UDUMNY
VOIK+1- lI‘IVYERM‘UDINGII-UTERM*VDIB*IIifUOUHNY
RETURN

END

SUBRDUTINE DERIVIN,UP VP M ;UA+VA)

t##**t#.t&t**l#*t&*‘*t‘*Ut**ti‘*tltt.i*t*.*t*!t..‘t‘*t**‘***tilti*.#**itt**‘

*
*
)

GIVEN A POLYNOMTAL P(X), SUBROUTINE DERIV COMPUTES THE COEFFICIENYS OF *

ITS DERIVATIVE PY'{X}.

L

*
#

Lt e e Al b ALl E L LRl R Rt R L F L LRl P T T Y YT T I T

i0

QDOUBLE PRECISION UP, ¥R UA VA, AAA
DIMENSION UPI26) VPRI 261, UALZ6) VA(20)
KKK=N+ |

DO 10 1=2,KKK

AAAwT-1

UACT-L)=AAAWUPL T}

VALI=1)=AAASYRLT)

M=N-1

RETURNMN

END
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TABLE F.III {(Continued)

SUBROUTINE GCOIN,UR,VR,M,US,VS,ML,US5,V5S)
a#ttc:*tt*ngtttg*aqu‘tt.m#tu##tt*tt*tt#ttt*tt#t##ilt.tﬂitt*tttttttttti#‘t##t

N *
* GIVEN POLYNOMIALS PiX} AND DPIX] WHERE DEG. DPEX) IS LESS THAN DEG. *
® P(X), SUBRDUFINE GCO COMPUTES THE GREATESY COMMON DIVISOR OF P{X) AND *
* DPIX). *
* *
% £ ]

t#**tttt**#t‘*#lt*ttl#t#*ti#t*itti*tt*t*t*‘##'tt*tt#l*!tt*tlitt*ltltt#!l#*
DOUBLE PRECISION EPSRT
DOUBLE PRECISION USS5555,¥5555%
DOUBLE PRECISION UR.VR4USeVS1USSe V5SS URA, VAR, UD;VDpUTvVTvEPSLUNiEP
1S24+EPS3,EPS4,BEH
DIMENSION URE261 4VRI26),US{26),VS26),US5¢26),V550126),URR(26),VRR(
126, UT{261,VTL256)
COMMON EPSRT,EPSLON,EPSZ,EPS3,EP 34, 1029MAX
Nl=N
M1l=M
KKK=N#1
DO 20 (=1,KKK
URRLE)I=UR{T]
20 VRR{tI=VRIL}
KKK=Ms ]
DO 25 1=1,KKK
USStry=us(cel
25 VSS(1)=vSiT)
30 BBD=USSIML+#LI#USSIMLI+LI+VSSIML+LIPVSSIMEI+]1)
UD= (URRANL+1}*USS{ML+L )+ VRRINL#L}¥VSS{ML+1})/BRB
VD= EUSSEML+1P*VRR(NLI+L}-URRINL#L }*VSS{M1+1)} /BAA
KKK=NL+1-HM1
DO &0 I=KKK,Nl
UTI 1 =URAT T 3= UD*YSSL I-NL1eH: I -VYORVSSTT-NL+K1})
40 VTIL1 =YRRUI}={UDMYSS{ I~ N14H1|+vouUSSII-N1+MlJI
IF{H1.EQ.NL) 6O TO 70
KKK=NL1-M1
DO &0 I=1,KXK
UTUEY=URR{T)
60 VYdT)=vRRII}
TO 00 90 [=1,NL
BBB=DSQRT{UTINL+ 1— I:tUTtN1+1-[1+thN1+1 —LySVTINL#L-T))
IFIBBD.GT.EPSLONY GO TO 100
90 CONTINUE
DO 95 1=1,M1
BABEUSS{ML+EIFUSSIMI+LI+YSSIMI+LISVSSIME+])
USSSSS=(USSTII®USSIMA+1I#VSSIII*YSSIMKL+1)) /BBE
VESSSS={VSS [ TP *USS{ML+1)~USSITI*YSSIML+L)) /BBB
USS{1)=U5558%
95 ¥55111=Vv5555S
USS5(ME+1}=1.0
VSS{ML+1)=0.0
G0 10O 200
100 K=n1-1
IFLK.EQ.D) GO TQ 170
IF{K.LT.ML) GO TO 140
KEK=He]
DO 130 J=1,KKK
URRQJ) =T (A}
130 VRA{J) =VTJ]
Nl=K
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140

150

160

170

200

TABLE F.III (Continued)

GO TO 30
KKK=K+]

DO 150 J=1 KKK
URREJ)=USST )
VARLJ I =VSS{J)
Uusstyi=uri s}
VSS(J=VTLJ)
KKK=K+2
NNN=M1+1

DG 160 J=6KKNNN
URR{JI=USS (I}
WRR1J)=VS5( 4}
NL=M|

M1 =K

60 YO 30
usstli=1.0
V55(11=0.0
M1=(

RETURN

END
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TABLE F.I1I (Contimied)

SUBRDUTINE QUAD(N, UAsVA, JURDDT, VROOT 4MULTI

-*‘*tt#'#t*C*t*‘t¢tlt*0***‘f'i#**tt*lt*liB.¢¢*"“‘****l‘lﬂt“““*‘.‘**‘##t
* »
* SUBRDUTINE QUAD SOLVES DIRECTLY FOR THE ZEROS AND THEIR MULTIPLICITIES *
* OF EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR., SOLUTION DF THE *
* QUADRATIC IS OONE USING THE QUADRATIC FORMULA. *
L] n
Hhbkg ke wdr ok ke dok okl e e o ok e e e e sk o ok ok ke ook dk o
DDURLE PRECISION EPSRT
OOUBLE PRECISION UA, VA,URQOT:VROOT.UDISC VD1 SCUTENP , VTEMP, UD, VD, E
IPSLEPS2 . ERS4,ERSLON,BBB .
DIMENSION UAL26),VAL26),UR00TE2%),YROOTL2S5)MULTI25)
COMMON EPSRFLEPSL,EPS2+EPSLONSEPS4,102,.MAX
[FINJ.GT.1) GO TO 60
IFL4.LT.01 GO TO 40
J=t+]
GO TOQ S0
40 MULT (1 )=1
J=1
50 BAE=UA[21=UALZ}+VATZ)®VAL2)
URODTL D) =={UATT b#ALZ)+VALLISVAIZ) }/BRB
VRAOOT(JI=-{VAL1 ) *UAL2}-UALL)®VA{2))}/B88
G0 TO 200 ' Lo T
60 UDTSC=CUAT2Y *UAL2)-VA{2IAVAL2 ) =14 0% (UA(II*UALL)=VALII*VA(L)))
VDISC=12.0%UAL21*VAL2)}=(4.0%LUALII*VAILI+VAII®UALLY))
BEB=DSGRTIUOTISCHUDTISC+YDISI=VDISC)
IFIB0ALLE,EPSLONE GO TO 100
IFIJ.GE.Q) GO TD 80
CHULTIL) =1
MULT{2)=1
J=0
80 CALL COMSQT(UDISCVOISC,YTEMP,VYTEMP)
UD=2.0%uUA13i
¥D=2.0%yA{1}
BBB=UD*LD+VD*VD
URCOT{ I+ L) =i (=UAL2)+UTEMPI®UD+ [ ~VA[Z}+VTENP) *¥D) /888
VROOTUJd+1)={1~VA{2)+VTEMP ) ®UD~{-UAL 2} +UTENP} *V}) /BBB
URCDTLIJ+2) =t {~UALZ I-UTEMP 1UN+ {=VA{Z]-VTEMP1*VD)/ABB
VRODTLI+21={ {-VAL2)-VTEMP} ¥UO~I=UA 2} =)TEMP ) *¥D) FRBA
J=J42
GO TO 200
100 IFLJL.LT.0) GO 1O 110
d=J+]
G0 TO 39
110 MULTHL)=2
=1
130 UD=2.0%*UA{3)
VD=2.0%VALY)
BAR=UO*UD+VDaVD,
URDOT {JF={-UAL 2) *UD-¥A(2)&y0) /BBA
VRDOT{ Jh=1-VAL2) #UD+DA(2 )} 3YD) /BRE
200 RETURN
END
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TABLE F.IIL (Cont:_[nj.i_gd_)

”SUQRDUTTNEJHULEEﬂTUlTVH;NP?U&PP{VNPP;NNPP.ESYART'XENDcUROUT.VROOTo
INRDOT» IROQT ,URAPP, YRAPP,NOPOL Y)
ERRAEARRNENEI S IR N E AR E S RI R RN LA AN ERER L LR E R AR SRR RS R R SIS AP RV SRR AN E N &

*
* MULLER®S METHOD EXTRACYS THE ZIEROS AND THEIR MULTIPLICITIES OF A ]
# POLYNDMIAL OF MAXIMUM DEGREE 25. THROUGH THREE GIVEN POINTS THE »
* POLYNOMIAL IS APPROXIMATED 8Y A QUADRATIC. THE ZERO OF THE QUADRATIC L
* CLOSEST TO THE OLD APPROXIMATION [$ TAKEN AS THE NEW APPROXIMATION, | *
® IN THIS MANNER A SEQUENCE IS OBTAINED CONYERGING TO A ZERO. .
* *
* *

T T L Rt LR Ty Py T T s T Y Y Y YT )
ODUBLE PRECISION UPX3,VPX3I, UPX2,VPX2,URDOT,VROOT 4UNL VXL UAPP,VAPP
15U 2, VX2 s UWORK  VWORK s X33 VXI  UB s VR s UNG e VXSG UA VA UPXL VP XL s URAPP, YV
2RAPP yUPX4 o VPX% 4 EPSRT yEPSOLEPS s CCCe EPSMaUHI VHI ,UQ4,VQ4,ABP X4, ABPX3
3,000+ XSTART, XEND
OTMENS ION URDOT (251, VRODT(25),HULTI25),UAPP{25,3) 4 VAPP{ 25,3} ,UWORK
llZb!.VHDRKle!.UBIE&).VBIZBI.UA(Z&I-VAIZbinURiPPlzs 3)y VRAPP (25,3}
LOGICAL CONV
DEUBLE PRECISION EPS1
COMMON EPSRTEPSL+EPS,EPSD4EPSM, luz.MAx
DATA PNAME,; DNAME/Z2HP [, 2HD{ /
EPSRT=0,999
NROOT=0
TROOT=¢0
IPATH=]
NOMULT=0
NALTER=0
ITEME=0
1APP=l
ITER=1
IF(NAPP.KE.O) GO TO 1B
NAPP=NP
CALL GENAPP(UAPP;VAPP:NAPP,XSTART}
GO 1O 27
18 D0 25 I=1,NAPP
WAPPLI 41 1=0,9%UAPP(],42)
VAPPL I 41 4=0,9%VAPRL[42)
UAPPLL s 3}=1. 1%UAPP{L,2)
25 VAPPUI+3)=]1,1*VaPP{L,2)
27 KKEK=NP#+]
D0 30 [I=1.KKK
UNORKAT ) =UAL 1)
30 VWDRKLIV=VALL)
NWORK=NP
40 UX1=UAPP(TAPP,1)
VXL=VAPPIIAPP,1}
UX2=UAPPLIAPP,2)
VA2=VAPPLIAPP,2)
UX3=UAPPL{IAPP,3)
YXI=VAPPITAPP,3)
CALL HORNER{NHORK,UWORK , VWORK sUX 1 s VXL B ¢« VB4 UPX L, ¥OX 1)
CALL HORNERINWORK yUWDORK s VWORK yUX 2, ¥X2,UBy VB, UPX2,¥YPX2)
CALL HORNERINWORK s UWORK ¢ VWORK (UX3 VX3 4UB VB, UPXI, VPL3)
50 CALL CALCIUXL VX1 LXZ,¥X2,UX3 VX3 .UPX], VP:l.upxz-Vsz.Usz.vpxs.ux
Lay VX4 UQ% s VQ& JUHI ,VH3 )
60 CALL HORNER{NWORK y UWORK 4 vunkn.uxﬁ.vxa.ua.va.upxﬁ.vnxsl
ABPX4=DSQRTIUPX4AUP XL+ VR XLRYP L) . -
ABPX3I=DSQARTIUPXI*UPK I+YP X38VP K3}



DO A4
0045
DQ46
0Q4T
0048
0o%9
o050
0asl
aose2
0053
0054
ooss

0056
0057
0055
00%9
116100}
0061
0042

0063 7

i1¢7. 1
0065
0066
aoe7
0068
0069
[eley )
BO71
0oT2
Qa713
0074
00s

[o{e 4]

00717
0078
0079
0080
Q0gl
ooz
0083
0084
0085
0086
Goary
0088
0089
0os0
0091
0092
Q093
0094
0095
0096
0097
o098
0099
o100

710

5

77

80
81

82

55

85
87
90

100

120
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TABLE F.III (Continued) - - - -~ -

IFIABPX3.EQ.0.0) GO YO TO
QQU=ABPR4/ABPX3

TF{QQQ.LE.10.) GO TO 7O

UQ4=0, 5%U0%

VQ4=0.5%VQ4

UXa=UK3+ ( UH3*UQE-VHISVQ4 )

VXG=VN AL VHIPUQ 4 +UHB *V0%)

GO TO &0

CALL TESTCUK3,VKILUR4sVR4HCONVE
IF{CONV) GO TD 120 .
IFUITER.LT.HAX) GO TO 1190

CALL ALTER(UAPFIIAPP.II.vnPPltnpb.ll.UAPPtIAPP.2|.vaPPI1APP.21.UAP
IPLIAPP, 3 ) VAPPS [APP, 3 NALTER,[TIME}
CIF{NALTER,GT.5) GO TO 75

ITER=}

GO TO 40

IF{TAPP.LT.NAPP) GO TO 100
IFLXEND.EQ.O.D) GD YO 77
IF{XSTART.GT.XEND) GO TO 77

KAPP=NP

CALL GENAPPLUAPP,VAPP NAPPXSTART)
1APP=0

GO TO 100

WRITE( 102,10901)

KKK=NNORK ¢}

WRITE(102,1035) IDNAMEoJ.UHDRKIJI.VNGRK‘J!.JHI.KKK'
LFINRQOT . EQ.O0} GO TO S0
IFLIPATH.EQ.YL) 50 TO B2

IPATH=2

CALL BETTER{LIA,VA,NP, unuar.vnnor,NROGT.URAPP.VRAPP,IRUDI.NUL7)
RETURN

IFINRDOT.EQ.O)GO YO 90
IF{IRODT,.EQ.O0) GO TO &%
WRITEL102,1080%

DO 55 [=1, |REOY

WREITELIN2,1085) l.unourltl.vunurlll.URAPPtI.ZI VRAPP{[,2) |
IF{IRDOT.LT.NROOTY GO TO 85

GO 1O 87

KKK=IROOT+}

WAITEI102,1086) SisUROﬂTill'VRBUT(lI-i-KKK NRDOT
IF{EPATH.EQ.1) GO TO 81

RETURN :

WRITELID2,1070) NDPOLY

REVURN ’

LAPP=1 APP+L

ITER=]

NALTER=0

GO TO %0

NROOT=NRODT +1

1ROOQT=NRDOT

MUL TINRODT )=}

NOMULY =NOMULT+1L

URDGT{NRAOT | =t X4

VROAT(NRDQT } =V X 4&
URAPPINROOT L) sUAPP{ TAPP, 1)
VRAPPINROOT ¢ L) =VARPIIAPP, 1}
URAPPINRODT, 2) =UAPPI IAPP,+ 2}
VRAPP{NROOT.+2) =VAPP{{APP,2)
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TABLE F.III (Continued).

otol URAPPUNROOT y IF=UAPPL 1APP, 3

0102 : VRAPPINAODT 3) s VAPP{ 1 APP, 3 }

0103 125 IF(NONULT,LT.NP) GO TO L3O

004 GO TO 80

0105 130 CALL HORNER(NWDRK, uuﬂnx.vuuan.uxsuvxh.ua.vs.quﬁ'VPx4|

a106 NWORK=NWORK=-1

olo7 KKK=NWORK #1

0108 o DO 140 I=1,KKK

0109 UWDRKL T =sUBt1)

o110 140 YWORKIIV=VBUL{}

‘oblL CALL HORNERENWORK ¢ UNORK » YWORK ¢ UX & ¢ VX4 g UB VB UPX &, VPX4]

0112 . CCL=DSART (UPX4FUPXG + VP4 SV P4}

oL IF(CCC.LT.EPSMY GO TO 150

oli4 IFINWORK,GT .2} GO TO 75

o115 1RO0OT=NROQT

0llé KKK=NHORK +1

o117 DR 145 I=1,KKK

018 ) UBL LY =UWORR{ KEKK+1~1}

0119 145 VBL] = VWORKIKKE+1-1} .

aL20 CALL QUADINWORK ,UB,VB,NROOT,URDOY, YROOT , MULT)

oLzl . G0 10 80

0122 150 MULT{NRDOT}=MULT{NROOT}+1 '

0123 NOMULT sNOMULT #1 ’

0124 GD TO 125

L0125 L10 UxXl=px2

0126 VKl=vX2

0127 Ux2=ux3

0528 VKZ=VX3

0129 B Ux3I=ursy

ol30 VK3I=VK4E

0131 UPX1I=UPX2

o132 VPX1=VYPX2

IR UPX2=UPXY

0134 YPX2=VPX3

0135 UPX3=UPX 4%

o136 VPXI=VPX G

0137 ‘ ITER=FTER+]

0138 GO TO 50

o139 ’ LO90 FORMAYIZ// o LX+&SHCOEFFICIENTS OF DEFLATED POLYMOMIAL FOR WHICH NO
LZERDS WERE FOUND/ /1@

0140 1080 FORMAT [///1X,L3HAROOTS OF QiX), 83X, ZIHINITIAL APPROXIMATION//)

0l4l 1070 FORMATI//,43H NO ZEROS WERE FOUND FOR POLYNOMIAL NUMBER .[2)

0142 1086 FORKATI2X, SHROOT(, 12,4H! = ,023,16,3H + 4D23.16,2H 1,19X,23HSOLVED
1 BY DIRECT METHOD)

nh43 1035 FORMATIIX A2 1244H} = ¢D23,16,3H + 4023.1842H 11

0lé4 L1050 FDRMATI{A2Xy023,1&43H ¢ 1D23.16,2H L/7§2K+023.1643H + (D23,16:2H /)

0145 ‘ 1085 FORMAT(2X,SHROOT((1244HI = 1023.1643H + ,023.16,2H 1918%,023.16,3H
L+ 4,023, 16,2H I) ,
0146 END
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o003
0004

000§
0008
ooor
0008
opoe
golo
0o11
0012
0013
0014
apls
0ols
0oL7
bole
0019
0020
6G21
0pe2
o023
0024
0025
0026
oo2r

0028
ocz9
04030
0031
0032
0033
0034
0135
0036
0031

00338

0039
Qo040
0041
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0043
004k
0045

[aXaXaNaKalulsl
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TABLE F.III (Continued)

SUBROUTINE BETTER(UA,VA,NP,URDOT, VROOT (NROOT , URAPP ; VRAPP s TRODY yHUL

iT) .
ERERREEREEEEER AR RN ER AR RN AN AR A RSN R ARk N kR Rk RN D RSk SRS kPGSR kY

. *
* SUBROUTINRE BETYER ATTEMPTS TO IMPROVE FHE ACCURACY OF THE ZERDS FOUND *
¥ BY USING THEM AS INITIAL APPROXIMATIONS WITH MULLER'S METHDD APFLIED TG #
¢ THE FULL, UNOEFLATED POLYNOMLAL. . . »
* *
¥ »

LIRS T 22 IS S PRI TR R AR IS T e 23 2] St P2 lid I odd et il sl ot dlllt)
ODUBLE PRECTSION URDOYVRDOT ,UAy VA, UBAPP , VBAPP UXL VXL UX2,VX2,UX]
LeVEI UPKL,VPRL, UPXZ, VP!Z.UPXB.VPX!.UBiVB|UROOTS'VRDDTScEPSRT.UKﬁnv
ZX4 ¢ URAPP 4 VRAPPyEPSO,EPSoUQ4 V04 s UHI  VHE

LOGICAL CONV

DIMENS 104 URDOTiZ5l|VRﬂBTIZSI-UAIZ&I-VAIZ&anBAPPI25-3l.VBAPP(25.3
11 oUBI26) 4VBI26)UROOTSI25) ,VROOTS(25) JURAPP(25:3),VRAPP{25,3) ,MILY
atzs)

DOUBLE PRECISION EPS14EPSH

COMMON EPSRTEPSLeEPS,EPSOLEPSH, D2 MAX

TFINROOT.LE.1) RETURN

L=0

ba 10 I»1+NROOT

UBAPP{ 141 )=URCOTL L I*EPSRY

VBARP (1,1 )=VROOQT{[1*EPSRY

UBAPP(E,2)=URCOTLI)

VBAPPIT, 2)=VROOTLT}

UBAPPIT ,3)=URODOTEL )« . 0-EPSRT}

10 VBAPPLI»2)=VROOT{I)*{2,0-EP5RT}

pQ 100 J=1,NROOT

Uk1=UBARPL . 1)

VXL=VBAPP(J, 1)

UXZ=UBAPPI J,2)

VX2=VBAPP(Js 2]

UXI=uBarel.g, 31

VE3I=VBAPP 4,3}

ITER=]

CALL HORNERINP,UA; VA UKLy VX1 UB» VB,UPXL s YPXLD

CALL HORNERINPLUAVALUNZ VX2, UB: VB UPNZ,YPXNR2]

T 20 CALL HORNERINP UAy VA UXI VK3 UB VB UPXI,VPX3}

CALL CALCHIUX] WXL dUX2yWN2 Xy VAT UP KLy VP XL UPNZ WPAZ UL XD, VPRI LUK
Ly ¥R Gy Lh i o WG o UM p WHI )
30 CALL TESTIUX3 VX3 ,UN4,VX4CONVY
TFICONY Y GO TO 50
IFLITER.LT MAXY GO 7O 40
WRITE( 102, 1000 JURDOY(JYyVROOTE D) 4 MAX
WRITELTOZ2+1010} UX&, VX4
[FLJ.LT.IRDATY GO TO 33
IFLJ.EQ,IRDOTY GO TO 35
GO TO t00
33 KKK=1RODT~L
00 34 K=J,KKK
URAPPLY ;I b =URAPPIK+141 1)
VRAPPIK, Th=VRAPP{K*1,11
URAPPIA ;2 =URAPPIK+]L+2)
VRAPP{K, 2)=VRAPPIK*L,2)
URAPPIKy 3I=URAPP (K¢l 3)
34 VRAPPIK,3}=VRAPP(Kv1,13)
35 TRGOT=IROOT-1
GO0 TO 100



0044
0G4t
Gh&B
0049
a050
onsl
ans2
0053
o054
6055
1l 1]
0057
ooss
0059
0060
- 0061
0062
0063
0064
0065
0066
aoer
00a8
0049
0070

oaTl
D072

%0

S0

100

110

izo

uX1=ux2

VXL=VK2Z

ux2=ux3

VAZ=VI3

uxI=uxs4

YX2=VK4

UPX1=UPX2
VPX1=VPX2
UPX2=UPX3
VPAZ=VPX]

ITER= ITER+]

GO TO 20

L=lel
URDDTS (L1 =UX4
VROOTS{L)=VN4
CONTLINUE
1F(L.EG.0) GO TO 120
DO 110 [=alst
URDOTL 1) =uROOTSE 1)
VRODY (1 )=YADOTSLY)
NROOT =L

RETURN

NROOT=0

RETURN

210NS)

17y
END

TABLE F.III (Continued)

-

1000 FORMATU///42H 1IN THE ATTEMPY TO IMPROVE ACCURACY, ROOT{,[2,4H = ,
ID23,16,3H + ,023.16,2H [/724H DID NOT CONVERGE AFTER «[3,14H ETERAT

1010 FORMAT [30H THE PRESENT APPROXIMATION 15 ,D23.16,3H + ,023.1642H 1/

246
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TABLE F.ITI (Continued)

0001 "SUBROUTINE ‘ALTERUXIR #XLI #X2R, KZI.xanrxil-NAL!ER-lTIHE) )
. I ttltt#ttttttltttt#}tttt.ltt#tt.t#ttittttttttttt.'!ttt‘ttttl-ttttttt.itt#t‘tt
c = *
C ¢ SUBROUTINE ALTER ALTERS THE INITIAL APPROXIMATIONS WHICH PRODUCE NO - L]
€ * CONVERGENCE TO A ZERO. THIS IS DONE A MAKIMUM OF 5 TIMES FGR EACH ROGT. *
[o} » . ' - *
| % EEREBERRERERRAAERSAIEXAECEREQ PR ERSRBE RO R RREEE RN EEE SN RS RS RRRAREEXBEEERNSNNES
0002 DOUBLE PRECISION xln.xlt.xzn,xzt,xsa.xal.EPsl.EPsz.EPss.RantA
0003 DOUBLE PRECISION EPS4,EPSS
- D004 COMMON EPS)-EPS!pEPSB.EPS%.EPSS-lDZ MAX
0005 IF{ITIME, NE,O) GD TO 5
noos ITIME=] .
0007 MRITEL [D2,18010) AN
0008 5 IF(NALYER.EQ.Q) GO TO 10
4009 WRITEC{O2:1000% XiR«XiIoX2R, K214 X3R4 X3L
0010 ¢o TO 20
ool 10 R=DSORT(XZR*XZR+X21%X2[)
0012 BETA=DATAN2(X2I,X2R)
0013 WRITEUIDZ2,1020) XERKLEoX2R X214 X3R, K3
0014 20 NALTER=NALTER¢1
0015 IFINALTER.GT.S) RETURN
oDle GD TD 130,40.:30,40,30%,HALTER
o017 30 X2R=-X2R
0018 x21=~x21
anlyg GO TQ 50
0020 40 BETA=BETA®L.04T1976 .
o021 L2R=R*DCOSIBETAY
0022 © N2¥=R#DSIN(BETA)D
0023 50 XLR=0D.92X2#
0024 X11=0.9%%21
0025 AIH=1.1EX2R
0026 X3[=1.192X21
0027 RETURN
0028 1000 FORMAT (LRX+SHXL = 4D23.15¢3H + +D23.1642H 14 10X, 22HALTERED APPROXIN

TATIONS/EX,SHX2Z ® ,023a16+3H ¢ ,D23.168,2H 1/LX,5HKD = (D23 04,34 +
2vD23.1642H 1/)

0029 1020 FORMATLLHO,SHXL = 4DZ3.1643H ¢ 4D23.16.+2H I, 10X, ZZHIN[TIAL APPROXIL
LMATIONS/1KeSHXZ = 4DZ23,16+3H ¢ 4023, 1642H J/LN5HXI = 2DEI.16,3H ¢

) 2 +D23,1642H 1/)

0030 1000 FORMATE//Z1%,54HNG CONVERGENCE FOR THE FOLLEMING APPROXIMAY [ONS AF
1TER 134 12H lTERATIONS 11

003} END



0001

0002
a0o3
0404
Q005
0004
cooT
oons
0009
Do10
gotl
og12
0013
a4
o015
Gol6
ool7
ogle
0019

C
C
C
c
c
c

TABLE F.IIL {(Continued)

SUBROUTEINE GENAPPIAPPRAPPI.NAPP) XSTARTD

248

FEAABAF SRR FREAF TR RER R R SRR R R B R A XS NN EE R AL BRI kSRS S EHAR R R RS R RO kBT

* SUBRDUTINE GENAPP GENERATES N INITIAL APPRGIIHATIBNS. WHERE N LS THE

- .

DEGREE OF THE ORIGINAL PDLYNDMIAL.

'S
2
L

*

‘**‘0"i“#.‘ti*ttt..lit##‘#illt*itt‘tt'q#t"*tt#“t‘!lit#tit*ii.#t.t##‘ﬂ't‘

10

20

DOUBLE PRECISION APPR,APPLXSTART.EPSL.EPS2,EP53,BETA
DOUBLE PRECISION EPSRY,EPS4

DIMENSION APPRIZS,3) +APPIL125:])

COMMDK EPSRTEPSL,EPS2,EPSILEPSG,[D2,MAX
IF(XSVART.LEQ.O.O} KSTART=0.5
BETA=0,261799%

DO 10 1=1,MAPP
APPRITL2)=X5TART*®DLDSIBETA)

APPILT 2 =XSTART*DSIN{RETA) -
BETA=RETA#0,5235948

XS5TARY=X5TART+0.5

00 20 Ix1.NAPP

APPRII, 1 }=D.9%APPRI],2}

APPILY ¢1)=0.9%APPIL1,42)
APPROIy31=1.1%APPR([,2)
ARPILI,31=1.1%APPIt12)

RETURN

END



Qa0

aoaz

QU03
0004
ogansg
0006
ooo7T
o008
Q009
oclo
0011
aol2
0013
QG4
0D15
0ole
0017
6ol8
anilse

Qoo1L

ado02
00G3
0004
0005
0O0&
ogot
0008
a0a9
0010
ool
aclrz
00113

[aXeEaNaRalalely

[z R NeRaNaNalal

TABLE F.III (Continued)

SYBROUTINE “TESTEUXI sVK3 yUNA o+ ¥X4  LONY)

249

‘t‘t#.ttt.O.t'*tt*‘#.l#.t"*.Uttt'ttt*it‘l.t"‘.‘**t#tlitltt.lt#tt‘#tt.t‘.'t

]
*
L

¥ ABSOLUTE VALUE OF IXIN+LI-XIN))/ADSOLUTE VALUE OF XIN#l}.
WHEN IT 15 AS SMALL AS DESIRED, CONVERGENCE 1S OBTAINED.

=
L}

tttttt*.&tttttt‘*‘t*ti*t‘#.*##i#t*"t‘t‘Ut“ttit‘t#.tt‘#‘#Q*!l“*l‘ii!t.ttt
DOUBLE PRECISION UKo VRIJUKL VXA EPSRTHEPSOLEPS, AAA, UDUMNY , YDUMNY 4
1DENOM

10
20

100

SUBROUTINE TEST CHECKS FOR CONVERGENCE DF THE SEQUENCE. OF APPRDX~

IMATIONS &Y TESTING THE EXPRESSION

LOGICAL COWY

DOYBLE PRECISION EPS1.EPSM

COMMON EFSRT.EPSI,EPS.EPSB-EPSH.lUZ-Hdl
UDUMNY =UX4=~1)X3

VOUHNY=VX4-¥X3

AAA=SDSQRT {UDUMMY * UDUMMY +V DUMMY # ¥V DUMMY )
DENOMN=DSQRT {4+ UXGr VXa®VX4)
IFIDENOM.LT.EPST) GO TD 20
IFIARA/DENDM.LT LEPS) GO TO 10
CONV=.FALSE.

GD TO 100

CONV=. TRUE.

GO TR 100

IFLAAA.LYT.EPSOY GO TO 10 °

GO 1O 5

RETURN

ENG

SUBROUTINE HOARNERINAyUAR VAL UN VX, U8, VB UPX,VPX}

.
o
*
-
*
»
*

#tttttti.tl.l*tOtti.ttttttDil"li‘itiﬁ‘t*.i"‘*...t!.“"*‘#'..*#l‘t*t‘*‘*tt

]
.
*
‘*
*
*

10

HORNER* S METHOD COMPUTES THE'V&LUE OF THE POLYNOMLIAL "P{X) AT A PQINT 0.
SYNTHETIC OIVISION [S USED TO OEFLATE THE POLYNOMIAL BY DIVIDING OQUT THE

FACTOR (X-DJ.

FREERNIRERRROEEEN R AR EEREEER RN LN RUREE R SRR PN ISR RN AR PN E R R R PR RIS RIS H Ea
OOQURLE PRECTSION UKy VIGUPXYPX UB, VB UA,VA

DIMENSION UA{246) VAL 26),UBLE26),VvDL26)
uBill=uAll}

VBE{LlI=vALL)

NUM=NA+]

00 10 1=2,NUM
UBT1)=UALL)#TUBTI-1FoUX-VBEII-L)eVX)
VBLTI=VALT ¢ (WBlL-1} *UX+YBL]~ 1l*vxl
UPX=UB | NUM)

VPX=YB L NUMJ

HETURN

END

-
*
*
*
L]



0001

00062
0003

0004
onoes
[ lelel.}
o007
poosg
0009
0010
o0t
0oi2
Bo13
Q014
0015
a014
0017
0olA
00LY
0020
0021
0022
0023
oo24
002

0026

o027
0028
0029
0030
ao3at

0032
0033
LI
0035
00346
0a3vy
0038
o039
0040
004}

0042
00%3
o044

[alzNalslaRaNaly
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TABLE F.III (Continued)

SUBROUTINE CALCIUXL ¥WXLsUXZ, VX2, UX3 WX, UPX] 4 VPX]} 4UPKZ,¥YPX2,UPAD,V
*ctt!ttttttttt*ttttt#*tiOUtttt*#tttt!tttttttttt#tttttt#iittlttt#t!#tit#tttvt
* *
¥ GIVEN THREE,APPRoxIMATIONS XEN-20y X{N-1), AND XIN)}, SUBROUTINE CALC L
* APPROXIMATES THE POLYNOMIAL BY A QUADRAYIC AND SOLVES FOR THE ZERD OF *
¥ THE QUADRATIC CLOSEST TO X{N). THIS ZERO IS YTHE NEW APPROX[MATION L
¥ XINt1l) YD THE ZERO QOF THE POLYNOMJAL, »
* . &
*ttt‘**ttt.t*tt#titt.tt**#‘ttt.-tt#tltttttt*#tttttlO‘tlitiitt."t*.ttt.t.ttt

LPX3 U4 e VR& 3 UQ4,VO4,UHT, VHI)

DOUBLE PRECISION ARGL,ARG2

DOUBLE PRECISION UPX3.vix3a, qu?.vpxz.uxl.vxl.uxz.vxz.uxa.vxa.uvxl.

LVPXL ¢UHI y VH3 JUH2 y VHZ sUQ3 o ¥ Q3 ,UDg YO, UBy VB, UC , WG UDESC,, VBT SCUCCE o VL
zcc.quN1.vnEN1,unEnz.VDENz.ua4.vo#.ux4.vxh-EDSRr.EPSO.EPS.UDDD.VU&
3D, AAA,BBY,RAD, UAAA,VAAA,UBRA, VBHE

DOUBLE PRECESION THETA,ANGLE,UTEST,VTEST

DOUBLE PRECISION EPS1.EPSM

COMMON EPSRT.EPSI.EPS.EPSG.EPSM 102 ,MAX

UH3IsUX3-LiX2

VH3=YX3-yX2

UH2=UX2=-Ux1

VHZ=viZ-v¥X1

BAB=UH2ZFUH2+VH2*VH2

U3 ={ UHI*UHZ +YHIEVH2 } 7868

VR3={ VHISUH2-UH3I*VH2 ) /888

uDDD=1,0+UQ3

vDDO=vQ3

UD={UP X3~ (UDDD*UPK 2~ VBDD*VPKlef(UQ3*UPKl ~-vo3evpx ]l

VO=(YPXI-{VODD*UPXZ2+UDDD*VPN2) ) + I VOISUPX L +UQ3*YRX L)

UAAA=2,D*U02

VAAA=2.,0+*VQ3

UVAAA=UAAA+L.D

UBREB=UDDD*UDDO-VODD* VDD

¥BBB=vDDD*ULDD+UDOD*VODD )

UCCC=UQ3a2QI-yQI*v03 : :

VECC=VQ I+ 03I +U0I *v0I

UB= {{UAAAFUP XI-VAAARVPNI )~ L UBBR*UPN 2~ VBBB‘VPKEII*IUCCC*UP!I vccctv

12X1)

VB=((VAAAXUPXI+UAAA*VPXII—(VBABUPXZ+UBBBEVPX2) )+ IVECC*UPX L +UCCC ™Y

1PXL) |

UC=uDHD*UPX3~YDDOXVP X3

YC=VDOD*UP X3 +UDDDEVP XS .

UDISC=(UB*UB~YBSVAI~(4,0%{ UD*UC—VO*VC) |

VOISL=12.0€(VB*UB) I — 1 4.0% L YD*UC+UDSYC) )

AAA=DSQRT (UOISCHUDISCHYDISCRYDISC)

TF{AAA.EQ.0.0) GO TO §

GO T 7

5 THETA=0.0

GO TO 9
7 THEVA=DATANZ2(IVDISC ,UDESC)

9 RAD=OSQRTIAAAD

ANGLE=THETAs2,.0
UTEST=RAD=DCOSIANGLE)
YTEST=RAD*05 INTANGLE)
UBENL =UB+UTESY
VOEN1=VB+VTEST
UOENZ2=UB~-UTEST
VOEN2=VA-YTEST



0045
0046
0047
0048
0049
0osn
00s1
0052
0G53
0054
0055
a056
0057
0058
0059
0060
G061l
0062
a0é63
0064
0065
0066
0067
i1+1.¥:)

TABLE F.III (Continued)

. ARG L=UDENY*UDENL+VDENL®VDENL -

10

50

&0

ARGZsUDEN2*UDENZ +VDENZ®VDEN2
AAAROSQRT LARGL }

BBB=DSQRT LARGZ]

IFLAAALT.BRBY CO TO 10
IF(ARALEQ.0,0) GD TO &0
UAAA==2.04UC

VAAA=-2,04V(
UQ4={UAAAFUDENL + VAAA*VDENL } / ARG]
VO4=(VAAA*UDENL-UAAA*VDENL ) 7ARG]
60 TD 50

{F(8BB.EQ.0.0) GO YO 40
UAAA=-2,0%UC

VAAA==2 ,0%V( : .
Q4= UAAA®UDENZ+ VAAA*®YDEN2Y FARGZ
VOA=IVAAARUDENZ-UAAASVDENZ 1 FARG2
G0 10 50

UXe=UX 3+ UHISUD4-VYHI*VQ &)
VEG=VXI+ [ VHI*UQ4 +UHI*YQS )

RETURMN

UQ4=1.0

VO4=0.0

GO TO 50

END
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Qo002
0003
0004

0005 -

Doos
Q0aT
Qo008
00069
Q010
LR ]
o0l2
0013
tLp
0015
0016
0017
o018
oole
a0 2o
o021
0022
0023
0024
naza
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TABLE. F,III (Continued)

252

T T I T T e Y Py P s P PR R PR P

* THIS SUBROUY INE COMPUTES THE SQUARE ROOT OF A COMPLEX NUMBER.
L ]

-
L)
o

ERPEF AP SN FESE AR R AR P DR EES RN RN G R R AR RS RO SRS NN SO RSP AR SRS SRR S PO S S

10

20
30

40

50

DOUBLE. PRECISLON UNeVXoUYy V¥V, DUMMY (R ,AAA,BBD
R=DSQRTIUX*UN+ VARV X)
AAA=OSORTIDABS((R+UX}/2.01)

BBB=DSQRT(DABS{ (R-UX)/2,01)}

IFEVXY LD,20,30
Ur=AAA
VY=-1,0%*B8A

GO TO 100
IFCUX) 4050460
UY=AAA

v¥Y=BBB

GO To 100
QUMMY=DABSELUXE
ur=0,0

VY=0SQRT (DUMMY D
GO 1O 100
Uy=0.,0

vY=0.0

‘G0 Ta 100

60

100

JUMKMY=DABS [UX)
UY=DSORT LDUMMY)
V¥Y=0,0

RETURN -

END



APPENDIX G
REPEATED G.C.D. - NEWION'S METHOD
1. TUse of the Program

A double precision FORTRAN IV program using the repaated G.C.D.
method with Newton's method as a supporting method is presented here.
Flow charts for this program are given in Figure G.ﬁ while Table -G.TII
gives.a FORTRAN IV listing of this program. Single precision variables
are listed in Table G.IL. The single precision variables are used in
the flow charts and the corresponding double precision variables can
be obtained frbm Table G.TII.

This program is:designed to solve polynomials having degréé less
than or equal to 25. In order to solve polynomials of degree N where
N > 25, the data statement and array dimensions given in Table G.I.
must -be changed. -

In this program both the leading coefficient.and the conétant.

coefficient are assumed to be non-zero,

253
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TABLE G.I-

PROGRAM CHANGES NECESSARY TO SOLVE POLYNOMIALS OF DEGREE
GREATER THAN 25 BY THE REPEATED G.C.D. - NEWION'S METHOD

Main Program

Data Entry/lHl,1H2,...,1H9,2H10,2H1Ll,...,2HXX/where XX = N+1
UP (N+1), VP(N+l) '
UAPP (N), VAFP(N)

UDO (N+1), VDO (N+1)
UDDO (N+1), VDDO (N+1)
UD1(N+1), VD1 (N+1)
UD2(N+1), VDZ(N+1)
UDD1 (N+1), VDD (3+1)
UG(N+1), VG(N+1)
UD3(2N+1), VD3(2N+1)
UD4 (2N+1), VD4 (2N+1) .
UZROS(N), VZROS(N)
UAP(N), VAP(W)
URQOT (N}, VROOT(N)
NULT (N)

ENTRY (N+1)

Subroutine PROD

UH (2N+1), VH(2ZN+1)
UF(N+1), VF(i+1)
UGQH1Y, VG(N+1)

Subroutine ZROS

UAPP(N), VAPP(N)
UROOT (N) , "VROOT (N
UQ(N+1), VQ(N+1)
UQQ{N+1), VQQ(N+1)
UAP (N}, VAP(N)
UQD(N+1), VQD{N+1)
ENTRY (N+1)
UROOTS (N), VROOTS (N)

Subroutines GENAPP, GCD, NEWFON, DIVIDE,
HORNER, and DERIV

See corresponding subroutine in Table E.i.
Subroutine QUAD

UROOT (N), VROOT(N)
UA(N+1), VA(N+1)
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2. Input Data for Repeated G.C.,D. - Newton's Method

The input data for repeated G.C.D. —_Newpon's metbqﬁlis prepgred
as described for G.C.D. -~ Newton's method inAAppendix.E, § 2 except
that the item EPS4 on the control card (Figure E.2) 1s omitted. An 
example control card for the repeated G.C.D., - Newton's method is

given in Figure G.1l.
3. Variables Used in Repeated G.C.D. - Newton's Method

The definitions of variables used in repeated G.C.D. - Newton's
method are given in Table G.II. For definitions of variables n6t3
listed in this table, see the main program or corresponding subprogram
of Table E.VI, The notation and symbols used are defined in Appendix E,

§ 3.
4. Description of Prbgram Qutput

The number of the polynomial, contrﬁl data, degree and coefficients
of the polynomial are printed as described in Appendix . E, § 4.

All roots of multiplicity one are exfracted first. Following tﬁq_
first row of asterixes, the message "THE FOLLOWING POLYNOMIAL, G(X),
CONTAINS ALL THE ROOTS OF P(X) WHICH HAVE MULTIPLICf[TY 1." This is
followed by the coefficients of G(X) with the leading coefficient
listed first. TIf there are no roots of multiplicity one, then thel
message ''NO ROOTIS OF MULTIPLICITY ONE" is printed.

The roots of G(X)} are printed under the heading '"ROOTS OF G(Xj."
These are the roots obtained before the attempt to improve accuracy.
The initial approximatigns producing convergence to the corresponding

root are printed under the heading "INITIAL APPROXIMATION." The
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message '"RESULTS OF SUBROUTINE QUAD" means that the corresponding root

was obtained from subroutineg QUAD.

The roots found as a result of attempting to improve acqutacy are =~ =

printed under the heading "ROOTS OF P(X)," Their multiplicity is given
under the heading "MULTIPLICITIES." The initial approximatipn 1s
printed above where "NO INITIAL APPROXIMATION" means the same as“
"RESULTS OF SUBROUTINE QUAD.". |

A line of asterixes is then printed. This procedure is then
repeated for the roots of multiplicity 2,3,4, etc. until all roo;s-have‘

been found.
5. Informative Messages and Error Messages

The informative messages and error mggsages-for repeated G.C.D;:—
Ngwton's'method-are giveﬁ below. For those not‘listed,!see Appendix'E,:
§ 5., .

"NOT ALL ROOTS OF THE ABOVE POLYNOMIAL, G,-WERE FOUND." wThiS>
message indicates thaﬁ some of the roqis ofithe‘polynémial G(X) were
not extracted. |

"QUAD FOUND XXX TO BE A MﬁLTIPLE ROOT." XXX represents the vaiue

of the reoot found as a multiple root by Subroutine QUAD.
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Single Precision

Double Precision

Vari?ble“

J1
Do
NDO
DDo
NDDO
Dl
D1
Dnl
NDD1
D2
ND2
- D3
ND3
b4
ND&4

NG
ZROS

APROX

nge:

AOHOMAOFRAHOHOQOMNAHO H @ M

Variable" Iype

KD 1
K I
J1 I
UDO, VDO D
NDOD I
UDDO , VDDO D
NDDO I
vD1,VDL: D
ND1 I
UDD1,VDD1 D
NDD1 I
UD2,VD2 D
ND2 I
UD3,VD3 D
ND3 I
UD4 , VD4 D
ND4 I
UG,VG D
NG . T
UZROS,VZROS D

UAPROX,VAPROX D

TABLE G.IT

REPEATED GCD - NEWTON'S METHOD

Disposition
of Argument

Main Program

Description

Number of distinct roots found

Number of roots found

Multiplicity of given root

Avray of coefficients of -original polynomial

Degree of original polynomial

Array of coefficients of derivative of DO(X) i.e. DO (X}

Degree of DDO(X)
Array of coefficients
Degree of DI(X)

Array of coefficients
Degree of DD1(X)
Array of coefficients
Degree of D2{X)

Array of coefficients
Degree of D3(X)"
Array of coefficients
Degree of D4(X)

Array of coefficients
Degree of G(X)

of
of
of
of
of

of

Array of roots of G(X)

Subroutine ZROS

g.c.d. of DO(X) and DDO (X)
defivativé of D1(X) 'i;e. D1' (X}
g.c.d. of D1(X) and DD1(X)

the product.of DO(X) and D2 (X)
the square of D1(X)

the quotient D3(X)/D4(X)

 Starting approximation (initial or altered)

BSY



TABLE G.II (Continued)

Single Precision Double Precision Disposition -

Variable  Iype Variabl¢ ‘Type of Argument Description

Subroutine PROD

M I M I - E Degree of polynomial to be multiplied

F C UF,VF . D E- Array of coefficients of polynomial to be multlplled
N I N I E Degree of polynomial to be multiplied

G C TG, ve D E Array of coefficlents of polynomial to be multiplied
MN - 1 MN I R Degree of product polynomial H(X)

H C UH,VH D R Array of coefficients of product polynomial

LIMIT I LIMIT I . Number of coeffic1ents of polynomial F(X)

K -1 X I Countex

64¢



260

. MAIN PROGRAM
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Figure G,2. Tlow Charts for Repeated G,(.D.-Newton's Method
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Qool

QU2
0003
0004

000s
0006
ooo?
ooo0a

0099
o010
001l
o0t2

0013
0014
001s
0016
0017
QaLa
gol19
of0za
aczy
opz2
0023
0624
ao2s
0026
0azi
0028
Qnz29
0030
aon3l
on3z
0033
Q034
003%
003s
aoaT
003d
o039
a0 40

[zFaNaEakaErEaNaRalalsel

TABLE G.III
PROCRAM FOR REPEATED G.C.D.~-NEWION'S METHOD

ODUBLE PRECISION PROGRAM FOR THE REPEATED G.C,0. — NEWTON'S METHOD

POLYNDMIALS IN ORDER TO EXTRACT THE ZEROS IN GROUPS ACCODRDING TO
MULTEPLICITY USING NEWFON'S METHOD. ALL ZERDS OF MULTIPLICITY 1

*
-
'
*
* THIS METHOO REPEATEOLY FINDS THE GREATEST COMMON DIVISOR OF Twd
]
*
* ARE EXTRACTED FOLLOWED BY THOSE OF MULTIPLICITY 2, ETC.

*

x

R FEREERA RN A S AR AR AR R RGN AR I RS KRB R TR RS RS ok RN Dk Rk

QOUBLE PRECESEON EPSLyEPS2,EPS3I,UP, VP UAPP,YAPP ,UDG, VDO,UDDO,VDDO,
TUDL VD1, UD2Z,¥D2,UDDL VDD L s UG, VG D3y VD3 4 UDG, VD4 UZROS, VZROS UAP, VA
2P URCOT, YROGT ; DENDM
‘DOUBLE PRECISION XSTART

POUBLE PRECISION XEND

DIMENSTON ANAME(2),UP(251,YPI26),UAPP(25),VAPP{25),UDDI246),V00(26)

L,LUODOL26) ,VODOUL 263 ,UDL{24) ,VDL126) ,UD2(26),¥D2L26),UDDI{26},Y0DL(2
261, UGL26).¥GIZ6),UD3ISE) (VDI(S1),UD4E51) Y041 51) 4 UZROS(251,VIROS(2
351, UAP(25),¥APL25) JURCOTL25) . VROOT (25}, MULT {251, ENTRYIZ6)
COMMON ERS1.EPSZ4+EPS3 (102, MAK
DATA ASTER/4Hewxe/
DATA PNAME,GNAME/ZHP L, 2HG L/, DiMAME /INDY (/
DATA ENTRY/Z1HL s EH2+ LH3 . 1H4, IHS ) 1HA IHT 4 LHB  LHI 4 2H10,2HL1 , 2HEZ2 +2H13
be2HE4, 2H154 2ZH1 By 2HLT ) 2HLB 4 2HL 9y 2H20,2H2 1 ¢ 2H2 24 2H23 4 2H2% 4 2HZ 54 2H2 0/
DATA ANAMEC L} ANAMEL2) /4 HREWT y4HONS /
101=5
102=6 .
L READIIO],1000) NUPOLY NP yNAPP yMAX yEPS14EPS2,EPS3, XSTART, XEND,KCHEC
1K :
IFLKCHECK LEQLL Y STOP
WRITE([Q2,1020) ANAMECL) ,ANAMEL2] NOPOLY
WRITE(102,2000]1 NAPP
WRITE{IDZ2,20101 MAX
WRITE(102,2070} EPS1
WRITEN102,2020) EPS2
WRITELI02,20680) EPS3
WRITE(102,2040) XSTART
WRITELID2,2050) XEND
WRITEL102,2060)
KKK=NP+]
NNN=KKK+}
00 5 1=1,KKK
JJJ=NNN= | -
5 READITOL,1010) UPLJIJI,VPLIII)
LFINAPP.NE.O) GO TO 22
NAPP=NP
CALL GENAPPIUAPP VAPP NAPP ,XSTART)
GO TD 23
22 READ(IO1,1015) (UAPPULEVAPPIL),I1=1,NAPP)
23 WRITEL102,1030F NP
KKK=NP+ L
NNN=KKK+1
DO B [=1 KKK
JIJ=NNK-1 :
8 WRITE(IO2,1040) PNAMEyENTRY(JIE) UPLIJS) VRIS
K=0
KO=0 .

270

'wttitti#'*##ttt.tt*tl'%"*t‘t#‘!t#.*tt#‘3*i‘tt'*..‘tttti..*it““'*'*tl"‘#*‘

L
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hd
®
*
»
*
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.



on4l
Qnsz
0043
Gl4A4
0045
004k
0a47
0048
0049
0050
0051
0052
0G5
0454
Qo055
0056
00s7
onss8
0059
0060
agsl
0062
0063
0064
Q065
Qo6&
0067
0068
0069
0070
0071
anTe
0at3
DoOT4
G075
0ote
oovrT
o0Ts
novo
00F0

0081
0082
o083
0084
0685
Q086
0087
0088
00RY
0090
0091
0092
0093
0094
0095
0098
0097

10

20

30

40

50

50

10

80

a5

30
100

11¢

112

11&

120

130

140
150

TABLE G.III {Continued)

Ji=1

KEK=NP+1

00 10 [=14KKK

uDotly=uprt1

Voot ll=vPirL}

NDO=NP

CALL OERIVINDO,UD0,VO0.NDOQ. OO, VOOG )

CALL GCDUNDO,UDO«+ VDO yNDDOUDD0 o VDO 4NDL,UD1,.¥DL}
WRITEITD2,3000) $ASTER I=):23})

IF{NDL.LELLY GO TO 30

GO TO 40

un2iti=1.0

¥vD2{11=0.0

ND2=0

GO 1O 50

CALL DERIVINDL,UD],¥D1 ,NDD1,UDD1,VDD])

CALL GCOUND1,UDL s VDL «NDDL,UDDL ¢¥DDY sND2,UD2,¥D2)
IFINDO+ND2.LEL 25ND1)Y GO TO &0

GO 1a 10 .

WRITE{102,1025} JU

GO 13 170

IF{ND1.EQ.O} GO TO 80

GO 73 90

KKK=NOG+1

0O B5 1=1,HKKK

UGtIk=unot 1

vGITI=voo(l}

NG=NOO

GO 1O 1:0

TFIND2,EQ.0) GO TH 115

CALL PRODINGO,UDO,WDO,HND2,U02,¥0D2,N03,U03,VD3}
CALL PRODINDL yUDL 4 VD1,K0 Y, U001 VDL ND& U4, VD&Y
CALL DIVIDEIND3I »UD3 VD3I s ND4 4 UDG s VD4 NGa UGy VG )
WAITEL I02,1035) J} '
KKK=NG+1 ’
HNN=KKK+1

DO 112 J=1:KKK

Jad=NNN- T

WRITELID2,1040) GNAMEENTRY{JJJ} UGLJISJN VGLIIY)

CALL ZERDSING,UGsVG,NAPP UAPP  VAPP, J,UZROSVZIROS, JAP , UAP, VAP ENTRY
Ly XSTART y XEND)

[FtJ.£0.0) GO TO I50

WRITEIID2,1180})

IFIJAP.EQ.0) GO T 120

GO TO 130

KKiK=NDO+1

DO 116 F=1,KKK

un3ILl=unetal

vo3I(ni=voo(n

NO3=NDO

GO TO 100

KEK=JapP+i

WRITE(ID2,1085) {1 UZROSTID VIRDSTID o JLo I=KKK,yJ)
GO TD 140 : a
WRITELIO2,1190) (L UZROSUTDVZIROSETI,JLyUAPLLE} VAP 1}, I=1,4JAP)
fFUJAP LTI GO TQ L20

IFLJ.EQ.NGY GO YO 155

WRITE{1DZ,1095}
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-0098
6099
2100
G101
oL02
0103
01G4
0105
0106
0107
olos
0109
o110
oill
0112
0113
oll4
alts
Otié
o117
0lis
ol19
0120
0121
0122
0123
012y
oLz2s
0126
o127
Q128
aLz9
01390
oril
oliz
0E33
0135
0135
0136
01237
Q134
0139

L)
al41
0142
0143
al44
Q145
0146
Ola?

0148
0149

"TABLE G.III (Continued)

tF{J.EQ.0) GO YO 170
155 DO 160 I=lyJd
URDOT(KD+ 1 }=ULROS( T}
VROOTIXKO+[)=VZROSIN)
160 RULTIKD+I)=Jl :
K=t J*JL koK
KD=KD+J
IFIK.GE.NF) GO TO 1
170 Jl=Jli+}
IF{NDL.LE,1) GO TO 200
DO 180 1=1.ND1
upoéLy=upliil
Vool Fi=yD1{T]
Upootli=upD1£1}
LBO ¥DDG(T)=vDOL 41}
UDOTNDL+1)=U0L{NDLILY
VDD (NG +1}=VDLINDL*1)
NDQ=NOL
NDDO=NDDL
KKK=HND2 #1
DA 190 I=1,KKK
ULt E)=uD2{1}
190 vol1{It=vOD2{1]}
NDL=ND2
G0 TO 20
200 [F{ND1.EQ.O0) GO TO }
KD=KD+1
DENOM=UDLI2Y«UDLIZ I +VOLI2)%YDLL 2)
UAOOTIKIN ={-tDLE{L Y*UDL{Z)~VDL (1 }*VD11Z) )/ DENDM
VROOTIKDI=[~-VDL{ 1 1*UDLI2 I+UOLEL}#VD112]}/DENDM
MULTIKD) =)
WRIFELLO2,30001 (ASTERsI=1,33)
WRIYELIOQ2,1035) JI
KKE=ND1+1
KNN=KKK # 1
00 210 I=1,XKK
JdI=NNN-1
210 WRITELIDZ2,1100) DINAHELENTRY(JJJ}UDLLJILH ,¥VDLLIII)
WRITE(IUZ2,1180}
WRITE(ID2,1085) KD,URDOTIKD) (VROOTIKD) ,J1
GO TG 1
1020 FDRMAT{EH1,100,4BHREPEATED USE OF YHE GREATEST COMMON DIVISOR AND
1oA4A4:58H METHOD TD EXTRACY ROQTS AMD MULTIPLICITIES OF POLYMOMIA
2LS/7LEX  LBHPOLYNOMIAL NUMBER ,12//77)
1025 FORMATI///71%25H4N0 RODTS OF MULTIPLICITY ,12/7)
LG35 FURMAT (// /1% ATHTHE FOLLOWING POLYNOMIAL, GIX}y CONTAINS ALL THE R
100TS OF PIX) WHICH HAVE MULTIPLICETY ,L2//7) '
L1OBS FURMATIZXS5HROOT (48294H) = ,023.1643H ¢ ,D23,1642H [,7X+12,18X425H
INO INETTAL APPROXIMATIGNS}
1095 FORMATLA//1R.51HNOT ALL ROOTS OF THE ABOVE POLYNDMIAL.Gs WERE FOUN
D7/
LO0O FORMATIILTIZo kXY ¢ IXy I3 1Xe3UD6. 0,1 %) 220X, 2107.0,1X):11%)
1010 FURMAT(2030,.0)
L1015 FORMATI2D30.0) S
1030 FORMAT LN ,22HTHE OEGREE OF P{X) IS ,12,22H THE COEFFICIENTS ARE//
1}
1040 FORMAT{2X,425A2,4H) =" 023,16,3H + ,023,16,2H ()
1100 FORMATIZX, A3 4A2,4H) = 4023,16,3H ¢ L023,16.:2H 1)
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0L50
0151

cl52
o153
G154
o155
o156
aisy
0158
ais9
ole60
Glél
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TABLE G.III (Continued) .. o

TUR0 FORMATU///1X (LIHROOTS OF PIX) 52X, D4HMULTIPL ICITIES 17X, 21HINITIAL

1 APPROXIMATION/ /Y
1190 FORMATIZX5HRIOTL 4 1244H) = D23, 1643H + o023, 168:2H 147X, [2,THe D23,
Flé42H + D23.16,2H 1}
2000 FORMATIL X 41HNUMBER OF INITIAL APPROXIMATIONS GIVENS v 12)
2010 FORMAT{I X, Z9HMAXTMUM NUMBER OF ITERATEUNS. . LLX.13)
2020 FORMATULK2UHTEST FOR CONVERGENCE. 13X ,D7%.2)
2040 FORMATIIX,23HRADTIUS TQ START SEARCH,s11X,D9.2})
2050 FORMAT (1XyZLHRACIUS TO END SEARCH.y13X4D9e21
2060 FARMAT{//1K)
2070 FORMAT{1X434HTEST FOR ZFRO IN SUBROUTINE GCD. +D92.2)
2080 FORMAT(IX.34HTESY FOR ZERQ IN SUBROUTINE QUAD, ,0%9.2)
A000 FORMAT(///7/FIX,A3:32A4)
END



aoot

o002
nooa
0004
3005
agas
ao6?
Q0OB
Q009
oalo
0011
o012
0013
0614
Bo1s
0016
0ool7
aGls
Qo199
o020
0021
0022
0023

anel

o002
Q003
Q004
aoons
Gous
ooo7?
00048
0009
onio
4011
acliz
0013

aOoahan

[a¥rNaNalalyl

TABLE G.III (Continued) -

SUBRJUTINE PROUCHM, UF « VF N UGy VG 9 MNy UHy VHE
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L 3

GIVEN POLYNQMIALS R{X) AND S{X), THIS SUBROUTINE COMPUTES THE
* COEFFICIENTS OF THE PRODUCT POLYNOMIAL TIX) » RIKI.5{X).
. .

]
*
*
*

(22 S PR R A RS2 R LR RS R S R e 22 R 2 2SR R R Rt 22 PRSI 222 d 02

10
20

40

50
100

DOUBLE PRECISEON UHe VHaUF VF ¢ UG VG
DIMENSTON UMUSER VHISL JUFL26]VFI28),UGL26),VGI261
MN=M+N .

KKK=MNe]

80 100 I=1,KKK

K=}

UH{1}=0.0

VHILI1=0,0 o

IF{T.LE.H+[) GO TO 10

LIMIT=M+]

GO TO 20

LIMIT=1

DO 50 J=1,LITMIT

IFIK.GT.N+1) GO TO 50

TF(J+K,.EQ.T+#1] GO TO 40

GO TO %0 .
URCTI=UHL T b e {UFT ) SUGIKI“VFI ) ¥VGIKI ]
VHIT)=VHIT) + IVFL D) *UGIKY +UFRL DI *VYGIK) )
K=Kl .

CONT [ HUE

RETURN

END

SUBROUTINE GENAPP{APPR, APPT,NAPP,XSTART)

CLEIFLBENECTURDER BRI NN A RN E RSSO R R G RN ES R R R ER RN R EFE SRR R EE R R RN RSN AP o e b P b

L ]

¥ SUBADUTINE GENAPP GENERATES N INITIAL APPRAOXIMATIONS: WHERE N IS THE

£
&

DEGREE OF THE ORIGINAL POLYNOMIAL,

)
*
*
¥

EREEEAAEEPFRES XD EXRTFER XX LRI ER TR EREI AP FNAFI SN U IR F RPN SR DN ARk kR bRtk

10

OGOUBLE PRECISION APPR,APPIX5TART,BETA, EPSI EPSZ4EPS3

DIMENS [ON APPR(25),APPI1(25)
COMMON EPS1,EPS2,EPS3, 102, NAX
EFIXSTARTL.EQ.D.OF KSTART=0.5
BETA=0.2617994

00 10 [=1,NAPP
APPRIILI=XSTART*QCOS(BETA)
APPICLI=XSTART*DS[NIBEYA)
BETA=RETA+0. 5235988
ASTART=XSTART+0,5

RETURN

END



0001l

ooz
0003
Q004
oans
00os
0007
ao0s
0a09
00140
ao11
aol2
0013
0014
0ol
0016
aolv
00148
00l9
Qo240
0021
G022
0023
0024

0025
0026
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20
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40

50
1000
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TABLE G.IIT {(Continued)

SUBROUTINE ALTER(XOLDR  XOLOI o RALTER, ITIME )
LR L L T L T Ty ey T T F T T LTy I
. ’ [
SUBRDUTINE ALTER ALTERS THE INITEAL APPROXTMATEONS WHICH PRODUCE ND *
CONVERGENCE TO A ZERO. THIS IS OONE A MAXIMUM OF 5 TIMES FOR EACH ROOT,  *
.

#.‘#i"*‘.*#“‘l.‘t“‘l*.#.-*‘..‘“"*.i*t.‘t..t'l'It*.tt.‘.t*#‘*‘l#*tl.*i'
DOUBLE PRECISION XDLDR.XDLDI,ABXOLD,BETA,EPS1,EPS2,ERS]

COMMON EPSL.EPS2,EPSI,102,MAX

IFLITIME.NE.O) GO YO 5

ITIME =1

WRITE(IQ2,1010) HAX .

IFINALTER.EQ.O} GO TO 1O

WRITE{102,1000} XOLODR,XOLDI

GO TO 20

ABXOLD=DSQRT{{ XOLOR®XDLOR} #(XOLD1*XOLD1Y)
BETA=DATANZI XOLD £y XOLDRI

WRITE(IDZ2.10201 XOLDR:XDLDI

NALTER=NALTER+1

IFINALTER.GT.5) RETURN

GO YO (30,40430,40,30)NALTER

XOLDR=«XDLDR

XOLDI=-XaLDI

GO TO 50

BEVA=BETA+1.0471976

XOLOR=ABXOLD*DCOSIBETA)

XOLDI=ABXDLD*0DSINIBETA)

REYURN

FORMATI1X+023.1643H ¢+ L023.16,2H lolDK.ZlHALTERED APPROXTMATLOND
FORMAT(/Z7//71X354HN0 CUNVERGENCE FOR THE FOLLOWING APPROXIMATIONS AF
LTER 413,124 ITERATIONS,.//)

FORMATI/1X4023.16,3H + ,023.16,:2H lnlOX-?lHlNITIlL APPROX IMATION)
END
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G001 SUBROUTINE ZERDS{NQyUQ YOGy NAPP,UAPPVAPP 4 JyJRODT  VROOT o JAP UAP , VAP
LeENTRY  XSTART, XEND}

c .tt..t"'#l‘“#.“‘.‘*‘.t‘#‘#..l‘.i"t"**‘*‘t.‘.“#itlt‘.tt#t_.t.*t.t“‘ttlt*
C £ . *
C % NEWTONS METHOD EXTRACTS THE ZERODS AND THEIR MULTIPLICITIES OF A »
C * PULYNDMIAL OF MAXEMUM DEGREE 25 BY EOMPQT!NG A SEQUENCE OF APPRDX- L]
€ # IMATIONS CONVERGING TO & ZERQ OF YTHE POLYNOMIAL USING THE ITERATION *
C +* FORMUL A i . *
C = XINELT = XINI=PIXINDI/RUIXAND), L
C » . : . R *
I LIRSS 3 2 s T R s R s e P e s T R PRI T RS P T T Y £ T T
0002 OOUBLE PRECISION UAPP,VAPP,UROOT, VRONT ,UZR0, VZRO, Uy YOy UDLIMMY , VDUN
1Y 4 UQGQ , V2Q 4 UAP , WAP , QD VD URDOTS 5 VRODTS s EPS 1, ERS2, EPS3,UAPROX, VAP
2R0X
a0nea DOUBLE PRECISION XEND,XSTART
0004 DIMENSION UAPPI25] ¢VAPPI25),URDOT (251 ,VROOT (253 ,U0(26),Va(26] ,UQRH :
1261, VA (261 yUAPL 251, VAPL25) ,UQD (264 4 V0D 1260 ,ENTRY (26) ,URCOTSI251 ¥ r
2RODTSE25) "
0005 COMMON EPSL1,EPS2,EPS53,102 4MAX -
0006 DATA QONAME , GNAME/ 3HTQL . 2HQU/
0007 LOGICAL CONY
0008 4=0
0609 1TIHE=D
0010 IFINQL.GE.31 60 TO 85
0011 60 10 110
0012 B5 KKK=NO*1
0013 DO 90 1=1,KKK
0014 uagIl=ugiI
0015 90 VQQiI1=vall}
oCl1s NOG=NY
0017 GO 10 120
a01é 110 CALL QUADING,UQ, VG, URODT,.VROQT }
ool9 JAP=D
0020 GO TG 310
noz1 120 00 200 [=1,NAPP
0Qz2 TALTER=OQ
0623 UAPROX=UAPP L L)
0024 VAPROX=VAPPLI)
0025 130 CALL NEWTON(UAPROX,VAPROX (NQQ,UQQ,V3Q,UZR0, YZRO,CONY)
00246 IFICONV) GO TD 1K0
o027 CALL ALTERIUAPPCL) VAPPLI],TALTER IT IME)
on28 IFUIALTERLGYL5) GO TO 200
poze © UAPRQX=UAPRLT)
aa3n VAPROX=VAPPLI)
2031 GO TO 134
0032 160 J=Jel
0033 UROOT I J) =UIRD
00 34 . VRDOTAJI=VIRO
00135 UAP [} =UAPROX
0d13s VAP J) =YAPROX
Q037 CALL HORMERIUIRGD .V IAD,NQG,UQQ,VRI U0, VOD ( UDUMMY  VDUMMY }
2038 DO 180 I1=t,NoQ
06039 UQRLILI=0QDETL+1}
0040 180 VOO(I1)=VQDIIl¢L)
0041 NGQ=NOC-1
0042 IF{NRG.GE.3) GO YO 200
0043 JAP=] -

0044 G0 7O 220



0045
0046
Q04T
0048
0049
Q0%0
0051
0052
0053
ans4
0055
0056
0057
0058
0059
006l
Qoel
0042
0063
O0&4
0065
a1+1:7
ho&aT
06068
Q069
0070
oari
novr2
nors3
0074
0075
on7ée
nerT
0078
0079
0080
ooal
0082
0082
0084
008s
acse
0087
o088
0089
0090
(D] |
o032
¢0g3
Co94
Qo9s
0096
aoaT
oe9s
0099
0100
0101
o102

200

205

157
210

220
230

235

240

241
245
250

250

300

303

aos

TABLE G.III (Continued)

CONT TNUE

IF({J.GE.NQ} GO TO 205

IF(XEND.EQ.0.0) GO TO 205

IF(XSTART.GT.XEND) GO TO 205

NAPP=NQ

CALL GEMAPP{UAPP ,VAPP ,NAPP,XSTART}

G0 TO 120

IFINQG.LEL2) GO TN 210

WRITEL( 02,1200}

KKK=NQQ+] -

NNN= KKK+ |

DO 157 L=1,KKK

JJJ=NNN-1 '
WRITELIO2,11001 GONAME,ENTRY{JJJD ,U0QLIIIN4VAQTdII)

IF{J.EQ,0) GO TO 310
Japr=y
GO TO 230

CaLl QUADINQQ,UQQ,VQQ. 3 UROOT VROOF }
WRITELIOZ.1132)

WRITECLO2,1033F {1,UROOTTE) . VROOTIL) UAPTI)VAP{L) 4 L=L4JAP)
TFIJAP.LT.J) GO TD 235

GO Y0 240

KKK=JAP+]

WRITECID2,1134) (1.URDOTCL),.VROOT{S) e [=KKKsd)
J1=0 o

DO 300 I=1,J

CALL NEWTONL{UROOTL1) 4 VROOT (I yNQsUGVQUZRO,VZROy CONV}
IFLCONY) GO TD 280

WAITELIDZ,1140) I,UKOOT{L),VROOT (13, MAX,NQ
KKK=HNO+1

NNN=KKEK+1

DO 242 L=1,KKK :
JJI=RNN-L :
WRETEIIQZ,1040) OQNAMEENTRYIJJI) ,UQL LTSN, ¥QLISD)
TFUTLTL.JAP) GO TO 241

{FII.EQ.JAP) GO TO 250

GO TO 390

KKK=JAP=1

DO 265 [1=1+KKK

UAPLTLE=UAPTIL+L}

VAPLTLIsVAPITL*L )

JAP=JAP-|

GO TO 300

JI=Jdied

URDDTSLILI=U2RO

VRGDTS (U1 =V IR0

CONTINUE

J=Jd1

IFLJ.EQ.0) GO YO 205

DA 303 [=1,J

URDOTEL) =URODTSI 1)

VYRUOTHE ) =VROOTS (1)

Gt TN 310

WRITELIDZ,115%0) NQ

KKK=NO+1

NNN=KKK+1

DD 306 L=1sKKK

JJI=NNN-L

277
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0106
oLo7

G108

G103

ol1r0

i1}
oLL2
otl3
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TABLE G.III (Continued) = o

306 WRITETIO2,1040) QNAMEENTRY{JJI ) UG JId ) YQL IJS)
310 RETURN :

1200 FORMATU///EXyTOHCOEFFEICIENTS OF THE DEFLATED POLYNDMIAL FOR WHICH
ING 2ERGS WERE FOUND.//}

L1132 FORMATIZ//1X13HROOTS OF GIX) 84X 2 HINITIAL, APPROXIMATION//}

1132 FORMATE2X,SHROOTE 4y 1244H} = 4D23.1642H + ,D23.1642H L417X,D23.16,3H
1 + ;023,116,224 1)

1134 FORMAT(2X,SHROOTE12,4H) = ,023,1643H ¥ 4023,16,2H L, 22X, 26HAESULT
1S DF SUBROUTINE QUAD)

1140 FORKAT{///,1X,40HND ROOTS FOR INITLIAL APPROXIMATION ROOT(,1244H} =
L oD23.16,y3H  4023.06:24 [/6H AND 13,404 ITERATIONS ON THE POLYN
20M1AL OF DEGREE »12.18H WITH COEFFICIENTS/Z)

1150 FORMAT(///,1X,45HND RODTS FOR THE POLYNOMIAL QIX) OF OEGREE = 12,
138H WITH GENERATED INITIAL APPROXIMATIDNS//)

1040 FORMAT {2X,A24A2,4H) = D23.1643H + 4023, 16,2H 1}

1100 FORMAT(2XyA3,A2 ,4H) = 4D23.16+3H ¢ 4D23,14,2H [}

END
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Qcozr
[ela]e:]
0009
0010
o011
ogtL2
acia
0014
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aol7
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oaL9
0020
oozl
0022
0023
Q24
0025
oo2L
00ZT
0028
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003z
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0041
0042
0043
0044
D045
0046
04T
Q048
0049

[alsNsNsEalaNy

TABLE G.III (Comtinued) -

SUBRDUTINE GCOUN,URsYRsM,US,) V5 H1»US5,VS5)

279
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24

25
30

40

50

70

30

95

100

130

GIVEN POLYNOMIALS PIX} AND DPUX} WHERE NEG. DP{X) 1S LESS THAN DEG.
P{X}s SUBRDUTINE GLD CDMPUTES THE GREATEST COMMON DIVISOR OF PLX) AND

DP{x) .

A IA AR PR AT ELE RS PR SR RIS PRS2 RS LR LRl S IR sl Rl ittty ]

DOUBLE PRECISION USSS555,VS5555S

DOUBLE PRECISIDN UR,VRsUSyVSUSS V5SS URRVRR yUD\ VD, UT4 VT EPSLONLEP
152+EP53, 686
DIMENSION UR(Z6) yVRIZEYJUSIZE ) 4V 26),US5{26),V55126)0URR{26] 4 VRRI
126),UT126),VTE 26}

COMMON EPSLON,EPS2,EPS3, [02,MAX
Nl=N

Ml=H

KKK=N+]

DD 20 1=1,KKK

URREIY=LRLTY

VRR T ) =VR{T)

KEK=M+]

N0 25 I=1.KKK

GSSAT1=US(I)

VSS{T1=¥S(]} :
BAB=USS{ ML} I%USSIML+LI+VSSIML+LI*#VYSS{MLe)]

UD={URRINL#LI*USSIML+LI«YRA(NL#L1=VSS(ML+L1)}/BBB -

VD={USSIMEFLE*YRRINL4L)I—URR{NL+L)*VSS(Mi+1)] /BBB
KKK=MN] +1-H]

DO 40 1=KKK,NL
UTELI=URREEI=(UD*USS{I=N1+MLI-VD2VSSI]-N1+M1})
VI{I)=VAREE)—NUD*VYSSEI-NL+ML+VD*USSLI-N1+M1 )
IFIML.EQ.N1) GO TO 70

KKK=N1-M1

DO 60 1=1,KKK

UTILI=URR{T)

VT CL=vRARIT)

DO 0 t=1,4N1

"BBB=DSART(UTINLAL=T)*UT{NL+L=T 1+ YTINLS L=} oYTINL#L=T 1)

IF(BBR.GT.EPSLONY GO TO 100

CONTINUE

DD 9% 1=1,H1
BBB=USSIMI+]1JRUSSIME+1 )+ VSSIML L) *YSSIML+L)
USS5S555=(USSE T ¥USSIML+ L +VSSUTI¥V5SINL+ L)) /BB
VIS555=d vSS{TH#USS{HL LI ~USSTT}*VSS{H1+1])/0RB8
USS5(T1=US555S

VSSETI=V55555

USSIML+Lb=1.0

VS3(ML*#)}=0.0

GO 170 200

K=N}-T

TFIK.EQ.0) GO T0. 170Q

IF{K LY MLE GO TO 140

KEK=K+]

BO 130 J=1,XKK

UHRIJ)=UTI{J}

YRR{JY=VT L))

N1=XK

GO TO 30

"
-
#*
x=
*
-



0050
gosl
0052
0053
Q054
0055
0056
0057
[ele L]
0059
0060
0061
0062
Q0863
0064
Q065
[sLiEY
Qa7
0068

140

150

160

1710

200

. TABLE G.III (Continued)

KKK=K+ 1

DO 150 J=1,KKK
URRESI=USST U}
VAR JI=VSSTD)
UssSt=uriJ)
VSSLJI=VTiJ}
KKK=K+2
NNN=M1+1

DO 160 J=KKKyNNN
URREJI=USSH I
VRRLJI=VSSLJ)
Ni=M1

Mlui

G0 70 30
USSI1d=1.0
V55{11=0,0
M1l=0

RETURN

END

280



aoo1

o002

ool
ano4
0005
0noe
0007
aoos
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00ll
ooi2
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0014
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0020
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on22
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TABLE G.III (Continued)

SUBROUT INE NEHTUN(UX.VX.N.UP.VP.UKU-VKO.CGNV‘

281
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10
15

20

THIS SUBROUTINE CALCULATES A NEW APPRAOXIMATION FROM THE OLD APPROX-
THATION BY USING THE ITERATION FORMULA
CIN+L) = XUNI=PUXINYI/PHIXINT D,

DOUBLE PRECISION QDD
O0OURLE PRECISION ABPXO

DIMENSION UPIZ26),VPI26),UB{Z6),vBI26)

COMMON EPSTLERSLON,EPS3 102, MAX
LOGICAL CONY

UXO=Ux

WAD=VX

oo 10 [=1,MAX

CALL HORNERIUXO.VXO0.N,UP, VP, UB,VA,UDPXO,VOPXD)

upPxn=ustLi

vexa=vadll
DDD=DSORYIUDPXU*UOPXO+VDPXO* YOPX D)
IFENND.NE.O.0] GO TO &
ABPXO=DSQRT(UPXD*UPXO+VYPXO*VPXO)
TF{ADPX0LEQ.G. O} GO TO 20

GO TG 15
BAR=UOPXO*UDPLO+VDPXO*VDPAD
UDIFF=(UPXO*UDPXO+VPXO*VDPXQ) /BAD
VOIFF= {VPXO*UDPXO-LUPXOD*VOPXD ) /BHA
uUxD=Ux0~-U0LFF

VXO=VX(O-VOLFF
ARA=QOSQRY(UDIFFSUDIFF+VDIFF*VDIFF}
BAB=DSTRTIUXO*UXO+VXO*yxOY
IF{BBB.FQ.0.0) GO YO 10
IFLAAA/BABLLTLEPSLONY GO TO 20
CONTINUE '
CONV=,FALSE.

RETURN

CONv=, TRUE,.

RETURMN

ENL

SRS E NI RO RN R DR RN RS RER SRR R B ER R R SRS N R R R R R ANk RE e Ak bk N
DDUBYLE PRECISION UXyVN,UP s VP UXD VXD, US o VB, UDPXO, VOP XD, UPXOVPXG, U
101FF VOIFF,EPSL.EPSLON,EPS3 s AAA, BRB

-
-
*
-
%
-
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0001

Qoo2
0003
Q00n
4005
Q006
onet
+[1]o3:)
o009
odlo
Qolt
golz
ool3
o014
0015
00156
QatT
o018
0al9
0020
0021
ooz2
Q023
0024
04925
00286
0027
o028

[zEalaXal sty
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TABLE G.III (Continuead)

SUBRAQUTINE DIVIDEIN,UP VP M UD, VD, KsUQ,VQ}

*

GIVEN TWO PDLYNOMTALS FUX) AND G(X), SUBROUTINE DIVIDE COMPUYES THE *
'Y

QUOTIENT POLYNOMIAL HUX) = FIX1/GUX).
*

#tttt#t.vtt#*ititt'l#t‘*ttl*#*lttt#‘#tl*#lttt.ttlt#ittl.tttttt‘#h"“.‘#.**#

10

20

40
45

50
100

DOURLE PRECISION UPVP UD,VD,UQ VQeUTERM, VTERMUDUMNY
DEMENSION UP{Za) VPL26),UD{261,VDI26),UQ026),vQI26)
K=N-M :
UDUHMMY =UD{M+ L) 3UDCHM+ L) +VDIMe L} #VDIMe L)
URQTKLISIUPENE L) SD{H+L I «VPIN+L ISV D{ M+ 1) L/ UDUMMNY
VALK I=IVPIK+LE*UDIM+ L) =UPINCL ) &VDIM+L )} UDUMMY
IF{K.EQ.,D) GO TO 100

==1
DO S0 1+#1,K
J=3+1
UTERM=UP{N-J)
VTERM=VPIN-J}
KK=K+]l
NNN=M- ]
DO 40 ML=NNN M

IF{KK.GT .11 GO TO 10
GO Y0 45

IF{M1.GE.1} GO TD 20
GO TO 40
UTERM=UTERM={UQ{KKISUD(MLI=VO{KK)«¥YDIHL)]
VTERM=VTERH- (UQ{KK ) #VYDIML)+VQ (KK *UDIMLY)
KK=KK=~1
UOUMMY=UD (M4 LI *UDIM+ L2+ VDIMe L} FVIMeL )}
UQIK+1-TI={UTERM*UDIM+1 I +VTERM&VDIM+L) ) FUDUMNY
VOIK*el~1 ) ={YTERM*UDCM+L I =UTERM*VDIM+]L ) ) FUDUMMY
RETURN

END -
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0004
0005
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0010
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TABLE G.III (Continued)

SUBROUTINE HORNERLUX, VX yNyUP VP UB,VB,UCVC)

283

LAL R 2L RS SIS EL IR TR IR IL LR AR R 2RSSR R AR 22 QA Sl d T st i atlsd)

*
»
»
*
.
*

10

HORNER*S METHOD COMPUTES THE VALUE OF THE POLYNGMIAL PIX). AT A
POINT D AND ITS DERIVATIVE AT D. SYNTHETIC DIVISION LS USED TO
DEFLATE THE POLYNOMIAL BY DIVIDING OUT YHE FACTOR IX - D).

EES ARSI LS EE ST PRI PR PSR T 22 El RA LA R 2  ad R 2t a2t R o2t st ) ]

DOUBLE PRECYISION UX VX sUP,VP,UB,VB,UL,VC

DOUBLE PRECISION UDUMMY, VOUMHY

OIHENSION UPL26).vP{26},UBI261,VBI26)

UBIN*LE=UPIN+L}

VA{N*L}=VP{N+1}

UBINI=tUX®UB (N« L b=y =VBIN+L) ) HUP(N)
VBIN)=(UX*YB(N+L I+ VX*UBIN+1})+VPIN)

UC=UBIN+L)

VC=VBIN+11}

KEK=N~1

00 10 1=1,KKK A

UB{KKK*L=~[) = {UX*UBIKKK+2 - [ )1-VX*VBIKKK+2Z-T) F+UP(KKK+]1-1)
VBIKKK+1-[ 1= tUXeVBIKKK+2=1 I+ VX*UB{KKK+2~-1) I+ VP IKKK+1~]1)

" UDUMMY =UX*UC -y eyl

VOUMMY=UX*YC +V X*UC
UC=UDUMMY *UB{KKK +2—1)
VC=VOUMMY +VB [KKK#2=11)
RETURN

END

»
-
L]
*®
-
*



-

0001

0002

0003
0004
ofngos
0005
o0GT
oooa
[eilel]
go10
0G1ll
o012
0a13
G014
0015
0016
do17?
an1a
ao19
0020
0021
0022
Q23
Co24
aozs
0026
o027
o028
0029
0030

0031
co32
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TABLE G.IIX (Continpad)

SUBROUTINE QUADIN,UA,VA, 3, URCDT, VROOT)

284

*i*##*#“ttt‘tt#t#ﬁltttt#‘#“*#tt‘#t*i‘*i‘*‘ltl#*tl#*‘tt#l#.t#i“#ltii‘#&.#‘

&

* SUBROUTINE QUAD SOLVES DIRECTLY FOR THE ZERDS AND THEIR MULYIPLICITIES

& OFf EITHER A QUADRATIC POLYNOMIAL OR A LINEAR FACTOR.
* QUADRATIC IS DONE USING THE QUADRATIC FORMULA.
[

LEL 2L R T RS IR EE SR LS Rt it b L R LTI T AL I PRI ST R 2N 2]

L]
*
SOLUTION OF THE *
»
L
*

DOUBLE PRECISION EPSL,EPSZ,EPSLON,URDOT, VRODT +UAy VAUDTISC,VOISC U0

1yvDDOD,UTEMP, VTEMP,BBR
OIMENSTON URCDT{25}, VROOTI25},04126),VA1208)
COMMON EPSL,EPSZ yEPSLON, T02, MAX
IFIN.GT,. 1) GO TO 190
J=l+l
BED=UAIZ2 ) *UA{Z)#VAL2)*VAL2)
UVROGTL ) ==tuat LI *yat2h+val Ll ®val2) b /888
YRGOTLJ)=-ivALLI*UAL2}-UALL)*VA{2))/BRSE
GN TO 100

UDISC=LUAL2)«UA(ZI=VAI2}*VALZ2) ) ~{4.0¢{UALI)oUACL)-VAL{I ) *VALL) )]}

VOISC={2.,0%UalZ}*VA(2))—(4.0%(UA{II*VALL)+VALIIRUALL)))

U0=2.03UAL3)

VD=Z2.0%vA(T)

DOG=NSQRTIUDISCHUDTISC+VDISCEVDISE)

IFIOBDL.LT.EPSLON} GO TO 20

CALL COMSAT(UDISC,.VOISCoyUTEMP,VTEMP)

BB6 =UD %0 +VDFYD

URODT LU+ )= [ [=UAL2)+UTEMPI*UD+ I -VALZ2)+¥YTEMP}*V]) FBBB
VRODT{J+1b=1[~VAL2 )+ VTEMPI#UD-(-UALZ }+UTEMP)#VD) /008
URGOTH )42 ={{-UVA{ 2} -UTEMP 1 #UD+(=VvA(2}~-VTEMP)®VD)/BAR
VROOT LA 2) = 1-VAI2)-VTEMP ) ®UD-{—UAL 2 }1-UTENP}*vD] /0B
FENE ¥4 .

GO TD LGO

20 J=Jel

BOA=UDRUD+VD+YD

URGOTAJh=1~UAL 21 #UD-VA( 2} #VvD ) /BRE
VARDAT [y =(-VA(2)*uD+0A12)*vD)rB8H
WRITELIO2,1000} UROOT{JI}+VROQT(J)

LULTIPLE ROOT//)

100 RETURN

END

1000 FORMAT(///1X LIHQUAD FOUND ,D23.16¢3H + oD23.16,2H 1,224 TO BE A M



000)

0002
0003
0004
0005
0Q06
0oo?T
0098
0009
a0lo
o0tll

Q001

0002
0603
0604
0045
0006
0007
00038
0009
0010
o011
0012
0013
0014
0015
0016
a017
0018
0019
0020
0021
0022

_oc23

o024
0025

c
C
C
c
C
C

[a Xz XaN=Kal

TABLE G.III (Continued)

SUBRDUTINE'DERIV(N.UP.VP.M,UA.VA’
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AR R T TR R PR SRS SRR TSR RN ALt 2 Rt Rt bl Rttt L Bl

*

# GIVEN A POLYNOMIAL PUX), SUBRQUTINE DERIV COMPUTES THE COEFFICIEMYS OF
ITS DERLVATIVE PY(Xl. .

L]
*

L]
L]
*
»

LEL R 2SI R R LT RS R SRR RS R RESS S E2 R 22 2t bt a2l i 2 Pl tdyd )

10

BRUBLE PRECISIDN UP, VP UAVA,AAA
DIHENSION_UPIZb)vVPIZbleAl26IpVA(2ﬁI

KKK =N+ 1

o0 10 I=2,KKK
AAA=]-1L
UALL-1b=AAASUPLE)
VALI=-1i=AAAsVP{]}
M=N=1

REYURN

END

SUBROUTINE COMSQT [UX $VXoUY, VY

LEAS I NP S 222 2 Rt R Al R T2 RS R 22 202 R P2t R A Rl a s 2 tladt)

#*

* THIS SUBRDUTINE COMPUTES THE SQUARE ROOT OF A COMPLEX NUMBER,
*

L]
*
-

L EEE SRR RIS RS2SR Rl E S IR AL E LR R AR ES R R R 22l R T

10

20
a0

40

50

&0

100

DOUBLE PRECISION UX.VXsUY, VY, DUMMY yA,AAA,BBB
R=DSQRT{IUXFUX+VXEYX)
AAA=DSORTIDABSL{AR+UXI/2.01
BHB=DSARTEDADSEAA-UAN/2.011)

IF(YX) 10,20,20
UY=A4A
YY=-1,0¢BBB

G0 10O 100
TFIUX) 4G50 ,60
UY=AAl

VY =EBB

G T3 100
DUMMY=DABS{UX)
Ury=0.0
VY=[DSQRT{DUMMY)
GO TO 100
uy=0,0

VY=0.0

G TR 100
DUMMY=DABS{UX)
UY=05QR T {DUMMY}
v¥=0.0

RETURN

END



APPENDIX H
REPEATED G.C.D., - MULLER'S METHOD
l. Use of the Program

A double precision FORTRAN IV program using the repeated G.C.D.
method with Muller's method as a supporting method is presented here.
Flow charts for this program are given in Figure H.l while Table H.ITI
gives a FORTRAN IV listing of this program.

This program is designed-to sdlve polynomials having degree less
than or equal to 25. In ordef to solve polynomials of degree N where
N > 25, the data statement and array dimensions given in Table H.I
must be changed.

In_tﬂis program both the 1eading coefficient.and the constanf

coefficient are assumed to be non~zero.

286
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TABLE H.I-

PROGRAM CHANGES NECESSARY TO SOLVE POLYNOMIALS OF DEGREE
- ~GREATER THAN 25 BY THE REPEATED G.C.D. - MULLER'S METHOD

Main Program

Data Entry/l1H1,1H2,...,1H9,2H10,2H11,...,2HXX/where XX = N+l

' UAPP(N,3), VAPP(N,3)
URAPP (N, 3), URAPP(N,3)
UP (N+1), VP(N+1)
MULT ()
UDDO (1), VDDO(N+1)
UDL(N+1), VD1(N+1)
UDDL (N+1), VDDL{N+1)
UD2(N+1), VD2(N+1)
UG(N+1) , VG{N+1) :
UD3(2N+1), VD3(2¥+1)
UD4 (2N+1), VD4 (2N+1}
UAP(N+1), VAP(N+1)
UZROS (N), VZROS(N)
UROOT(N), VROOT(N)"
UDO(N+1), VDO(W+1)
ENTRY (N+1)

Subroutines PROD; QUAD -
See corresponding subroutine in fable G.I.
Subroutines DERIV, GCD, and DIVIDE
See corresponding subroutine in Table E.I.
Subroutines MULLER, GENAPP, BETTER and ﬂORNER

See corresponding subroutine in Table F.I.

2. Input Data for Repeated G.C.D, - Muller's Method

The input data to the repeated G.C.D. - Muller's method is the
same as for the repeated G.C.D. - Newton's method as described in

Appendix G, §& 2.
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3., Variables Used in Repeated G.C.D, - Muller's Method

The-variables used in this program are referenced in Table H.II.
The notation and symbels used in the referenced tables are described

in Appendix E, §-3.

TABLE H.I11

VARIABLES USED IN REPEATED G.C.D, — MULLER'S METHOD

Main Program and Subroutine PROD
See Table G.II.
Subroutines QUAD, DERIV, GCD, DIﬁIDE, and COMSQT
See corresponding subroutine in Table E.VI.

Subroutines CALC, MULLER, GENAPP, ALTER, BETTER,
TEST, -and HORNER . ‘

See corresponding subroutine in Table F.II.

4, Description of Program Qutput

The output  for this program is the same as that for repeated
G.C.D. - Newton's method as described in Appendix G, § 4. Only one
initial approximation, XO, {not three) is printed" The other two
required by Muller's method are .9X0 and 1.1X,. The message "SOLVED
BY DIRECT METHOD" means that the corresponding root was obtaiﬁed by

Subroutine QUAD.,
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5. Informative Messages and Error Messages

Descriptions of the informative messages and error messages printed

by this program can be found either in Appendix E, § 5, Appendix F, § 5,

or Appendix G, § 3.



ComHDN
§P41, EPbL,EPSY
EP34, 0k, MAX

;

DRATA
PHAMEw P

Sy

AN RME « MULLERS

o &
Ioz 4 b

AGND, KENECH

NEPE, MAYX,
£PS1, EPS2, £P8)

KSTRAT
AEND

MAIN PROGRAM

Lot I
AP ner
Y

NOPOLY, KP, KRPW,
{mex, 5P EPSa, q—@
EPBF, ASTRRT

ANRME  NaPOLY,

APP, NAFF,
. %6THRT

NP, ?IH!'"'J

Kt O
KD+ o
Fi0 ol |

dasy

Piv

Hop +— NP

[CALL g
wow, -+ no‘...

HDBD, -« DA
Hol, v e By
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Da,l—l

Hid =0

CALL DEALY

LLTPEE L i

NOO), e B

J
[CALL GeP |
HOr, eeprg e
[T i
NB2, - D2y -

—

* (Hoatap2 & 260

00, D0y -
NBE, By
L

|l catk PRop ]
NDY e B s

NOt , sy -

m'---u aee

BivjeE ).

N3 -0, -
L N
o Gy e

Figure H.l. Flow Charts for Repeated G.C.D,-Muller's Method
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Figufe H.1l: (Continued)



- MULLER

RNP, . APP NRPP
KETRRT, XEND,

SRE4T, Ro0T, Enveol,
Yopoey, RARR

P51 Qa9
HRAgor +— o
TRoOT 6~ ©
DATA TPATH «— |
PHANE + P( |NATER ¢~
ONAME + O¢ ITIME o0
KoMuLF&~a | .
IRPP )
ITER + |
CommoN
EPSM EPS, 1pso,
Epanr,
L Zoz Max -
HAPP—np
APP, RAFP,
arp, o= Aam, Fe

fannpp

PhRa® MRl e

T Nrn

[

A ._RFPUI'F,I‘
ha n’?l",l,

LER il

18PP,

CALL HORNER

Figure H.1l. (Continued)

W oA, B, PRI,
NMwoRK, K

CALL HoRMIR

WoRK, 8, FX1,
MW Ak | LYY

]

CHLL HOANER
WORK 8, PLY,
Mworn, NJ

CAL LALL

KL AL, X3, i,
PXL PEY A%,
a#, ha'

;

TALL HOAKLR

WORN, B, #1%,[]
NWoRK, 14

FLL ot TR FIPeY

at e atfa

LHLL TEST
X3 x4
cCoNy
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ITER { mAx ' Lom] WROOT << Nl 80T 1 '
TROOT &= HNNDOT
3
MI.ILT"..:"- [}
- WO FULTa— HOH LR
CALL ALTER W~ K2 oo o 2h
AP s My AL e X2 ) wRapl
Rep | NALTER FEEaF LY
A3 Digan 1
1% PAL
2 - PIg
I . —
oy e P CHReL QU . o unrgmr" Ll .
ITeR += ITER+t Nwedk, B < 5.4 o, TN
WROLT, BDoT bl LTINS i
s .
NALTER ) 6 : AATE et Yaras

T

JITER & }

i MAPP

TRPP & IarE+) e
TTER e | .
—o - CALL_HDARER
1( snp=o . ’ : £
wwonk e
: F HROOT =6

i

. CALL BETT&A -
Ld Lt
I RgTAAT > XEN0 A NAPP e \ip 4,4¢, BooT, . NWORKE NwoR N
|#AceT, RAPP,
r____' ’ 1R09T, MOLT

CALL GENAPP -ro] tReP — o § o ™
e , NAFE, - ; WlE
1 i IPRTH IPATH = 3 [ .
XSTART ‘
’ 3
. N found™ b
“coefs, of beblaty) "wels Roun
L= pajwramial ™ NOPOLY R, .
WORY, . fl e
* Tmael
o B
g LALL HOXNSR
WOAK B, Py4,] ]
NwoRK, K&

ROOY pagrr 1t 2 RO, RooT, .., A00T LA~ N
*|

10 0y [Prt] < epsm

Hioer

MUY & Vomuy
*l

<, . N
Solved by direct Method LETL I "J“""nwr,:

| ReoT 4 poof,

Figure H.l. (Continued)
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LOMHMON
WA EPS,

EFSLON, EPS&-
103, MAY

T Frt
RoOT, + '%1
£y
3
pLsc e ﬁa_—d'ﬂsﬂ,
D4 2A,
TeFn
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Figure H.1l. (Continued)
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DIVIDE
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Rt B By

F**ﬁ
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l

Ll ot
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MMt

=

STRRT

Figure H.1l. (Continued)
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[P

common
EPSiaN §r52,2pay
£P54, 102 _MAX

=14

ssm l'- ¢

M+— N
MM
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| I

T
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[ren

5 net
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]

¥
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-7,
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 Figure H.1l, (Continued)
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.. .CALC S

B,M2, A2, PR,
P2, PAE

CommMon
£21,4P%,

€440, ERGRT

ToR, MAK

N EERTEST
Wt g - X
Q3 =~ Ha/NZ

&

D+~ Q3[ pra ~lieas) P22 + @3 -pxi)
B+ (rqa +1) PXT ~ C1ea1)tPa2 3 aatexi

C o+ (1+33) Px3

a-.—-"rnm o Tant Jmﬂ&)l
Ae plsc

Rap —AfTorsc]
TEAT o= nnn[:m(mﬂ;m);i.uh(tufmn

Ben) = B TESY
Temi) ¢ peswe) YT

Dyl ¢~ H = TEST

Figure H.1, {(Continued)
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- TEST

ComMMoun
EPEM ,ERE -
£PS0, ERSATy |yt AN x4 X3}
102, MA% panom~ [LH

DENOHLEFSO

\f
Conye .FmsE ' :
[ ¥ 3 P——(J’if'nean‘”’ )q-
' ¥

} CONVe= . TRUE.

RETURN

CONY
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GENAPP
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Figure H.l. {(Continuad)
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BETTER - - HORNER

MULT,
A NP, A00T | NROZT,
RAPP, TROOT,

L+ L —
Aogh + 1e cony
WLT, $— il
CoMMoN - PALY, Ml . 8+ A,
EPTM ,EPe , : NUM *= NAT)
EP20,EPSAT, Tot,
MAK

PH) =~ P12
M1e ey
ITHAC-TIARYE

Rogty  MAY, L,
Mo comeavyg
ence™

T g K+ BAFE.
- . n
:::q :oor. FPERT “._“”;’ . 3
! -
B"E.a"" ::‘r (a=arsas) ne W ' / ' : B, o
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6L L Trene) I
cat HOANER
a,8,em, we, I
u
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]:'—————'————-D'

CHLL HoORWEA - )
A8, PX3, NP, 2 : : 1
X3 : r .
ne- £
1’ . : S
- Lo MF{J-RIPP.U
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-

Figure H,1l, (Continued)
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0001

0002
0oa3
0004
0005
0006
o007y

0008
0009
aoio
ool1l

0012
fo13
0014
an1s

0016
o017
00t8

0019
- Q020

0021
o022
0023
0024
0025
0026
00217
6028
0029
0030
0031
0032
0033
0034
0035
0036
0037
0038
0039
0040

[l sl aEaleRaXalaNalalel
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TABLE H,IIT

PROGRAM FOR REPEATED G.C.D.-MULLER'S METHOD

t.#tttltttttitt*t‘###.tttt‘tt#“'“*t.‘tt'ttl..tt‘ttil#l.tttttt#t*tttalt*‘i‘

DOUBLE PIECIS]DN PRDGRAN FOR THE REPEATED G.C.D. - MULLER'S METHOD

* &
* L)
* ]
L . L
* THIS METHOD REPEATEDLY FINDS YHE GREATEST COMMON DIVISOR OF TwWD *
® POLYNOMIALS [N ORDER TO EXTRACT THE 2EROS IN GROUPS ACCDRDING TO =
# MULTIPLICLTY USING NEWTON'S METHOD. ALL ZEROS OF HULTIPLICETY 1 *
# ARE EXTRACTED FOLLOWED BY THOSE OF MULTIPLICETY 2, ETC. *
* *
L2 &

*lt#itttttt.lt.l*lt*#t“tt##t#l!*!tt!ttttt##tttt#t.tti.t*lttittttt#ttttt#t

DOUBLE PRECISION EPSL1EPS24EPS3,UP, VP, UAPP,VAPP,LUD0,VD0,UDDO,VDDO,

LU01, vnl.uoz.vnz.UDOI.voul.uc.VG.uua.vus.un«.vua.uznus.vzaos.UAP.vn
2P «URGDT, VROO T, DENON

DOUBLE PRECISION XSTART

DOUBLE PRECISION XEND

DOUBLE PRECISIDN URAPP,VRAPP

DOUBLE PRECISION EPS4

DIMENSION UAPPL25:3) o VAPP125,53) URAPPL25,3)VRAPPL125,3)

DIMENSION UP(26) «VP{26) MULTI 251 ,UDDO(26) ,¥0DOL26),UD1L26),V01(26)
1,UDDLE26) ,VDDLE26) UD21261,VD2026),UGI26) ¢¥GL26)4UDILS1}.VD3I5L),V
204151, VD4LSL) ,UAPI26) (VAP(26) ,UZROS(25},VIRODS{25),URDOYL25),VROOT
F{25) 1 ANAMEL Z ), D0 260, VD01 26) 4ENTRYE 281

COMMON EPS1,EPS2,EPSI,EPS4,102,MAX

DATA PHNAME ,GNAME /2HP L, 2HG{ /) DLNAKE/3HD L/

DATA ASTER/4He#*%/

DATA ENTerlHI.lﬂz.lus.lﬂa.lﬂs.iHb.lH?,lHa.lHG.znlo.2H11.2H12.2H13
e 2H14,2H15,2HL G0 2H1 T3 2H1B, 2HL 9, 2H204 22 L e ZH224 2H23, ZH24 4 2HZ 54 2126/

DATA ANAME(L Y, ANAMEL2 ) 24HMULL , 4HERS /

[0i=5

102=6

1 READIIDL.1000) NuPoLv.NP.NAPP.nAx.EPs1.EPsz.EPss.xstARI xEND.KCHEC

1K .

llecuecx.Eo 1} sroe

WRLTELIOZ,1020) ANAME (1), ANAMEL 2} ,NUPOLY
WRITE{IDZ2,2000) NAPP
WRITEL102,2010) MAX

WRITE{(1O2,2070} EPS)

WRITELIDZ2,2020) EPS2
WRITEL{02,2080) EPS3

WRITELID2,2040) XSTARY
WREIFYELIO2,2050) XEND . . .

WRITEL 102,2066) . ; L

KKK=NP+] :

NNNZKKK+ 1
00 5 [=2l,%KK

JII=NNN-]

S READIID1.101Q? uPtJJJl.VP(JJJI

IFINAPP.NED) GO TO 22
NAPP=NP
CALL GENAPPLUAPP,VAPP,NAPP, xstnatl
G0 1O 23

22 READ(IOL (1015} (UAPPII-Z!.VAPPI!.?I.I L «NAPP)
23 WRITELIDZ,1030) NP

KKK=NP+1
NNN=KKK+ L

D0 B8 I=1¢KKK

JJJ=NNN-1



. 0041
0042
0043
004%
0045
0046
0047
0048
004%
00590
agsl
0052
0053
0054
0055
0056
0057
nosa
0059
o040
0Gal
apsz
o063
0064
0065
0066
0oetT
o068
(1%
ce70
0aTl
onr2
0073
0074
0oTS
0076
G077
coT8
0079
0080
o081
onaz
0083
nogs
0085
0086
opat

goss
ons9
0090
o091
Q0g?2
0093
0094
0095
ao9s
ane?

19

20

30

4o

50
60
T0
80

a5

90

100

110

113

ks

TABLE H.III (Continued)

WRITEIEDZ,1040) PNAME,ENTRY(JJJ) UPLIII) sVELIId}
K=0

KD=0 .
Ji=d

KKK=NP+L

00 10 [=14KK&

UooII}=upri1)

vDOLT)=VRL)

NDO=NP

CALL DERIVINDO,UD0,VDO,NDDO,UDDE , VDO }

CALL GCD{NDO,UDO,VDO,NODD s UDDO, VDD ¢NDE,UDL . ¥DL}
WRITE(102,3000) {ASTER,1=1,33)

IFINDL.LE.L} GO TO 30

GO TO 40

un2{li=1.

VDZ(I)=D.D

NOZ=0

GO TO S0

CALL DERIYVINDL,UD1 VDL ,NDD1,UDD1,VODE}

CALL GCDINDL,UDLs¥DL, Nonl.uonl.vnnt.nuz.uoz.vozn
IFINDO+NDZ.LE.2¢NDLI GO TO 50

GO TG 70

WRITEL 102410251 41

GO TQ 170

IF(NDL.EQ.0) 60 TO B0

GO TD 90

KKK=NDO+1

00 B5 I=1,KKK

UGLLI=uDO0LE)

vGLT)=vDall}

NG=HOO

GG TO 110

IF{ND2.EQ.0) GO Y0 L15

CALL PRODINDO,UDO ,VD04ND24UD2 4 VD24 ND3 ;UD3, VD3)
CALL PRODINDLyUDY, VDI, ADL  UDL (VDL NDG ouD4 ¢ VD% )
CALL DIVIDE{RD3 U0, VO3 ND4 UDG, V0SNG UG, ¥E
WRITE(102,1035) J1I

KKK=NG+1

HNN=KKK+ |

DO 112 I=1,KKK

JJ=NRN-1

WRITEL102,1040) GNAME,ENTRYtJJJ}UGLIII)VGEIII)
KKE=NG+1

DD 13 i=1,KKK

UAP(TH=UGIKKK+1=-11}

VAP{I)=VGIKKK+L -1}

CALL HULLERING,UAP, VkaNAPP'UhPP.VAPPsJoUlRGS-VIRBS.JAP.XSTARY.KEN

1D+ NOPOLY » URAPP o VRAPP )
IF{J.EQ.0} GO TO 150
HRITE(102,1180G) ’
[F{JAP.EQ.O] G& TO 120
G0 TO 130

KKK=NDO+1

DD 116 T=1 KKK
UD3L I }=UDOL I}
vD3{I}=VDO{1}

ND3=NDO

GO to 100
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‘0098
0099
0100
o101
0102
Q101
0104
0105
0106
0107
Q108
0199
oLE0
o1t
o112
0il3
Oll4
0115
oils
0tl17
[+IRN:]
o119
0120
0121
o122
o123
0124
Q125
Q126
oL27
o1z
029
o130
0131
0132
0L3i3
0134
0135
0136
0137
o138
G139
o140
ClL4l
Olaz
0143
0144
0145
Ol46
0147

0148
0149
0150

0151

'TABLE H.III (Continued)

120 KKK=JAP#]
WRITEIIOD2,1085} ([ UZROSIE},VIRASLI) pdl ¢ 13KKK,J)
GO TO 140
130 00 135 I=1,JAP
L35 WRITELID2,1190) K UZROSUD}VZRDSEL} s JLoURAPP(T,2),VRAPP{],2])
[FLJAP LTI GO TO 120
140 IF{J.EQ.NG) GO TO 155
150 WRITELI0Z,1095)
IFLJ.€Q.00 GO TO 170
155 DO 160 I=1,Jd
UROOTEKO#T I=UZROS(1)
VRODTiXD+II=VIROSLT)
160 MULTIKD+I)=21
KalJoJ1)+K
KD=KD+J
IFIKGE.NP) GO TO 1
170 Ji=Jl+1
IFtNDILLE.L) GO TO 200
00 18G {=1,NO}
ot Ei=udlLlL)
Voot Ly=vDoLil)
uDDot 1)y =uDpLLTY}
L840 vODOL1)=VDDLI(L)
UDOURDL+ 1) =UDL{NDL #L )
VOO{NDL+L)=vDLINDL¥1}
NDQO=NDL
NODO=NDD1
KKK=NDZ+1
DO 190 I=1,KKX
oLt y=pozin
190 VDL{TI=vD2{1)
ND1=ND2
GD TO 20
200 IFINDLIJFQ.LO) GO TO 1
KD=KD+1 -
DENDOH=UQL {2)4UDL1L 20+ VDAL 2) VDL 2}
URODY AKDI={=UDL{ L }#UDL(2 )=VD1{L)*vD11l2)) /OENOM
YACGOTIKD)=(—=vDL{L)*UDL {2 b+UDL (L) *VDLI2))/DENDM
MULT{KDI=J1 : :
WRITECIOZ2,3000) (ASTER,I=1,331
WAITELIO2,L035) J1
KKK=ND1+1 : “
NHN=KKK+1
00 210 I=1.,KKK
JFI=NNN= 1
210 WRITE(IO2,11001 DINAME,ENTRY(JSJE,UDItISIYVOLIIIIY
WRITELIOZ,1180)
WRITELIDZ,1085) KB,URODTIKD) ¢ VROOTIKD) o d 1.
GO 7O 1
1020 FORMATILIHL, 10X ,4BHREPEATED USE OF THE GREATEST COMMON DIVISOR AND
LyA4, A4, 58H METHOD TO EXTRALT RUOTS AND MULTIPLICITYES OF POLYNOMIA
2057110, LOHPOLYNOMEIAL NUMBER »12/7/1)
1025 FARMATIL/Z//1X,25HND ROGYS OF MULTIPLICITY ,12/7)
1035 FORMAT{///1X,ATHTHE FOLLOWING POLYNOMIAL, GUXN)s CONTAINS ALL THE R
10078 OF PIX) WHICH HAVE MULTIPLICITY 127/7) .
1085 FORMATIZXsSHRODT (4 T244H)} = ,D23,1643H ¢ ,023.16+2H 1,8X%,12,9K,25HN
L0 INETEAL APPROXIMATIONS) )
1095 FORMATU(///1X51HNDY ALL ROOFS OF THE ABOVE POLYNOMIAL,G, WERE FOUN
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- 0152

0153
0154
0155

al456
0157
o158

D159

o160
Disl
ols2
0153
[ Y-T)
0l65
0l&6
are67
[37.7)
0169

304

'TABLE H.III (Continued)

10/7) :
L1000 FORMAT(3(IZo1X) s INeBAalXy3UD6.041X)20X+2{DT7,0+1K}.1IL)
1010 FORMAT{2D34.0)
1015 FORMAT{2030.01
L1030 FORMAT{1X+22HTHE OEGREE OF PIX} IS o!Z.ZEH THE CDEFFICIENTS AREI!

1)

LO40 FORMATI2X4AZ+A244H) = ,023,1643H + ,D23.1642H 1)
1100 FORMATIZX A A2, 4HY = 023.1643H + 0234156,24 I}
L1180 FORMATI{///1Xs13HRDOTS DF PlxluszllIQHHULTlPLICIflEs.l?xgzlﬂlNI‘lAL

L APPROXIMATION/Z Y
1190 FORMATUI2X+SHROOYE,02,4H) = ,023,16,3H ¢ ,023.16,2H 1,BX,12,8X.,023,

L16s3H + 4DB23416,2H 1}

2000 FORMATULX,41HNUMBER OF INITIAL APPRONIMATIONS GEIVEN. ,12)
2030 FORMATEIX,29AMANIMUM NUMBER OF IVERATIONS. 11N, 13} .
2020 FORMAT{1X,2LHTEST FOR CONYERGENCE..13X,049.21)
2040 FORMAT({1X,23HRADIUS TO START SEARCH.,11X,09.2)
2050 FORMAT (1X,21HRADIUS TO END SEARCH.s13X,D9.2)
2060 FORMATL(//71X) .
2070 FORMATALX,34HTEST FOR ZERO IN SUBROUTINE GCD. 09,2}
2080 FORMAY(1X,34HTEST FOR 1ERQ IN SUBROUTINE QUAD. 109. 2}
3000 FORMATL/ZAF7LX A3 132040
END



oeol

g0z

0003
0004
0005
0004
0007
noos
0009
0010
0011
ao12
agl3
0014
0015
0016
0017
0018
0019
0020
00zl
0022
aoz3

aXaRatsRale

TABLE H,III (Continued)

SURROUTINE PRODUIMUF o WF Ry UGV Gy MM, UHy VRI
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#‘tt#t‘i.#t*#t*#‘tt!‘tt*#!t*i**#‘**'l*t‘t*‘#‘ti't.“i.“t#ti##t*#lt#l‘i‘t#ﬂ#

»
*

GIVEN POLYNOMIALS R{IKX) AND S{X)s THIS SUBROUTINE COMPUYES THE
* COEFFICIENTS OF THE PRODUCT POLYNOMIAL TIX) = R{K)SiX}.
]

-
L]
*
«

P T P Py e N E Y A TR I TR R P2 PSS S St R R L e Dy L

10
20

40

50
100

OOUBLE PRECLISION Uy VH UF 4 VF UG VG

DIMENSTON UHESLY VHISE) SUFI26) ,VFI261,UGL26),VG(26)

MN=HeN
KEK=HN+L -

0D 100 1= .KKK

K=1I

UHI[1=0.0

VH{11=0.0

IFC1.LE.M+1} GO TO 10

LIMIT=M#+1

G0 1O 290

LIMIT=1

D0 S0 J=L,LIMIT

FFIK.GT.N*L} GU TO 50

1F1 J4K.EQ.1+1) GO TO 40

GD TO S0

UHET1=UH T T D #{UF (D #UGER) =VFLJ1¥VGIK] |
VHUII=VHO LI+ IVECD SUGIK F +UFE JIOVGIKE)
K=K-1

CONTENUE

RETURN

END



0ool

poo2

0003
0004
0005
[41e]¢2.}
0007
o038
0009
o010
oollL
oalz
0013
0014
0015
0016
oo1T
oole
0019
0020
0021
aogz2z2
0023
0024
0025
ugzh
0027
0028
0029
0030
0031

o032
0033

Ao aOaan
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TABLE H.III. (Continued) S

'SUBROUT INE QUADIN,UA ,VA, J, URDOT, VROOT)
BENEARFSEOTERETEERECER SRR IR EE RN ERE TR R R AR RS DGR ER TR RSN R R SRR ARG RO S

* L ]
* SUBRDUTINE QUAD SOLVES DIRECTLY FOR THE 2EROS AND THEI® MULYIPLICITIES *
* OF EITHER A QUADRATIC POLYNOMIAL DR A LINMEAR FACTOR. SOLUTION OF THE *
* QUADRATIC IS DONE USING THE QUADRATIC FORMULA. *
L] *
* *

EEERFRPER NSRBI IR ERETNRF D SRR SR OB R RR RS ARk S kR DR R kAR EB RN E RO RS I BRI
DOUBLE PRELISION EPSI.EPSZ,EPSLON,URODT,VROOT1UAsVAUDISC,VDISCUD
1+¥D, 000, UTEMP, VTEMP, BBB

DOUBLE PRECUSION EP5%

DIMENSIDN UROOT{Z25),VRODTIZ2S),UA(26G6)+VAL26)

COMMON EPSLEPS2 ¢EPSLON, EPS4, 102, MAX

IF{N.GT. 1) GO TO 10

J=Jdsl

BRE=UALZ JHUALZ ) +VALZIoVAL2Z)

URDDT(Jd e—{UA{ L) SUAL 2V +VALLI2VAL{Z}) /BB

VROOT (I =—tVAlL}#UAL2)-UALL}®VAL(2))/BDBD

GO 1O 100

10 UDISC=IUALZ)*UAL 2 VAL HVAL2) ) —{4. 00 LUALI)SUALL)-VAaLILI*VALLII

VOISC=12.0%UAI21eVARZ ) )~ 14 O0FIUALII*VALLI+VALZIPUAL L))
Uh=2.0%UA(3} .

V0=2,0%VAL3)

DDD=DSQART{UDISCHUDISC+VDISC#VDISCY

IFIDDD.LT.EPSLONY GO TO 20

CALL COMSQT{UDISC,VDISC,UTEMP,VTEMP)

BBB=UD*UD+VD¥VD

URQOT(J+ L)={{-UAL2) +UTEMPYsUD+{—VvAL2)+VTEMP ) *vD] /BBE

VROOTIJ+L )= ({~-VA(Z}+VTEMPI=UO-(~UAL2 J+UTEMP ) *vD}/BDB

UAGOTL JeZ2 =t i-UAC2I-UTEMP I #UD+{—VAL 2 ) -V TEMPL+YD) /DRG

VROOT (L J+21={(~VA(2)-VTEMP I *#UD-{-UAL 2 )~UTEMP}*VD}/DBBB

Jd=Je2 ’ .

G0 TO 100

20 Jd=J+l

BBB=LD*UD+VD*VD

URODT A JI={-uAl2) *+UD-VA(2}%vD]) /BBB

VROOT [ JY=1-vA(2F*UD+UAI2 j*VD)/BBB

WRITE(INZ,1000}F UROOT(J) ,VRIDTL S}

1000 FORMAT/Z /71X L1HQUAD FOUND ,023.06s2H + w023.16.,2H 1,22H TOD BE A H
TULTIPLE RODY S/ '
100 RETURN
END



odaol

0002
0003
0004
0005
0006
0007
0008
0009
0010
bo11

[aXzRaRalaky

TABLE H.III (Continued)

SUBROUTINE DERIVINJUP, VP, N, LA, VAL

307

T I e e S S s PR T PP R PR LR LT R R L R L Rt L sl

*
L

*
® GIVEN A POLYNOMIAL P(X), SUBROUTINE DERIV COMPUTES THE COEFFICIENTS OF

ITS DERTVATIVE ¢'(X].

*
]
L]

L ]

T T Lt T T R N R ST R LS TR TR TTI AT R L 2 RS SRS I T LR Alt ALl tlhd

0

DOUBLE PRECISION UP,VP.UA, VA, AAA
DIMENSION UPE246)VP(26),UAL26),VAL26]
KKK=N+1

D0 10 T=2.KKK

AAA=1-1

UATT~L)=ARA®UPLT]

VALE~LI=AAASYRL]L

M=N-1 :

RETURN

END



000l

0002
0003

0004

0005
a00s

. o007

0008
0009
0010
0011
0012
0013
0014
001%
0016
QoL?T
oola
aole
0020
0021
o022
Qo223
0024
Q025
on2e
0027
o023
0029
a030
ao31
0032
0033
0034
nGas
0036
aniv
0038
0039
0040
0041
0042
0043
Q044
0CaS
Q046
0047
0048
0044

[aEaEaRaNalalsl

&
®
»
L]
*x
*
#*
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TABLE H.III (Continued)

SUBROUTINE GLDUNUR,VRyM,US, V5S4 MLUSS,V5S)
EEREEREER LR RPN R X RR R TP PN R RS S BB RE SR PR S LA R RS ISR G ST BradR bk

]
GIVEW POLYNOMIALS PIX) AND DPI{X) WHERE DEG. DPEX) IS LESS THAN DEG. A
PiX), SUBROUTINE GCD COMPUTES THE GREATEST COMMON DIVISOR OF P(X) AND #
op{x). &
&
_®

P Y T T Y R T T T R R Y S PR TR R 22 L DL ET L L Ll bl
DOUBLE PRECISION U55555.V55555

. DOUBLE PRECISION UR,YR,US VS, USS,VSSURRVRRUD VD UT» VY EPSLON,EP

20

25
30

40

60
TO

94

95

L00

130

L1524 EPS3, EPS64,.BEB

DIMENSION URIZS) 4VRIZ&I 4 USI260,VSE260,USS{260,¥550126),URRI26) VYRR
1260 UTL26) VT 26}

COMMON EPSLON,EPS2Z,EPS3, EPS4, 102, MAX

Nl=N

MLl=M

KHEK=N+1

DO 20 I=1,%KK

URRCEY=URILIT}

VRR(TI=VR(I)

KKK=H+1

DO 25 I=1 (KKK

QES1I=USIT)

VSSII=VSIID
BEA=USSIMI+LIPUSSINLATIAVSSIHLA LY 4VESIMNLLL)
UO=(URR(NL+1)#USSIML+L]I+VRRINI+1)*VS55(M1+1})/BRA
VO={USSIML+1}*VRRINL+ ) -URRINI+L}*VSS{ML+1)) /888
KKK=NL+1~M1 -
DO 40 I=KKK,Nt

UT{T)I=URRIT )~ (UD*USSTI-NL#MLI=-VD*¥55L I-N1+H1))
MT{II=VRR{E)=(UD®VES([-NL+H] F+VDSUSSI I-NL1#ML})
(FIML.EQ.N1Y GO TQ 70

KKK=N1-M1

DI 60 1=14KKK

UTLII=URRIT)

VTLLI=VRRIED

DO 90 E=1,4N1
BBR=DSORT(UTINI+ L=l *xUTINL+I-S)+VT{NL+1-1}*YT(NL¢1-1}]
[FUHBR.GT.EPSLONY GQ YO 100

CONTINUE

DO 95 1=1.ML
BER=USSE(MI#1 ) *USSIML+L}#VSSIML+1}#VSSIML+1]
USSSSS=lUSSIT heUSSIME+L) +WSSCTaxvssiMleL)}/B086
VESESS=1VSST I RUSSIMI+I}-USST{TI*YSSIH1v1})/BRE
usS{11=U5555S

VSSEI1=V5555S

USS(ML+13=1.0

VSS{ML+L1)=0,0

40 1O 200

K=N1-F

IF(K.EQ.CY GO YO 170

IF(K.LT.M1) GO TQ 140

KKK=K#+1

DG 130 J=1 KKK

URR{J)I=UT{J)

VRR{J}=VT{d}

N1=K

63 10 30



0050
0051
o052
0053
0054
005%
0056
0057
0058
aase
00 &0
0061
0062
0063
064
(116131
0066
o067
0048

140

150

160

170

200

TABLE ‘H.II1I (Continued)

KKK=K+1

00 150 J=1.KKK
URRIL S} =S50
VRR1JI=VS551(4]
UsSSiD=utTt.n
VSSEH =VTEd)
KKK=K+2
NNN=HML+]

D 160 J=KKK,NNN
URR(JI=UsSta)
VAR{JI=VSS 1)
NL=Ml

LIRS

GO Y0 30
usstir=1.0
V35{1)=0.0
Hi=0

RETURN

END
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0001

0002
0003
0004
00os
0006
aoo?
0008
o009
o010
001l
0012
a3
0014
o015
GOté
0017
ooié
aq19
G020
0G21
0az22
0a21a
0024
0025
0024
a027
0gza

[zRaNaRaXalal

-
*
L]
*

TABLE H.III (Continued)

SUBROUTINE DIVIDE{N,UP, VP M, UD:VD,K,UQ,VQ}

LR PR T IR L T s R Y P T e LN R A TR R PR R R I 2 PR 22 B2 R S ALt Rt by Ll st

GIVEN THD POLYNOMEALS F{X) AND GIX}, SUBRDUTINE D[VIDEIQUHPﬂTES THE

QUOTTENT POLYNOMIAL HEX) = FIX}/G{X).

310

L
[ ]
»
*

KERCE AR TR R RN AR R R AR TR R AR NN KRR AR DR AR SRR E RN EE S NS H SR FROR T E R PRk RNk

10
20

40
45

50
100

DOUBLE PRECISION UPy VP, UD: VD,UQy VQsUTERM  VTERM,UDUNMY
DIMENSION UPL26).¥PI26},UD{26),VD{26),udL26),VQL25)

K=N=-M
UOUMMY=UD{M¢ 1} #UDE{MELI+VDIM+ L) *YDIH+L)

UQIK+L)={UPINFLE*UDIMe LI o VP{N+L}2VDIMIL] ) FUDUMHY
VOIK*LI=IVPINsL I SUDIM+1)~UP{N+]1 ) *#VD{ M+ L] ) FUDUMMKY

IF{K.EQ.0) GO 7O 100

J=-1
DO S50 L=1,K
J=del

UTERM=UPIN-J}

VTERM=YPIN=J}

KK=K#1

NNN=M=J

DO &0 MI=NNH.4&

IF(KK.GT.i) GD TO 10

GO T0 &%

{F{ML.GE.L) GO TO 20

GN 10 40
UTERN=UTERM=JUQG{ KK} *UD{ M1 }-VQIKK) *VDIM1})
VIERM=VTERM— (UQUKKI®VOUIML ) +VQIKK I *UDIMLIY
KK=KK=1

UOUMMY=UD{M+ 1} 4UDIM+1 ) #¥DE{H+1l }*VD{M+1)
UQIK+L—L}=LUTERM*UDIMEL ) +VTERM*VO(M+ 1| | /UDLIMMY
VOUIK+1=1 )=t VIERMEUD{ M+ L J~UTERM*VD[HM+1} ) /UDUNMY
RETURN

END



aonl

0002
0003
0004
Q005
000&
0007
0008
0409
aolLo
0011
ao12
0013
0014
0G15
0016
0017
onlig
00i9
0020
0021
o022
0023
0024
0025
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TABLE H.III (Continued)

SUERDUT!NE COMSQY TUX ¢ VKUY VY)

311

tt#tttt-u-tt-tvtttt*tttottttootttttltttttttttottttttttttt‘ttttt‘ttltt'*U**tt

*

‘ THIS SUBROUTINE COMPUTES THE SQUARE ROOT OF A COMPLEX NUHBER.

*
*
-

l#titt**l##tt.ﬁi*#"‘t".‘#‘.tt*ttilt“ttittlt.tt.t#.l..‘l.*01‘.‘#‘0.".#‘#0

10

20
0

40

50

60

100

DDUBLE PRECISION UX,VXpUY VY, DUMNY,R
R=DSQRY [UX®UX ¢V *VX)
AAA=DSQRTIDABS( [R+UX) /2.0))
BBB=DSQRTINABSICR-UX1/2.0))

IF{VX] 10,20,30
UY=AAA
¥Y=~1,0%BAB

60 TO 190
1FLUX) 40,50,560
UY=hAA

YY=B8B

GD YO 100
DUMMY=DABS LUX]
UY=0.0
VY=DSORT{DUMMY )
GO YO 100
Ur=0.0

¥¥=0,0

GO T3 100
DuUMMY=DABSIUX)
UY=DSQRT {DUMMY )
¥y=0.0

RETURN

END

vAdA, RBG



0001

0o 2
0003

0004
00D5
0004
aoot
0008
0009
ocLo
aoll
0a12
Qo013
ool4
acls
D016
ool7?
olap K]
2019
0020
gnzl
022
o023
0024
ag25

0026

ogz?
ooz2a
0029
0030
o031
GQaz
0033
0034
0Q3s
0036
0037
G038
0035
0040
0041
0042
0043
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*
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TABLE H.III. (Continued) .

SUBROUTINE CALCqul.vxl.uxz.vxz.uxa.vx;.upxl.vrxlfUsz.vpszupxa.v
LP X3y UX4 g VX4 ¢ UQ4y V% 4 UH3 , VH3) :
L e Y e s P N IR R P AR YN I PSR LY S TSI L 22ty rd

L]
GIVEN THAREE APPROXIMATIONS XK(N—Z). XiN-}1}s AND X(N), SUBROUTINE CALC ®
APPROX IMATES THE POLYNOMIAL BY A QUADRATIC AND SOLVES FOR THE LERO OF 4
THE QUADRATIC CLOSEST TOQ X{Nl. THIS ZERD 1S THE NEW APPRAOXEMATION L)
X{N#L} TO THE IEROD OF THE POLYNOMIAL. b

*

*

ttt#*ttt‘tt#ﬁt#***t*tt*#tt*‘ttt*tttt*tttttttot*tt#ytltotti*tttttt*t#*t*t#t
DOUBLE PRECISIUN ARGLyARG2

DOUBLE PRECISION UPX3IoVPXIUPK2ZyVRXZyUXL VXL UX2, VX2, UXT, VXL UPKL,

IVPX1 UH3 s YH3 JUH2 o VH2 , UQ3 VO3, U0, VI, U8, VB UG VL ,UDLSC, ¥OISC,UCCC, VL
2CC4UDENT ¢ VDEN] s UDENZ o VDENZ  UQ4 ¢ VU4, UX4 ¢ VX4 4 EPSRT (EPSQEPS 4 LODD, VOD
30,AAA,BBB,RAD, UAAA,VAAA,UBBE,YBERB

DOUBLE PRECISION THETA,ANGLE.UTESTVYEST

DOUBLE PRECISION EPSL

COMMON EPS1,EPS,EPSO+EPSRT, |02, HAX

UH3=UX3~uUx2

YHI=VAI-¥RZ

UH2=UX2-UxX1

VH2zVX2-VYX1

BEB=UHZ *UHZ +VHZ #YH2

UQA={ UH3*UHP +VH3I #VH2 } /BBB

YOI= {VHISUHZ-UHI*YH2 ) 7BAR

uDDD=1 ,0 «4Q3

voDO=v0Q3
UO=1UPX3I-(UDDO*UPX2-VODD*VEX2) -+ {UQISUPX1-YQIsVPX1)
VD=[ VPR3~ | VODD*UP X7 + UDDD*VYPX2 ) b+ LV OI*YP XL +UGI*VPXLE
UAAAS2,.0BeQ3

VAAA=Z ,0%VQ3

UAAA=UAAA+L,.Q

UBBB=UDDO*UDDO-VDDODRYDOD

yBB0=YDOD*NCO+*UDND*VDDD

UCCE=UG3+*UQ3-v0O3I«vQd

YCCC=VQ3%UR3+UQ3I*VQ3

UB={ {UAAASUPKI-VALARVPXI 1 - LUBBBSUPK2-VBBASYPX2 1 +{UCCCOYIPKL-VCLL*Y
1PX1)

VB={ IVAAAUPXI+UAAAOYPXI )~ (VBPA*UPXZ+UBBB*YPX2) ¥+ { VCCC*UPXL+UCCCoY
1PX1}

YC=UDDDEUR X I-VDOD*VP A3

VC=VOODEUPKI+UDOD*YP X3

UDISC={UBSUB~YBEYR] = {4.0%{UDSUC—VD*VEL) )

VOISC={2.0%(VB*UB}}=(4.0*{ vD*xUC+uD*VC]))
AAA=DSOATIUNISCHUIDISC+YDISCHYDISC)

LELAAALEQ.Q.0) GO TO 5

G0 TD 7

THETA=0,0

G0 TO 9

THETA=DATANZ [VOESC,UDISC)

RAD=DSQRTLAAAD

ANGLE=THETA/Z.0

UTEST=RAD*DCOSLANGLEY

VTEST=RAD*DS INIANGLE)

UDENL=UB+UFEST

VDEN1=VB+VYTEST

UDENZ=UB-VUTEST

VDENZ=VR=-VYTEST



0045
0046
Go4?
0048
0049
0050
(410378
0052
Q353
0054
0055
0456
0057
0058
0059
004D
o061
0062
0063
Q064
0065
00&L
Q067
0068

10

50

60

TABLE H.III (Continued) "

ARG1=UDENL*UDENL+VDENL*VDENL
ARGZ2=UDENZ2PUDEN2+VDEN2wYDEN2
AAA=DSQRT {ARGL)

BBB=DSQRT{ARG2)

IFIARA.LT,.BDB)Y GO TD 10
IF{AAA.EQ.O0,0) GO TD &0
UAAR==2,0%UC

VAAA==2.,0#VC

UA4={UAAARUDENL +VAAA*VDENL /ARG
VO4={VAAASUDENL~-UAAA*VDENL } FARGL
GO TD 50

IF{BBB.EQ.0.,0) GO TO 60
UAAA=-2.0%UC

VAAA=-2,0%VC
UR4={UAAA®IDENZ+VAAASYVDENZ ) JARG2
VR4=IVAAASUDENZ-UAAAPYODENZ | JARG2
6o 10 50
UKG=UKI# { UHI*UQ 4~ VHI®VQ4L)

VX4=VX I+ | VHI®UQ4 +UHI #YQ4 )

RETURN
UQ4=1.0
Vie=0.0
GO Ta S50
END

313



nooyg

0002

noGg3

0004
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0006
onoy
[ele]ut:]
oQ09
coLo
0011t
0al2
0013
Dol4
0015
boté
0L
gols
ool
)i )
00zl
aonz2
G023
0024
no2s
0026
aozy
0024
0029
0630
a031
003z
0033
[VEEY
0o3s
aa36
D037
038
0039
0040

0041
0042
0043

COOOOOnno

TABLE H.III {Continued)

SUBROUTINE MULLER(NP,UA,VA,NAPP,UAPP,VAPP,NROOT; URDOYyVRODT, IRDOT,
LXSTYART , XENDNOPOLY 4 URAPP , YRAPP)
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18

25
27

30

&

50

60

MULLER*S METHOO EXTRACYS THE ZERQS AMD THEIR HULTIPLICITIES.OF A
POLYNOMIAL OF MAXIMUM DEGREE 25. THROUGH THREE GIVEN POINTS THE

POLYNGHIAL 15 APPROXIMATED BY A QUADRATIC. THE 2ERO OF THE QUADRATIC
CLOSEST TO YHE OLD APPROXIMATION IS5 TAKEN A5 THE NEW APPROXINATION.

IN THIS MANNER A SEQUENCE IS5 DBTAINED CONVEAGING TO A ZERO.

P LR L Tt T e T LR TR R a SR R F Rt 22 2 PRI PR R LR LA Rl ottt

DOUBLE PRECISTON UPX3,VPX3 UPX2,VPKX2 ,URDOT ,¥ROOT 4 UXY, YN1 ,UAPPVAPP
1aUK2, VK2 g UWURK s VWORK ¢ X33 VX3 3UB 1 VB UXG s VX4 ¢ UA L VA UPXL o VPXL yURAPF,Y
2RAPP,UPYG , YPX4 1 EPSAT JEPSO EPS 4CCL EPSM, UM I YHE UQL 4 VQ4 1 ARP X4 ABP XA
3,000, XSTART, XEND

DIMENSTON URODTLIZ2S) (VROOT{25),MULT(25) UAPPI25,3},VAPP(2543) UWORK
{261, VHORKI26) ,UBE260.VBI26)sUAL26)VAL26) URAPPL25,3),VRAPP{25,3)

LOGICAL CONV .

COMMON EPSM, EPS, EPSD.EPSRT,102,MAX

DATA PNAME.DNAME/ZHP L, 2HDL/

EPSM=0.0D00

EPSRT=0.999

NROOT=0Q

IRODT+0

IPATH=1

NOMULT=0

NALTER=0

IFIME=0

[APP=]

ITER=L

IF{NAPP.NE.O) GO TO 18

NAPP=MP

CALL GENAPP{UAPP (VAP P NAPP XSTART)

GO TO 27

DO 25 1=} .NAPP

UAPPI[,11=0,9%UAPP(1,2)

VAPPUE» 11 =0. 9% VAPPLL .2}

UAPPIT3)=1.1%UAPP(]42)

VAPPLE 3 =1, bovAPPLE,2}

KKK=NP#1

00 30 (=L kKK

UWORKE T h=UA{T}

VHORK [T =VAL])

NWORK=NP

UX1=UARPLTAPP, 1)

VXLI=VAPPLIAPR,1LY

UXZ=UAPP[IAPP,2)

UX2=VAPPL{IAPP,2)

UX3=UAPP{ FAPP,3}

VX3=VAPPL{ LAPP,3)

CALL HOANERINWORK yUWORK (VHWORK yUX1¥VX1,UBVB,UP X1 VPXL])

CALL HORKER{NWORK ¢ UWORK ¢ VWORK $UX2 4 VX2, UB,¥B,UPX2,VPX2)

CALL HOANER{NWORK yUWORK , YHORK ,UX3,¥X3,UB VH UPX3,VPX3}

CALL CALC{UXY VXL +UX2 3VXZsUXI VNI UPXL VPXL UPX2,VPX2 UPXI,YP Y3, UX
14¢VXG  UQH, VR4, UHI,VH )

CALL HORNER(NWORK s UWDRK s VHORK yUXby VX4 UB 4 VB3 UP KOG, VP X&)

ABPX4=DSORTLUPX4oUPK G+ VP K& ¥FYP XA )

ABPX3=DSORTLUPXA#UPXI+VPXISVPX3)

&
*
*
*
»
L]
&
*



OT4 4
0045
0046
0047
0048
Q049
oasg
Go51
ags2
Gu53
0054
0055

00%6
oas7y
0058
0059
00s0
a0sl
0062
0063
Q064
a065
Q046
0067
0068
0069
onvo
0071
0072
0073
aot4
4075
0076
0077
onva
0079
ooao
0081
0042
aoa?
0084
00Aas5
o] 4F: 1
0087
0gs8
0089
0090
009l
oG9z
0093
0094
0045
0096
0a97
0098
Q099
0100

10

75

17

80
81

a2

55

85
87
20

100

120

TABLE H.III (Comtinied) . . _ .

IFLABPX3.EQ.Q.0 GO TO TO
QQQ=ABPX4/ABPX3

{FIQAQ.LEL10.) GO T TO
UQ4=0.5%UQ4

¥Q4=0. 58YQ4
UX4=UXI+ [ UHIPUQ4L—VHI*VQ4 )}
VXE=VXI+ L VHA*LQA ¢ UUHI *Y Qs )

GO 1O &0 i
CALL TESTIUX3, VX3 ,UK4,VX4,CONV}
IFECONV) GO TO 120
TF{ITERLLT.MAXE GO YO 110

CALL ALTER{UAPPITAPP, L} VAPP(IAPP, 1), UAPPILAPP 2} VAPPITAPP, 2} UAP

LP{LAPP,3) VAPP{I1APP,3 ) NALTER, ITIMNE}

[F{NALTER.GT.5) GO Y0 75

ITER=]

GO TO %0

IF{TAPP.LT.NAPP) GO TD 100

IFIXENDJEQ.O0) GO TO 77

IF{XSTART.GT.XEND) GO TG ¥7

NAPP=NP

CALL GENAPP{UAPP,VAPP NAPPXSTART}

LAPP=0

GO TQ 100

WRITE({102,10590}

KKK=NWDRK+]

WRITECI2,1035F { DNAME, J, UKDRK{J) s YNORK( J) 4 J= 1 KKK)
IFINRODT.EQ.0) GO TO S0

IFCIPATHLEQ. L) GO TD 82

IPATH=2

CALL BETTER(UA,VA,NP,URDOT, VROOT sNROOT yURAPP  YRAPP, {ROQT (MULT)
RETURN o
IF(NROOT,EQ,01GO TO 90

IF11RODT.EQ.0) GB TOD 85

WRITELI02,:1080)

DO 55 I=1,1ROOT )

WRITE(IOZ,1085} [, URCOTLL) VROOTUL) JURAPPLL 2} 4VRAPPI]42)
(F{1ROOT LT NROGTY GO TD 8%

Ga TO BT

KKK=1R00T+1

WRITECIOZ,1086) [1,URQOTII),VROOTAI},1=KKK,NRODT]
IFLIPATH.EQ.LY GO TQ BE

RETURN

WRITEL102,1070) NOPOLY

RETURN

{APP=1APP+]

IVER=1

NALTER=0D

GO TO 40

NROOT=NROOT+1

IROOY=NROAT

MULT CNROOT =1

NOMULT =NOMUL T+1

URDOT (NROOT) =UX4

YRDOT {MROOT )=V 4

URAPP(NAROOT, 1 =UAPPLIAPP ,1)

VRARP (NROGT, LI=VAPPLIAPP, LY
URAPPINROQT , 2 =UAPPLIAPP, 2}
VRAPPINROOT 4 2)=VAPPL LAPP, 2)
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olol
0102
0103
0l04
o105
0104
0197
a108
0109
0110
oill
o112
0113
0114
0yls
atis
0117
0iis
o119
G120
6121
0122
0123
0124
0125
0126
0127
0128
0129
01130
0131
0132
0133
0ti4
013s
0136
0137
Q11348
0139

o140
0141
Qlaz

0143
0144

ul45
0l46

TABLE H.IIT (Continued)

URAPPINROOT, 31 =UAPPLTAPP 43}
YRAPP{NROOT,3}=VAPP( [APP, 3}
125 IF{NOMULT.LT.NP} GO TO 130
6o YO 80
130 CALL HORNER(NWORK , UWORK ¢ VHORK y UX4 o VX4 ¢UB o VB, UP X4, VP &}
NWORK=NWOR K~}
KKK=NWORK+1
DD 140 [=1,KKK
UWDRKLTI=UBLT)
140 YWORK{I)I=v8{ 1}
CALL HORNEREMHORK yUMORK ¢ VWORK 3 UX 4 ¢ VE4 g UB o VB o UP X4 o VPR &)
£CC=DSORTILUP KGR UP X4 +VPXO VPG )
IFLCCC.LT.EPSM) GO TO 150
IFINWORK.GT.2) GO TO 75
[ROOT=NRUDT
KXK=NHORK+L
DD 145 [=] KKK
UBL 1) =UWORKI KKK L~ )
145 VA{I)=VWDRK KKK +1=1}
CALL QUADINWDRK,UB,v8,NRO0T,URCOT ,VROOT )
GD YO 80
150 HULT (NRODT)=MULT (NRGOT) +1
NOMULT=NOMULT# L
GO TO 125
110 Ux1=Uxz
vXi=vx2
UXZ=UX3
VX Z=NX3
UX3I=Ux4
VAI=VR4
S UPKL=UPX2
VPX1=VPX2
UPK2=UP %]
YRX2uyP X3
UPX3=UPKs
VPX3=VPX4
ITER=1TER¢]
GO TD 50 )
1090 FORMAT{///,1X,65HCOEFFICIENTS OF DEFLATED POLYNOMIAL FOR WHICH NO
LZERDS WERE FOUND/Z)
LGSO FORMATL///1X,L3HROOTS OF GIK},83X,21HIKITIAL APPROXIMATION//}
1070 FORMAT(/7,%43H NO ZERDS WERE FOUND FORA POLYNOMIAL NUMBER ,12)

1086 FORMATAZX,SHROOT L 012,4H) = ;D23.1643H + ,D23.,16,2H T+ 19X, 23H50LVED

L 3Y DIARECT METHOD} .

1035 FORMATLAX, A2 1 2,4H) = 4D23,16,23H + ,023.16,24 1) .

1085 FORMAT(2X,SHRODT (4 F2¢4H) = ,023.3693H ¢ ;023:1642H 1,418X,023.146,3H
1 + (023.16,2H [}

1000 FORMATISITZ, X e 95 13,8% 306041 X) 13X 2I0T.041X),012
END .
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TABLE H,III (Continued)

SUBROUTINE GENAPPIAPPR,APPI,NAPP,XSTART)

SUBRDUTINE GENAPP GENERATES N INITIAL APPAQX [MATIONS,
DEGREE OF YHE DAIGINAL POLYNOMIAL .

MHERE N IS5 THE

317
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DUUBLE PRECISION APPR,APPI (XSTARTEPSY,EPS2,EPS3,BETA
DOUSLE PRECISIDON EPSHM :
DIMENSION APPRI25,3) ¢APPI{25+3)
COMMON EPSMyEPSLyEPSZ4EPS3102¢HAX
[FIASTART . EQ.D.0) XSTART=0.5
BETA=0.261799%

00 10 I=1,NAPP
APPRIL2)=XSTART*DCOSIBETA)
APPIII,2)=XSTART*DSINIBETA}
BETA=BETA+0,5225988
XSTART=XSTART+0.5

DO 20 I=1.NAPP

APPRII 1) =0.9%APPRI1,2]
APPLIT,1)=0,9%APPLIE,2)
APPRIUE,3)=1.1%APPRET, 2}

APPLIT 3)=L.1%APPILL 2]

AL TURN

END



ABDY

0002
0003
0004
0Q0s
0006
0Qe7
0008
0009
oalo
ool
oaglz
0013
onl4
0015
0016
0017
oois
0oL9
4020
il+F 3]
0022
0023
Q024
0025
0024
Qo027
o248

o029

0030

ao3l

alaEnisNalal

TABLE H.III (Continued)

THUBROGUTTNE "ALTERIKLR o' ML »H2R X2 T a XIR NIT , NALTER, LTIME]

ARSI EE RIS I AT LR S SR AT ST FTRT IR PR RS T RS RS- DR LA L 22 Lt 2
. ™

-4

&

* SUBROUTINE ALTER ALTERS THE INITEAL APPROXIMATIONS WHICH PRODUCE NO
* CONVERGENCE TD A ZERD. THIS IS5 DONE A MAXIMUM OF 5 TIMES FOR EACH ROOT. *
»
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DOUBLE PRECISION XIReXLI4X2R K
DDUBLE PRECISION EPSHM
COMMON EPSH,EPSL,EPS2,EPSD, 102
IFLITIMELNELOL GO TD 5
ITIME=)
WRITELIDZ2,1010) MAX
5 IF(NALTER.EQ.D) GD TQ 10
WRITEITOZ2,10000 XLR KLI H2R X2
GO TQ 20
10 R=DSQRTIXZR*AZReX2L*X21)
BETA=OATANZI X214 X2R)
WRITE{IO2, 10200 X1R,XLll+X2R, X2
20 NALTER=NALYER+1}
TF{NALTER.GT.5) REYTURN
GO Y0 {30,40,30,40,30),NALTER
30 X2R=-XZR
®2hi=-421
GO 70 50
40 BETA=BETA+1.0471976
XZR=R*DCOSIBETA)
X2E=R+O5INIBET A}
50 XER=0.9¥X2R
X1l=0,9+x21
X3R=1.1%X2R
K3l=1l.1%x21
RETURN
1000 FORMATIEN,SHYL = s023.16,3H +
FATIONSZEX¢5HX2 = 4D2341643H #
24023 .1642H 1/}
1020 FORMAT{IHC,5HX1 = 4D23.16,3H +
THMATIONS/ LK SHXZ = 4D23,16+3H +
2 2D23.1642H 1)
1010 FORMAT(///1X,54HN0 CONVERGENCE
ITER 13, 12H ITERATIONS.//)
END

2l e X3ReXII4EPSLLEPS2,EPS3 ) RIBETA

rHAX

1o X3R, KAI

1+ X3R,X31

+023.1642H 1,10X,22HALTERED APPROXINM
1023.1642H L/1Xe5HX3 = 4D23,1003H #

1D23.18.2H 1, 10X, 22ZHINITIAL APPROXI]
023a 16,20 IFL1X5HXD = y02341093H +

FOR THE FOLLUWING APPROXIMATIONS AF



319

.. .. TABIE H,III- (Continued)

noal . SUBRGUTINE aETtERtUA.vA.NP.ununr.vaBOt.unnom.uauvv.vaar?.la001.n0L
‘ S AT
. € .‘i-iC#it‘tltttt.-tit###tt“'#‘tt.ititt‘i“ltt#....it‘t"l.‘t“.tttt‘*“t‘it
R *
€ ' SUBROUFINE BETTER ATTEMPTS TO IMPROVE THE ACCURACY OF THE ZEROS FOUND  #
. € ® BY.USING THEM AS INITIAL APPROX1MATIONS ulru KILLER'S METHOD APPLIED TO' &
C * THE FULL, UNDEFLATED POLYNONIAL. .
e e :
L . = [ F"tt*t‘.‘t.‘t‘#tt‘tt#l‘#t“tl‘#l‘.""..'t“.-‘."."‘t.t.‘ttit‘t‘#t*tt..#.'
0002 " v - DOUBLE PRECISION URGOT+VROOYyUA.VAUBAPP oVBAPP (UXL VXL, UKZ VX2 o UX3

_I-VK3DUPRI VPKI-UPIZuVPIZ.UPIa.VP13|UB.VB'UROGTS.VRDOTSQEPSRTgUX#:V
T 24, URAPP , VRAPP JEPSOLEPS, UQﬁ;VQ&-UHB-VHS

0003 | o DOUBLE PRECISION EPSM
0o0s o LOGICAL CONV
elelod] o - OIMENSEON URUOTI25l.VRUOT(Z5I.UAIZG)-VAIZ&]vUBAFPlZS:SlgVBAPPlZS-E
: - 'll-UBIZbl.UBIZ&\|URDUTS(ZSIuVRﬂﬂTSIZSlpURAPPiZS.!!.Vﬂ&?PlZS.!I.HULT
325

. COMMON EPSH.EPS-EPSD,EPSRt.lOZ-NAK
IF{NRDOT.LE.1) RETURN .
L=0
.00 to ltl.NRDuT
UBAPPI [ 1 I=URDOT ([ }*EPSRY
VBAPP(I!!I‘VRUOT'II‘EPSRT
UBAPP|I|2I=URDDT|ID
VBAPPI[.Z!=VRUDT|II :
A-UBAPP(!.3I=UROBTIl)tlz.O—EPSRTi
1o VBAPPGlnll=VRDOIIil‘lZ-D-EPSRTI
‘180 J=1-NROGT
UlléUBAPPlJ-lI
CONXL=VBAPPLU.1)
| UXZ=UBAPRTL J42)
- WX2=VRAPP{ Js2)
COURIEUBAPRPL I,
¥KI=VBAPPL 443
©ATERS) ; ‘
CCALL HORNERINF.UA VA.U!I.VXI.UB.VB.UPKI'VPlli
o CALL HOANERINP JUA; VA, U!Z;VK2|UB;¥B;UPkZiVP!2!
20 GALL HDRNER(NP,UA.VA.UX3.VK3.UB VB UPK3,VPX3)
cALL CALCIUX!nVKlcUX2|VXZ|UX3'VK3nUPKluVPlloUPXZvVPXZ-UPK3|VPR3.UK
la-v:#.UOG.VO'uUHS.VHSI .
30 CALL TESTtUIB|VK3rUlﬁ-VK4|CONVI
FF(CONY) GO TO 50
IFCITER LT NAX) GO YO 4O :
WRETEL102,10000) Jy URGOIIJI;VRODIIJ).HAI
‘WMRITE(ID231010}) UX&4, VX4
{F(J.LT,IROODT) GO TO 233
1FlJEQ.TROOTY GO -TD 35
GO TD 100 . .
33 KKKe IROOT~1 .
DD 36 Kz KKK
URAPPIK, LI=URAPPIK+L 1)
C WRAPPIK, L)=VRAPP(K4L )
URAPPIK s 2)=URAPPIK L ,2)
. WRAPPLK, 2)=VRAPP{K £, 21
C URAPPIK3}=URAPP (K&l 3]
34 YRAPP{K (3 sVRAPPL{KE] 3).
" 35 JROOT=IROOT-1 -
: GO YO 100 -




0046
0047
48
D049
005D
0051
0052
0as3
0054
Q065
Q056
ans?
o058
0059
0060
oosl
0062
0063
0064
Q04as
Q&6
0067
[eD 1Y)
0069
0070

0071
otz

40

50

100

110

120

TABLE H.III. (Contimued)

Uxi=uxz

VXi=VX2

Ux2=Ux3

Va2=vi3

UX3=UR4

YA3=VX4

UPXLI=UyRX2
VPXL=VPK2
UPRZ=URrY3
VPX2=VPX3
iTER=ITERY]

GO TQ 20

LsL+l
URODTS (L] =UXs
VROOGYSIL)=VX4

LONT INUE
IF(L.EQ.O0) GO TD L20
DO 110 1=1,1
WRODT LT I =URDOTSI Y)Y
VROOT I EY) =VROQTSC 1)
NROOT=L

RETURN

NROOT=0

RETURN

1000 FORMATI///42H IN THE ATTEMPT TO JHPROVE ACCURALY, ROOTU,I12,4H) = ,
1023, 1693H ¢ 4023.1642H 1/724H DID NOY CONVERGE AFYER ,f3,11H ITERAT

210W5)

1010 FORMAT (30H THE PRESENT APPROXIMATION §§5 ,D23.16,3H ¢ (D23.16,2H [/

1/}
END
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TABLE H.III (Continued)

SUBROUT {NE IESTIUX3.V!3 UX4 ¢ VX4 4 CONV Y
ttittttt#t-tttttﬁtt!ttctt#t#*ttttt#ltttitl#‘*.ttt.t#tttttttt!*t#t.‘t..‘ttttt

[
* SUBROUTINE TEST CHECKS FOR CONVERGENCE OF THE SEQUENCE OF APPROW- *
* FMATIONS BY FESTING THE EXPRESS1ON : .
* ABSODLUTE VALUE OF (X{N¢l)-XINI)ZABSOLUTE VALUE OF X{Nel), . .
* WHEN 1T [S AS SMALL AS DESIRED. CONVERGENCE L5 OBTAINED, »
L »

*

!i*#t#*‘#t&t!#‘#*1ttt‘t-tttt*‘#ttttt!#tﬁttﬁttt’l##*.#t.#tttti*t*.i*#‘t‘.‘**

DOUBLE PRECISION UX3,VX3,UXae vxa.EPsnr.EPso EPs.AAA.ununHv.vDUMMv.
1DENOM
DOUBLE PRECISION EPSM
LOGICAL CONV
COMMON EPSM, ERS, EPSDLEPSRT, 102, MAX
UDUMMY =X &~ X3
VDUMMY =¥ X4y X3
AAA=DSURT{ UDUMMY *UDUMMY ¢ VOUMMY*VDLIMMY )
DENDM=DSQRY {UXLGIUX4y VXSEYXA)
IF{DENUM.LT.EPSD) GO TO 20
IFtAMA/DENOM,LT [ EPS) GO TO ID
5 CiNV=.FALSE.
GO 10100
L0 CONV=,TRUE,
G0oTn 100
20 IFC{AAALLT.EPSO) GO TO 10
GO YD &
100 RETURN
END

SUBRDUT [NE HORNER {NA yUA,; VA, UX, VX, UB, VB, UPX,VPX)
t#t#tttt#ut*o*t#t0t#tt$tt'*ttt#t.*#tl##v!#t‘*ilt*t*tttttttt*.tt!tt#tttttt‘.t
* *
* HORNER'S METHOD CDMPUTES THE VALUE OF THE POLYNOMIAL PIX) AT A POINT D. *
@ SYNTHETIC DIVISION 15 USED TO DEFLAYE THE POLYNOMIAL BY DIVIDING OUT THE *
® FACTOR .(X=-D), ] *
] . . -
tt##ttt.itt#*t#ttt#tititttt**t$t*tit#t*t#*tt#*t*tt$ttt#.it*ttt##tt‘*ttt*tltt

DOUBLE PRECISTION UX, VX, UPX,VPX,UB,VB,UA, VA .

DIMENSTON UALZ26)VALZ6),UBL26},VBI26)

UBILI=DALYY

VBLLI=VAL{L}

NUM=NA+1
"DO 10 [=2,.NUM .

UBLII=UALLI+tUBCI-LE*UX-VYB{I=1I*yX)

B0 VBLLI=VALT)#{vB{I-1)oUX+UBIL-1) *VX}
UPX=UB{NUM}
VPX=VBINUN] :
RETURN
END



